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PREFACE 


In writing the present volume the author has had in mind the 
preparation of an outline of the theory of linear operators and the 
applications of this theory to the study of general types of linear 
functional equations. He has sought to trace the development of the 
subject from its origin in the symbols of integral and differential cal¬ 
culus down to the present time when the invention and exploration 
of new operational symbolism has become one of the important meth¬ 
ods of extending the doman of analysis. Throughout the book the 
author has attempted to indicate the many problems, in essentially 
all domains of science, which lead to operators of the type studied 
here. A number of typical examples of these applications have been 
given. 

During the last half century we have witnessed an intensive ac¬ 
tivity in the study of types of functional equations. This activity was 
accelerated at the beginning of the present century by the remark¬ 
able discoveries of Volterra and Fredholm in integral equations and 
the concurrent investigations of Pincherle and others in the inversion 
of general types of linear operators. These problems, as soon as they 
were proposed, were seen to have much in common with the problem 
of solving infinite systems of linear equations in an infinite number 
of variables, a study which was initiated by Hill in his classical in¬ 
vestigation of the motion of the lunar perigee and which was syste¬ 
matically developed by Poincare, von Koch, and numerous others. 
These studies naturally led in turn to an extension of the domain of 
quadratic and bilinear forms, an extension which was first made by 
Hilbert and which in the last quarter of a century has been the source 
of numerous novel applications. This sequence of ideas culminated in 
the theory of spectra, an exposition of which is given in the conclud¬ 
ing chapter of the present work. 

As the author now looks back upon the arduous task of assem¬ 
bling so many divergent theories and of coordinating them with one 
another, he is fully aware of the many omissions of which he is 
guilty. It would require a far larger volume than the present one to 
do full justice to this noble subject. The theories of ordinary linear 
differential equations, partial linear differential equations, linear dif¬ 
ference equations, and integral equations are themselves sufficiently 
extensive to fill a number of volumes. However, there is much to be 
gained in surveying an expansive terrain, and although one misses 
many of the attractive details of the picture, the large prominences 
stand more clearly before the eye. 
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In attempting a survey of the theory of linear operators it is 
necessary to adopt some general point of view. In the present in¬ 
stance this coordinating principle has been found in the theory of dif¬ 
ferential equations of infinite order. Others have adopted the point 
of view of a general formulation of Fourier integrals or that of linear 
systems in infinitely many variables. While both of these aspects of 
the general problem have been presented in the present volume, the 
development in the main has centered around the generalized differ¬ 
ential operator. As one may readily apprehend, however, these vari¬ 
ous aspects of the problem of linear operators have an intimate rela¬ 
tion with one another; they may be regarded as the facets of a gem 
which has been cut in a many sided pattern. 

The theory of differential equations of infinite order has long 
fascinated the author because of its unifying power on the one hand 
and its easy translation of specific problems into domains that have 
been extensively explored on the other. One may feel, perhaps, that 
this theory imposes an unusual restriction in the tacit assumption 
that the functions to which it may be applied are infinitely differ¬ 
entiable. This restriction, however, is more apparent than real, since 
one may regard an operator of the form (1 — e-^~) Jz, z = 6.Jdx, as 
equivalent to the operator 1/z, where \Jz has the full generality of 
integration. It is in this sense that the formal aspects of so broad a 
discipline as that of integral equations may be brought within the 
scope of this theory. 

While the present volume was going through proof a survey of 
differential equations of infinite order was published by Dean R. D. 
Carmichael of the University of Illinois [see Bibliography. Car¬ 
michael (15)], in which he characterized the theory as a “relatively 
unexplored domain, the importance of which will certainly be more 
fully recognized as the subject is further developed in the next two or 
three decades”. If the present volume can help to stimulate this de¬ 
velopment by setting forth the present status of the theory of these 
equations, by tracing the connection between them and other more 
thoroughly explored types of equations, and perhaps by indicating 
the most promising fields of investigation, then the aims of the author 
will have been fully achieved. 

The author owes a heavy debt to a number of people in the prep¬ 
aration of the manuscript of the present volume. Professor J. D. Ta- 
markin of Brown University has examined part of the proof and his 
suggestions have been very helpful. Dean R. D. Carmichael furnished 
the author with a bibliography of differential equations of infinite 
order, and another on the related subject of Appell polynomials. These 
were very useful in rounding out the author's original compilation 
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and through their help the bibliography at the end of this work should 
be reasonably complete as it pertains to this particular phase of the 
subject of linear operators. Professor E. C. Archibald of Brown Uni¬ 
versity, Professor C. H. Sisam of Colorado College, and Professor C. F. 
Roos of Colorado College and the Cowles Commission for Research in 
Economics were consulted on several technical points in the manu¬ 
script. Dr. M. M. Flood of Princeton University read chapter 3 with 
some care and his suggestions were very valuable. 

During the preparation of the manuscript the author had the 
good fortune to see a photostat copy of a manual on linear operators, 
mainly from the formal point of view, prepared by Professor E. 
Stephens of Washington University. The latter’s extensive knowledge 
of the historical sources, particularly as they relate to the formal 
development which took place in England around 1850, was of much 
help in various parts of the present work. 

From his colleague Professor K. P. Williams the author has re¬ 
ceived constant encouragement in the preparation of the present vol¬ 
ume and considerable technical advice at certain points. His colleague 
Professor J. R. Kantor has maintained a zealous interest in the pro¬ 
gress of the work. To the many students who have taken an active 
part in the development of this volume and who have given invalu¬ 
able help in many places the author wishes to express his real appre¬ 
ciation. 

One should also not be unmindful of the inspiration which led 
to the inception of the present undertaking. Courses taken at Har¬ 
vard University under Dean G. D. Birkoff of Harvard and Professor 
I. A. Barnett of the University of Cincinnati first introduced the gen¬ 
eral theory to the author’s attention. This interest was later encour¬ 
aged by Professor E. B. Van Vleck at the University of Wisconsin. 
The latter’s stimulating lectures on the classical problems of linear 
differential equations, both ordinary and partial, have furnished con¬ 
tinued inspiration and knowledge. 

The author also owes a debt of gratitude to the Waterman Insti¬ 
tute of Indiana University and to Dean Fernandus Payne, its director, 
and to President W. L. Bryan and the trustees, a debt which he now 
hopes partially to discharge through the publication of the present 
work. During the years 1927 to 1931 he held a fellowship in the In¬ 
stitute which greatly reduced his teaching load over this period. The 
last year was spent in research study at both Hlarvard and Princeton 
Universities. Throughout these years and later Dean Payne has been 
a constant source of inspiration and this book could scarcely have been 
brought to its completion without his kindly advice and encourage¬ 
ment. 
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Finally, the author wishes to express his perennial debt to the 
members of the staff of the Dentan Printing Company, who gave lav¬ 
ishly of their time to make the difficult typography of this work con¬ 
form to the highest printing standards. 

Indiana University, 1936. H. T. Davis. 
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CHAPTER I 


Linear Operators 

1. The Natv.re of Operators. A few years ago it was the fashion 
in mathematical ]ihysics to seek mechanical explanations of natural 
phenomena. “I never satisfy myself until I can make a mechanical 
model of a thing,” said Lord Kelvin. “If I can make a mechanical 
model, I can understand it. As long as I cannot make a mechanical 
model all the way through, I cannot understand it.” The history of 
the ])hysics of the nineteenth century is bound up with the history of 
the light-bearing ether, an invention designed to give a mechanical 
picture of the transfer of electro-magnetic radiation through space. 

The mysterious behaviour of light and electrons, which in some 
experiments behave as discrete entities, and in others as undulations, 
has given a powerful weapon into the hands of the opponents of 
mechanistic philosoi)hy. Models seem to fail in attempts to explain 
nature by the epistemology of Lord Kelvin. Sir James Jeans says of 
the situation: “We have already seen that radiation cannot be 
adequately portrayed either as waves or as particles, or in terms of 
anything that we can imagine, and we shall soon find that the same 
is true also of matter.”* As a more general thesis, which applies to 
all phenomena, this philosopher avers: “A priori, as we have seen, 
there are very great odds against our being able to form any kind of 
visual picture of the fundamental processes of nature.”! 

What, then, shall be the approach to knowledge? What dictum of 
epistemology shall we oppose to the mechanism of Lord Kelvin? Per¬ 
haps the clearest statement of a position acceptable to modem physical 
philosophy is found in The Logic of Modern Physics, by P. W. Bridg¬ 
man. “In general, we mean by any concept nothing more than a set 
of operations,” says the author; “the concept is synonymous with the 
corresponding set of operations. If the concept is physical, as of 
length, the operations are actually physical operations, namely, those 
by which length is measured; or if the concept is mental, as of mathe¬ 
matical continuity, the operations are mental operations, namely those 
by which we determine whether a given aggregate of magnitudes is 
continuous.” 

If this shall be the ultimate refuge of those who seek to avoid 
the dilemmas of modern science, then the operator has become a 


*The New Backgroimd of Science, New York (1933), viii + 301 p.; in par- 
ticulax p. 65, 
fibid., p. 171. 

—1— 
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supreme tool in all exploration. Knowledge is confined entirely to what 
we know. Data obtained by the processes of measurement, numbers 
constructed by definite algorithms, are the basis of knowledge. Pi 
as the idealization of a limiting process, is forever beyond our reach, 
but, as the 707-place approximation attained by Shanks, it is within 
the range of our knowledge. 

It does not seem to be fully apprehended by writers on natural 
philosophy that this operational aspect of the problem of knowledge 
has confronted mathematicians for a long time. The paradoxes 
associated with the mathematical continuum antedate by some years 
the paradoxes of the electron and the photon. In the contemplation of 
an aggregate of points everywhere dense and non-denumerable, the 
mathematician was regarded by many as a metaphysician waging 
war with phantoms. The fact that V2 was not considered to be a 
number by L. Kronecker (1823-1891), seemed to argue to the mechan¬ 
istic physicist that something was wrong with the definition of a 
point. Even the solution of R. Dedekind (1831-1916), that the irra¬ 
tional number was not a thing, but a “cut” defined by an operational 
process, did not seem a matter worthy of consideration. 

This point of view merits further elucidation. Kronecker was 
unwilling to give any existential meaning to irrational numbers, as 
one gathers from his remark to F. Lindemann, the first to prove the 
transcendental character of n : “Of what use is your beautiful research 
on the number ji? Why cogitate over such problems, when really there 
are no irrational numbers whatever?”* Opposed to this view is the 
general procedure of Dedekind. Affirming the position that “numbers 
are free creations of the human mind,” he focused his attention upon 
the rational points, m/n, where m and n are integers, m g n, in the 
interval between 0 and 1. Then it is to be seen that the total continuum 
of points is divided into two classes by any one, x, of these rational 
points, the number x being assigned at pleasure to either class. W'e 
thus have the two classes of points, X^ and Xo, such that all the points 
in Zi, lie to the right of x and the points in Zo lie to the left of (and 
perhaps include) the point x. We have thus obtained what is called a 
DedeMnd mt (Z„ Za). Now in order to define an irrational number 
such, for example, as ^/2 — 1, Dedekind affirmed his principle of 
continuity: 

“If all points of the straight line fall into two classes such that 
every point of the first class lies to the left of every point of the 
second class, then there exists one and only one point which produces 
this division of all points into two classes, this severing of the straight 
line into two portions.” 


*P. Cajori: A History of Mathematics, 2nd ed. (1929), p. 362. 
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Our purpose in introducing this well-known concept here is to 
show that the “existence” of the irrational number which is thus 
attained rests essentially upon an operational process. The cut is con- 
strmted by an algorithm and the unique irrational number at the 
end of the ever-narrowing tunnel of approximations over the rational 
numbers owes its existence to the underlying operation. 

2. Definition of an Operator. Before proceeding further in our 
discussion let us define, if possible, what we shall mean by an operator. 

The existence of an operator implies the existence of a law of 
transformation by means of which one or more members of a class of 
objects in a given domain of definition are transformed unambiguously 
into one or more members of a second set of objects of the same or 
of a different class in the same or in a different domain. To reduce this 
to symbols let us denote by A a class of objects, by a a subset of this 
class, by S an operator belonging to A, by R the class of objects ob¬ 
tained when S operates upon the class A, and by r the specific subject 
of B which corresponds to the transformed subject a. Thus we shall 
have 


5 ->a = r. 

This definition is seen to be one of very wide application since 
it embraces most if not all phenomena, both physical and mental, 
which contain the element of change or transformation. The opera¬ 
tional character of both + and X is easily revealed by writing 

2Xi , JJxi , 

in which the symbols 2 and II, denoting summation and product re¬ 
spectively, are the operators upon the class {x,). We should note that 
these operators are not commutative since, in general, 

2j{IliXii) ^IIi{2jXij) . 

The operational character of addition and multiplication can be 
exhibited in an interesting manner in algebras different from the 
common one. Let us take as an example Boolian logic in which the 
region of the definition of the operands is between 0, the null class, 
and 1, the universe. If we designate by a and b two members of the 
class, then the sum, 

a —b , 

denotes the class which includes the elements of both a and 6 and 
which is contained in all other classes which contain both of them. 
Also the product, 
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denotes the class which contains the elements common to both a and b 
and only these elements. 

This example was suggested by a beautiful application made by 
D. N. Lehmer in his study of methods for factoring prime numbers. 
Briefly stated, Lehmer desired to construct a set of stencils, each 
with 50 columns and 100 rows to correspond to the first 5000 prime 
numbers beginning with 1 and ending with 48,593, which are listed 
on the first page of his List of Prime Numbers* Each stencil was 
designed to show the numbers among the 5000 primes which had a 
given R (the number of the stencil) as a quadratic residue. We recall 
the definition that J? is a quadratic residue of N, where N is prime to 
R, provided the congruence, 

X^^RmodiN , 

has an integral solution. Each stencil was punched with holes corres¬ 
ponding to every prime number that had the number of the stencil 
for a quadratic residue. This heroic task was undertaken for residues 
from —238 to 4-238. Fortunately, it was discovered that a stencil 
could be cut for composite residues from the stencils for prime resi¬ 
dues by means of a simple application of Boolian algebra. 

A stencil conjugate to A and designated by A' was defined to be 
one which contained all the holes not cut in A. That is to say, 

A4-A'=l. 

Also the sum of two stencils A and B was defined to be that stencil, 
C, which contained all the holes found in both A and B; i.e., 

C=:A+B . 

In similar manner the product of two stencils, A and B, was the 
stencil D, which contained only the holes common to both A and B ; 
that is to say, 

D==AB . 

From these definitions we derive at once the familiar equations 
AA' = 0, AA=A- = A . 

Lehmer then combined these ideas with the following theorem: 

If A and B are residues common to a prime number p, then the 
product residue Ayc^B will also be a residue of the prime; moreover 
if neither A nor B is a residue of a prime number p, then the product 
A X 5 will be a residue of p. 

It is at once evident that the Boolian product, A B, will contain 
all primes in A and B which have the numerical product Ayc^B && si 

*Camegie Insi. Wash. Publication No 166 (1914). 
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residue. Similarly the Boolian product, A'B', will contain the remain¬ 
der of the primes which have the numerical product Ay!^B as & resi¬ 
due. If we designate the holes in the final product stencil by (A B), it 
is clear that we can write 

(AB) = + . 

In this manner the addition and multiplication processes have 
been translated directly into the mechanical operation of superimpos¬ 
ing one stencil upon another. 

We have indicated in the preceding discussion how intimately 
mechanical operations are connected with their mental constructs. The 
theory which we propose to develop in the following pages is designed 
to exhibit this useful dualism, which lies at the heart of all applica¬ 
tions of mathematics to the interpretation of natural phenomena. We 
are therefore endeavoring to paint upon a large canvass, and the 
details which delight us in smaller and more perfect pictures must 
be left in many instances to the imagination of the reader. 

We shall proceed by defining three classes of things which are 
fundamental in the concept of operations. 

First: There must be a class of objects upon which to operate. 
These objects may be numbers as in the case of arithmetic, integers 
and rational fractions as in the theory of numbers, functions as in an¬ 
alysis, combinations as in the theory of groups, biological organisms 
as in psychology, matter and energy as in physics, etc. 

Special subclasses of the class of all things constitute the subject 
matter of the different fields of science, but this subject matter is 
naturally not a complete delineation of a science. The behavior of hu¬ 
man beings is fundamental in such different domains as physiology, 
psychology, biology, and economics, but the attributes of this behavior 
which are isolated for particular investigation by each of these fields 
characterize a narrower delineation. To put the matter more pre¬ 
cisely, we specialize our sciences in terms of the operations which we 
propose to apply to the objects of our study. We thus reach the con¬ 
clusion: 

Second: We must define in some explicit manner the operations 
that are to be performed upon the objects of the class. For example, 
we have addition and multiplication in arithmetic, differentiation and 
integration in calculus, substitutions in the theory of groups, stimuli 
in psychology, the mixing of compounds in chemistry, etc. 

But the operation and the subject of the operation are not the 
entire story. That which comes out of the test tube, the results of the 
experiment, the responses to the stimuli, the sum obtained by addi¬ 
tion, the function which emerges from an integration, are the rewards 
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sought by those who employ the operators. These results constitute 
the novelties of each science and we may thus say: 

Third : We must investigate the nature of tlie final element; that 
is to say, the result after the operator has been applied to the objects 
of the original class. These results, of course, may or may not belong 
to the original class of objects. 

If it happens that the result of an operation belongs to the origi¬ 
nal class of objects, we may operate again and hence obtain a result 
of second order. Symbolically this may be described as follows: 

Let us designate the operator by S, an object of a class A by a, 
and the result of the operation by r^, which we shall assume is a mem¬ 
ber of the class A. Hence we get 

rx — S a, : S (S a) — S~ a . 

If 1*2 now belongs to the class A, we may again repeat the opera¬ 
tion to define r,., and thus continue the process so long as the Vi remain 
within the operational class. 

In this way we arrive very naturally at the symbol S'\ which is 
Icnown as the poiver of an operation. 

If a class of objects has two operators belonging to it — for ex¬ 
ample, S and T — and itri — S-^a belongs to A, then 

{S^ a) 

is known as the product of S by T and may be denoted symbolically by 
TS. Similarly, if i?i = T a also belongs to A, then S {T a) 
is the product of T by S. 

If it happens that 


TS = ST 


for all members of the class A, the multiplication is called co^nmuta- 
tive, and if for a third operator Q we have 

T{SQ) = {TS)Q , 

the multiplication is associative. 

This last property leads at once to the index law, 


for positive integral exponents greater than one. That it is not always 
necessary to apply the last restriction will become apparent from the 
examples of later sections. 

The operators with which we shall be particularly concerned in 
this book are those which satisfy the two conditions 
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S-^ (a+b)=S-^(t^S^b 
S ka = kS ^ a , 

wiiere k is any quantity which belongs to what is called a scalar class, 
and a and b are members of the class A. In the field of functions and 
functional operators the scalar class comprises all complex numbers. 

Operators which satisfy the two conditions stated above are said 
to be linear, or distributive. 

3. A Classification of Operational Methods. Surveying the field 
of operational methods from the heights attained by modern analysis, 
one might perhaps classify the general theory and its historical 
development into five main divisions. 

The first may be called the formed theory of operators, which, 
beginning with G. W. Leibnitz (1646-1716) and J. Lagrange (1736- 
1813), was largely developed in England under the stimulus of George 
Boole (1815-1864), R. Murphy (1806-1843), R. Carmichael (1828- 
1861), George Peacock (1791-1868), D. F. Gregory (1813-1844), A. 
De Morgan (1806-1871), and numerous others. 

The second is the theory of the generatrix calcuLiis, which was 
created by P. S. Laplace (1749-1827) and enshrined in immortality 
by being made the principal method of his Theorie arvalytique des 
probabilitis. The first edition of this great treatise appeared in 1812. 

Strangely enough, the third movement in the theory of operators 
was initiated by important researches in electrical communication. 
The protagonist of this dramatic story was Oliver Heaviside (1850- 
1925), a self-taught scientist, scorned by the mathematicians of his 
day, who saw only yawning chasms of unrigor behind his magic for¬ 
mulas. These methods which have proved so useful to engineers are 
now collected under the name of the Heaviside operational calculus. 

To the theory of integral equations we are indebted for the 
fourth division of our subject, which we shall call generically the prob¬ 
lem of functionals {fonctionelles). The modem theorjr of integral 
equations was initiated almost simultaneously by E. I. Fredholm 
(1866-1927), a native of Stockholm, and Vito Volterra of Rome 
whose fundamental and searching papers set the mathematical world 
to the development of one of its richest fields. The first work of Vol¬ 
terra was published in 1896 and that of Fredholm four years later.* 
Volterra subsequently showed that integral equations are included in 


*More accurately, Volterra had considered the problem of integral equa¬ 
tions in a paper on dectrostatics published in 1884. His ideas did not reach ma¬ 
turity before 1896. For a more extended account of the history of integral equa¬ 
tions the reader is referred to a report prepared by H. Bateman for the British 
Association for the Advancement of Science in 1910 and to a study by the author: 
The Present Status of Integral Equations. Indiana University Studies, No. TO 
(1926). 



8 


THE THEORY OF LINEAR OPERATORS 


a broader discipline where functions are characterized by their de¬ 
pendence upon other functions, a discipline which he developed under 
the engaging title of the theory of fumtions of lines. This has led in 
the sequal to what is now commonly referred to as the theory of 
functionals, a calculus of broad generality which is, however, included 
in the general calculus of operators. 

The fifth phase of the tlieory of operations depends also for its 
origin upon the theory of integral equations and may be referred to 
as the calculus of forms in infinitely 'many variables. This broad field 
of modem study originated with David Hilbert and E. Schmidt, who 
in a series of classic memoirs reviewed the results of Fredholm’s in¬ 
version of definite integrals from the standpoint of infinite matrices 
and the theory of elementary divisors. Recent investigations into the 
mysteries of quantum mechanics and the properties of electrons have 
given new impetus to the study of this type of operator and have led 
to the formulation of the tnatrix calculus. The theory must be regard¬ 
ed as a highly important union of a special case of the calculus oJ' 
forms with physical ideas. 

The Formal Theory of Operators. The history of operators 
begins most properly with some observations made by G. W. Leibnitz 
(1646-1716) in which he noticed certain striking analogies between 
algebraic laws and the behavior of differential and integral operators. 
One of these analogies he formulated in what is now known in mathe¬ 
matical literature' as the rule of Leibnitz, which states that the nth 
derivative of the product zt(r) v (x) can be expressed by the symbolic 
binomial expansion [«(*■)-|-u(x) ]. This formula is found in 
Symbolismus memorabilis Calculi Algebraici etc. published in 1790. 
(See Bibliography.) In a letter written to G. F. A. I’Hospital (1661- 
1704), September 30, 1695,* Leibnitz commented upon the algebraic 
analogy and expressed the symbol 1“ as c?-". He then continued 
with the following prophetic observations: 

“Vous voyes par la. Monsieur, qu’on peut exprimer par une serie 
infinie une grandeur comme (Txy ou , quoyque cela paroisse 

eloigne de la Geometrie, qui ne connoist ordinairement que les differ¬ 
ences a exposans entiers affirmatifs, ou les negatifs a I’egard des som- 
mes, et pas encor celles, dont les exposans sont rompus. II est vray, 
qu’il s’agit encor de donner x pro ilia serie; mais encor cella se 
peut expliquer en quelque fagon. Car soyent les ordonnees x en pro¬ 
gression Geometrique en sort que prenant une constante dfi soit dx 
=^d^ :a , ou (prenant a pour I’unite) dx = xdfi , alors d dx sera 
X dfi^ , et d^x sera — xEfi^ etc. et d^x — xdfi^ . Et par cette addresse 
I’exposant differentiel est change en exposant potentiel et remetant 


*See Leibnizen’s Mathematische Sehriften, vol. 2 (1850), pp. 301-802. 
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dx :x pour cZ/5, il y aura d^x — dx\x^ • e . Ainsi il s^ensuit que x 
sera egal h x-^dxix, II y a de Tapparence qu'on tirera un jour des 
consequences bien utiles de ces paradoxes, car il n’y a queres de para¬ 
doxes sans utilite. Vous estes de ceux qui peuvent aller le plus loin 
dans les decouvertes, et je seray bientost oblige ad lampadem aliis tra- 
dendam (to surrender the torch to others). Je voudrois avoir beaucoup 
a coniniuniquer, car ce vers: Scire tiiiim nihil est nisi te scire hoc sciat 
alter, (unless another knows what you know, you know nothing) est 
le plus vray en ce que des pensees qui estoient peu de chose en elles 
memes peuvent donner occasion a des bien plus belles.” 

In another letter, written to J. Bernoulli in 1695, we find Leib¬ 
nitz affirming: 

'There are yet many things latent in these progressions of sum¬ 
mation and differentiation, which will gradually appear. There is thus 
notably agreement between the numerical powers of binomial and 
differential expansions; and I believe that I do not know what is hid¬ 
den there.”* 

And in reply Bernoulli concurred: "Nothing is more elegant than 
the agreement which you have observed between the numerical power 
of the binomial and differential expansions; there is no doubt that 
something is hidden there.”! 

We may pause a moment to comment on the curious fact that this 
same air of mystery has enveloped the subject of operational methods 
down to the present time. Thus we find the following statement made 
by George Boole in the preface to his Differential Equations published 
in 1859: 

"This question of the true value and proper place of symbolical 
methods is undoubtedly of great importance. Their convenient sim¬ 
plicity — their condensed power — must ever constitute their first 
claim upon attention. I believe, however, that in order to form a just 
estimate, we must consider them in another aspect; viz., as in some 
sort the visible manifestation of truths relating to the intimate and 
vital connection of language with thought — truths of which it 'may 
be presumed that tve do not yet see the entire scheme and connection. 
But while this consideration vindicates to them a high position, it 
seems to me clearly to define that position. As discussions about words 
can never remove the difficulties that exist in things, so no skill in 
the use of those aids to thought which language furnishes can relieve 
us from the necessity of a prior and more direct study of the things 
which are the subject of our reasonings. And the more exact and the 

* Malta adliiTC in istis summarum & differentiarum progressionibus latent, 
quae paulatim prodibunt. Ita notabilis est consensus int^r numeros postestam a 
binomio, & differentiaruna rectanguli; ^ puto nescio quid arcani subesse. 

fNihil elegantius est quam consensus quern observasti inter numeros po- 
testam a binomio — differentiarum rectangulo; baud dubie aliquid arcani subest. 
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more complete the study of things has been, the more likely shall we 
be to employ with advantage all instrumental aids and appliances.” 

The secret of this mystery resides, perhaps, in the efficacy of 
analogy and generalization. For example, an equation like that of 
Laplace, 

02 /^ 

is found to be applicable to the a priori science of analytic funclions 
and to the experimental sciences of electricity, magnetism, heat con¬ 
duction, and the flow of underground waters. We shall find it apiicar- 
ing sooner or later in the theory of the elasticities of economic vari¬ 
ables and in other fields remote from its mathematical origin. What 
strange analogy is here? What hidden root leads to so many 
branches? 

Laplace himself begins his immortal treatise on jirobabilities 
with these words: 

“Magnitudes considered in general are commonly expressed by 
the letters of the alphabet, and it is to Vieta that is due this coiu’cn- 
ient notation which transfers to analytical language, the alphabets of 
known tongues. The application which Vieta made of this notation, 
to geometry, to the theory of equations, and to angular sections, forms 
one of the remarkable epochs of the historj’- of mathematics. Some 
very simple signs express the correlations of magnitudes. The position 
of one magnitude following another is sufficient to express their pro¬ 
duct. If these magnitudes are the same, this product is the square or 
the second power of this magnitude. But in place of writing it twice, 
Descartes conceived of writing it only once, giving it the number 2 
as an exponent; and he expressed successive powers by increasing suc¬ 
cessively this exponent by unity. This notation, considering it only as 
an abridged way of representing powers, seemed scarcely anything; 
but such is the advantage of a well constructed language that these 
most simple notations have often become the source of most profound 
theories; it is this which happened for the exponents of Descai’tes. 
Wallis, who had set himself specially to follow the thread of induc¬ 
tion and analogy, has been led by this means to express radical powers 
by fractional exponents; and just as Descartes expressed by the ex¬ 
ponents 2, 3, etc., the second, third, etc., powers of a magnitude, he 
represents square roots, cube roots, etc., by the fractional exponents 
1/2, 1/3, etc. In general he expresses by the exponent m/n the wth 
root of a magnitude raised to the power m. In fact, following the no¬ 
tation of Descartes, this expression holds in the case where m is di¬ 
visible by n; and Wallis, by analogy, extends it to every case.” 

Here again we find analogy the open sesame to useful and almost 
mysterious generalization. The curious reader who wishes to pursue 
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this inquiry further will find an illuminating discussion held between 
H. S. Carslaw, H. Jeffreys, and T. J. Fa. Bromwich in vol. 14 (1928- 
29) of the Mathematical Gazette, pp. 216-228. The point of contro¬ 
versy was the use of the Heaviside operational methods in mathemati¬ 
cal physics. Dr. Carslaw was arguing for the use of classical contour 
integration as the principal tool to be employed in the solution of the 
differential equations of mathematical physics. “There is no room for 
mystery in mathematics. If we can be clear, let us be so. And for my 
part I consider the best way of attacking many of these questions is 
to use contour integrals.” 

The challenge of the mysterious element is not fully accepted by 
either Jeffreys or Bromwich, who seem to contend that the heuristic 
methods of Heaviside still demand verification after each application. 
Bromwich makes the following interesting admission; “It is true that 
in 1914 (when the work was more or less completed for my paper 
published in 1916) I felt that I had only ‘established an aTialogy.’ But 
my experiences during the subsequent fourteen years would justify 
me in stating that Heaviside’s method has never led me astray — ex¬ 
cept in that kind of mistake which is due to human fallibility.” 

Leaving these esoteric thoughts, which the reader, however, may 
find interesting to keep in mind as he follows the future development 
of the subject in this book, let us return to the historical narrative. 

The torch laid down by Leibnitz came into the hands of J. La¬ 
grange (1736-1813), who in a notable memoir {sQe Bibliography) 
greatly accelerated the study of operational methods. In the introduc¬ 
tion to his paper he makes the following remarks: 

“Mais ni lui (he refers to Leibnitz) ni aucun autre que je sache 
n’a pousse plus loin ces sortes de recherches, si 1’ on en excepte seule- 
ment M. Jean Bernoulli, qui, dans la Lettre XIV du Commercium epis- 
tolicum, a montre comment on pouvait dans certains cas trouver 
r integrale d’une differentielle donnee en cherchant la troisieme pro- 
portionnelle a la difference de la quantite donnee et a cette meme 
quantite, et changeant ensuite les puissances positives en differences, 
et les negatives en sommes ou integrates. Quoique le principe de cette 
analogie entre les puissances positives et les differentielles, et les 
puissances negatives et les integrates, ne soit pas evident par lui- 
meme, cependant, comme les conclusions qu’on en tire n’en sont pas 
moins exactes, ainsi qu’on pent s’en convaincre d posteriori, je vais en 
faire usage dans ce Memorie pour decouvrir differents Theoremes 
generaux concemant les differentiations et les integrations des fonc- 
tions de pleusieurs variables, Theoremes dont la plupart sont nou- 
veaux, et auxquels il serait d’ailleurs tres-difficile de parvenir par d’ 
autres voies.” 
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In this paper Lagrange demonstrated the operational validity of 
the two formulas 

du 9'M 9'^ 

- ^_|-7y-|-^ 

- -1)^ 

where 

Au r=u(x-^i , y-h^ , 2+0 — u (x,y,z), A^u = J and 

du du du 

— — V ~\— ^ 

l/(e3^ 3- —1)'^ . 

Under the hands of his successors, these equix^alents were to 
form the fundamental structure for the calculus of finite differences. 

The formal theory of operators was mainly concerned with thi'ee 
problems: (a) the interpretation of symbols, particularly tiie formal 
inverses of well known operators; (b) the interpretation of sym¬ 
bolic products: (c) the problem of the factorization of operators. 

We may cite as an instance of the first problem the interrela¬ 
tionship of the symbols A, E and D = <i/dx, the first two defined by 
the equations 

Au{x) =u\x-\-l) — vAx) , 

Euix)= ^lixA-^) = (l+^)M(:r) =e"»,(;r) . 

When the formal expansions, 

A^u(x) = iE—l)’‘u(x) = [iJ" —+ „C,2?"-“ 

-+ (—l)"]/f(:f) 

—j— (.X~'\~'^^ -1) (A'—|“'/V-2) 

- + (— , 

E”u{x) — (l+.d)"tt(a;) =w(A-+n.) 

■= u(^z) + ^ zl (a) + — -- A-u {x ) -|-, 

^ i 

were found to yield correct numerical results, it was natural to in¬ 
quire how far the algebraic analogy might be carried. The symbol 
A-^uix) was interpreted as a summation and hence the formal e.x- 
pansion 

A-^u{x) = Tr - -, u{x) =~~J—ufx) 

ti — 1 — 1 

= (1/U — 1/2 + B^D/2 ! — B,D^/4 :! + B,D -'/^! 

-) u(x) 

where J5i 1 = 1/6, B^ ■= 1/30, B 3 = 1/42, etc. are the Bernoulli num- 



LINEAK OPERATORS 


13 


bers, should give a formula for the summation of series by integra¬ 
tion and differentiation. The success of this interpretation led to in¬ 
tensive exploration and many ingenious variants were discovered. 
The well known Euler-Maclaurin formula in its various forms is 
easily derived by this means.* 

As an example of the second problem we may cite the numerous 
functions of D which were examined by the investigators of the early 
part of the nineteenth century. A typical investigation is the inquiry 
into the meaning to be attached to the symbol. 

f {x) = u{x) , 

= L1+ (ei>) + (gD)<^V3! + ' ] 

This problem was studied by G. Graves [See Bibliography: 
Graves (3)] and generalized to n variables by Robert Carmichael in 
The Calculus of Operations (1855). The reader will find it instruc¬ 
tive to verify the interpretation, 

/(X) + 1]} , 

where G(a;) = J {l/g(x)'\dx, and G-^(x) is the inverse of G{x). 
Thus we get for g{x) = 1, G(a-) = x, f{x) = tt(x-|-l ); g{x) = x, 
fix) = uiex); g{x) = x-, fix) = ii{x/i\ —x)}; gix) = x^ 
fix) = u{x/i\ —2x-)®}, and in general, for gix) , 

fix) =u{x/[l —(m—1). 

In more recent mathematics a similar interest in the formal in¬ 
terpretation of symbolic processes has been aroused through the de¬ 
mands of the cabalistic equation, 

pq — qp = I , 

which has developed around the postulates of the quantum theory. 
In several instructive papers, N. H. McCoy (see Bibliography) has 
examined the meaning of functions of p and q, where the operators 
p and q obey the non-commutative law stated above. 

This operational equation was apparently first studied by Charles 
Graves as early as 1857. Interest was revived in it when W. Heisen¬ 
berg introduced it into the theory of quantum mechanics. P. A. M. 
Dirac, in his desire to preserve the formal features of classical me¬ 
chanics in the theory of quanta, exhibited an essential analogy be¬ 
tween non-commutative operators and the Poisson bracket symbols 

*Coiisult Boole: Bibliogrcuphy, Boole (11); Whiltalcer and Robinson: The 
Calculus of Observations (see Bibliography) ; H. T. Davis: Tables of the Higher 
Mathematical FvMctions, vol. 2, Bloomington (1935), section on Bemonlli miim- 
bers. 
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of ordinary dynamics. In a trilogy of related monographs published 
in 1931 E. T. Whittaker, W. 0. Kermack, and W. H. McCrea (see 
Bibliography) have investigated the significance of such operators 
from the point of view of contact transformations and have derived 
numerous solutions of differential equations associated with such 
transformations. 

The third problem mentioned above was essentially that oi. solv- 
ing linear differential and difference equations by reducing tlie opera¬ 
tors to linear factors. For example, the equation, 

-I- a (x)z -f- h (a;) ] u(.i;) = f{x) , 

is formally equivalent to the equation, 

iz + 0.1 (x) ] -^ [^ 2 : -f- Os (x) ] w,(r) /(.*■) 


where 

a{x) =^an{x) -j-02(0), ?)(x) =Oi(a;)Oo(;f) +«■/(•*■) » z — d/dx. 

The principal contribution made by G. Boole, Robert Carmichael, 
D, F. Gregory and others who studied this problem in a large num¬ 
ber of memoirs published for the most part around or before 1850 
was the assembling of a calculus of ingenious formulas for factor¬ 
ing linear differential and difference operators and interpreting their 
inversions. An excellent account of these methods will be found in 
chapters 16 and 17 of Boole’s Dijferential Eq^mtions (1859) and in 
chapter 13 of his Calculus of Finite Differences (1860). The Calculm 
of Operations (1855) by Robert Carmichael is also rich in examples. 

Closely related to this thread of ideas is the concept of an alge¬ 
braic theory of linear differential operators. This problem furnished 
the basis for the dissertation of H. Biumberg published in 1912 (see 
Bibliography). This author considered the question of the factori¬ 
zation of differential operators. He obtained conditions under which 
operators are relatively prime and developed algorithms for the de¬ 
termination of the least common multiple and the highest common 
factor of two or more operators. The problem of the commutativity 
of differential operators is naturally suggested by this algebraic anal¬ 
ogy and it has furnished the basis for a paper by J. L. Burchnall and 
T. W. Chaundy (see Bibliography) published in 1922. If P and Q 
are linear differential operators, then they are commutative pro¬ 
vided, 

iP — hI)-^Q = Q-^{P — hI), 

where h is any constant and I is the identical operator. The principal 
result attained by Burchnall and T. W. Chaundy was the theorem 
that if P and Q are permutahle operators of orders m and n respec- 
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tively, they satisfy identically a/n operational-algebraic identity of the 
form 

FiP,Q)=^0 , 

of degree nin P and of degree m in Q. 

Returning now to the historical narrative, we find among those 
who first intensively explored the territory opened by Lagrange the 
names of L. F. A. Arbogast (1759-1803), J. F. Frangais, J. P. Grii- 
son (1768-1857), and A. M. de Lorgna (1735-1796). These authors 
confined their attention mainly to the symbols, D, A , 2', and f , 
which they regarded as quantities that between the initial and term¬ 
inal operations could be manipulated formally by the rules of algebra. 
The principal contribution of Arbogast was the Calcid des Deriva¬ 
tions published in 1800 from which we quote: 

'T apply to differentials, to general derivatives, to relations be¬ 
tween differentials and (finite) differences, a method of calculation 
which one may name the methode de separation des echelles d’opera- 
tion: this provides the means for presenting- complicated formulas 
under a very simple form and for arriving at important results with 
extreme ease. Considered generally, this method consists in de¬ 
taching from the function of the variables, when this is possible, the 
signs of operations which affect this function, and in treating the 
expression formed from these signs mixed with some of the quan¬ 
tities, an expression w'hich I have called the echelle d’operations, in 
treating it, I say, just as if the signs of operation which enter it 
were quantities; then in multiplying the result by the function.” 

F. J. Servois (1767-1847) made a notable advance over the ideas 
of his predecessors by showing in 1814 that the reason for the formal 
analogy betw-een operational symbols and algebraic symbols had its 
roots in the distributive, commutative and associative laws obeyed by 
both sets of symbols. Servois introduced the names distributive and 
commutative, but the term associative seems to be due to W. R. 
Hamilton (1805-1865).* 

A. L. Cauchy, under the stimulus of some researches of B. Bris- 
son (1777-1828), a pupil of G. Monge (1746-1818), developed a num¬ 
ber of formulas, deriving among other results the summation of 
Euler-Maclaurin. He inquired into the convergence of the series ob¬ 
tained by formal processes and considered methods for establishing 
the validity of results obtained by operational methods. 

The development of these formal methods progressed rapidly, 
particularly with the English school of mathematicians. The main 
contributors of this period were G. Boole, B. Bronwin, R. Carmichael, 
W. Center, A. De Morgan, W. F. Donkin, J. T. Graves, S. S. Great- 


*See P. Cajori’s: History of Mathematics, 2iid ed. (1929), p. 273. 
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heed, H. S. Greer, D. F. Gregoiy, C. J. Hargreave, R. Murphy, G. 
Peacock, S. Roberts, W. H. L. Russell, and W. Spottiswoode. 

One of the significant contributions of this period was the gen¬ 
eralization of the Leibnitz rule, = {u + wliich was 

achieved by C. J. Hargreave (1820-1866) [See BihUngrwphy: Har¬ 
greave (2)] in 1848, who showed that 

F (z) uv — uF {z) r 4- u'F'iz) -* v 

+ ~u"F"{z) -- H-• 

Here the letter z represents the operation d/dx, a use which will 
be frequently employed in the later pages of this book. 

Closely related both to the Liouville theory of I'ractional oper¬ 
ators and to the Laplace theory of generatrix functions (see sections 
5 and 7) we find the symbolic calculus of G. Oltramare, (181G-D06), 
a student of Cauchy. The main points of t!ie calculus were set forth 
in a memoir published in 1886* and the work I’eached final form in 
the Calcul de generalisation published in 1899. The calculus was 
further developed and applied by C. Cailler in his thesis published 
in 1887 and by D. Mirimanoff in 1900. (See Bibliograplty). 

The principal objection to the calculus was the restrictixe ex¬ 
pansion, 

g (x) = , 

n 

assumed for the development of functions to which the operations 
were applied. By forming a table of operations, Olti'amare was able 
to invert a number of types of functional equations. A moi’e exten¬ 
sive account of this calculus will be found in (f) section 12, chap¬ 
ter 2. 

The period of the formal development of operational methods 
may be regarded as having ended by 1900. The theory of integral 
equations was just beginning to stir the imagination of mathema¬ 
ticians and to reveal the possibilities in systems of equations in in¬ 
finitely many variables. The rich researches of S. Pincherle on the 
analytic operator, researches carried out over a long period of time, 
served as a bridge between the older analysis and the new. 

5. Generalized Integration and Differentiation. One of the most 
interesting phases of the formal theory was the development of gen¬ 
eralized differentiation and integration. We have already indicated 

la generalisation des identites. Memoire de inst. nai. Geneve, vol. 16 
<1886), pp. 1-109. 



LINEAR OPERATORS 


17 


how the idea of interpreting d^y/dx^ occurred to Leibnitz as soon as 
the formal analogies had been observed by him. 

Not, however, until the mathematical development of the nine¬ 
teenth century was well advanced did this suggestive concept gain 
headway and even then it appeared sporadically and unrelated in the 
literature. If we are to judge from the lack of reference to other 
work, fractional operators were discovered independently by at least 
P. S. Laplace (1749-1827), J. Fourier (1768-1830), N. H. Abel (1802- 
1829), J. Liouville (1809-1882), G. F. B. Riemann (1826-1866), H. 
Laurent (1841-1908), and 0. Heaviside (1850-1925). It is rather a 
curious fact that the obvious power of these generalized operators 
and their intimate connection with the Cauchy integral formula in 
some of its more important applications have not succeeded even yet 
in securing for them a passing reference in standard treatises on the 
calculus and in the theory of analytic functions.* 

It will thus be seen that the generalization to fractional ex¬ 
ponents for the operators z” and z"", z = d/dx, has not been attained 
with the same ease as the analogous generalization for algebraic 
quantities. The pathway seems to have been beset with errors. Rie¬ 
mann, approaching the subject from Taylor’s series, found himself 
inextricably tangled in difficulties with the complementary function. 
This subject also led Liouville into error and resulted in curious dif¬ 
ficulties encountered by G. Peacock (1791-1858) while attempting to 
apply his 'principle of the permanence of equivalent forms. (See sec¬ 
tion 8, chapter 2.) Much of the distrust encountered by Heaviside 
from the Cambridge rigoristsf may be traced quite probably to the 
lack of any adequate theory of fractional processes. 

Apparently no definite attempt was made to form a theory of 
fraction-operators until L. E. Euler devoted a few pages to the sub¬ 
ject in 1731.J This idea lay fallow for nearly a century until we en¬ 
counter it again in the work of Laplace and Fourier. Thus we find' 
Laplace employing the formulas:! 

For negative values of n, 


and 


d’^Vx 


I 


T(t)t^l\og{l/t)ydt 


r r(f)f-»(o4-hAH- \-Q/t^ydt , 


note, however, an extended account of these operators in the recently 
published work of A. Zygmund: Trigonometrical Series, Warsaw (1985), 831 p., 
in particular, pp. 222-233. 

fLet us add that this term is not used disparagingly. The author has the 
deepest sympathy for a completely rigorous scrutiny of all heuristic processes;: 

JVoL 5, Commentaires de St. Petershourg (1730-31), p. 55. 

^ThSorie analytique des Prohahilites. 3rd ed. (1820), pp. 85 and 156. 



18 


THE THEORY OP LINEAR OPERATORS 


where we define 

oUxix ~''r "■}“ 

For positive values of n, 

4 ^= r <p{t)t^(}ostydt 

dx^ Jc 

and 



<p{t)i^{t—l)^dt , 


where we define 


yx= ^ (p{t)Pdt . 

Fourier’s approach was through operations upon the integral 

1 Z' CX) ^00 

/(a:)=^ J J f {(i) d n , 

and we find him writing, for general values of n* 


1 r /» 

^ L I 


fifi) cos l(x — ft) d fi , 


dx^ ^ ^ J_^ ^ /(«) cos (fix --ft X + i/aflTi) d ft . 

of th??on^V ® A. L. Cauchy (1789-1857) making use 

f the Fourier integral tor operators of the form F(z) ^ — d/dr 

he considered only the case where F(s)'is a pow^r 
T ^ origin. Other suggestions are also found in the work 

exteMSn^ generalisation on a formal 

Aoei u»02-1829)$ attracted attention to the subiect bv annlviiw 

hotfra”*’ *" problem of tte tautochrone. He employed 

oth the ss^ol d-i v(r)/<ir-i == (l/va) p y(x)dx and the symbol 
V(r) = VadVtfa* and his attainment of the solution in terms of 

*Theorie de la Chaleur (1822), sec.'422'^ 

du calcnl diffSrentiel et du calcul inUgral. 2nd ed. (1819), vol. 3, p. 

(188i?fpp!‘^?0-2V"®^‘''^"® ^ d’intAerales ddfinies. Werke, vol. 1 
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them was simple and elegant. An account of this application is given 
in problem 1, section 7, chapter 6. 

The most extensive development of the calculus of fractional 
operators during this initial period was made by J. Liouville (1809- 
1882), who between 1832 and 1836 devoted eight memoirs totalling 
about three hundred pages to the subject.* He gave a number of 
applications toi problems in geometry and mechanics, a few of which 
will be found in section 7, chapter 6. 

The definition employed by Liouville was rather restrictive, how¬ 
ever, and its usefulness considerably limited by considerations of 
convergence. Thus he assumed that the derivative of a function 
fix), which can be expressed as the series, 

00 

fix) ^ , 

Dx’’fix) = . 

n = o 

It thus appears that application of the Liouville definition is limited 
to the class of functions which can be represented by a Dirichlet se¬ 
ries. The problem of imposing conditions for such expansions has 
been extensively studied in recent years.f 

Under the stimulus of the activity which centered around oper¬ 
ational methods in England during the middle years of the nineteenth 
century, a number of papers were prepared on fractional operations. 
P. Kelland (1810-1879) published an extensive memoir on the sub¬ 
ject in 1839 and a second in 1846. S. S. Greatheed in 1840, W. Cen¬ 
ter in 1848 and H. S. Greer in 1860 contributed to the discussion and 
A. De Morgan (1806-1871) devoted several pages in his Differential 
and Integral Calculus (1842) to the subject.t De Morgan, however, 
regarded the matter as being in confusion. Thus he pointed out that 
the system advocated by Peacock leads to the formula, (see section 
7, chapter 2) 

Dx’^x-”^ = r i 1— m) /r (1— n —m) , 

while the system of Liouville derives 

Dx''x-'^= i — l)’^x-”^"rim-^-n)/rim) . 

But if n is an integer then these systems will be found to give the 
same result which leads De Morgan to the following remark; 


♦See Bibliography. 

fSee G. H. Haxdy and M. Riesz: The General Theory of Dirichlet’s Series. 
Cambridge Tracts in Math, and Math. Physics, No. 18, Cambridge (1915), 78 p. 
{Pages 597-600. 
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“Now as both these expressions are certainly true when n is a 
whole number, the one becomes the other after multiplication by a 
factor . . . which becomes unity when % is a whole number. Both 
these systems, then, may very possibly be parts of a more general 
system; but at present I incline (and incline only, in deference to 
the well known ability of the supporters of the opposed systems), to 
the conclusion that neither system has any claim to be considered as 
giving the form of Zl” .r", though either may be a form”. 

The situation complained of by De Morgan is now thoroughly 
cleared and no real ambiguity remains. It is probably fair to sbrte 
that the main aim of the writers of that period was to find a plaus¬ 
ible generalization for fractional operators without attempting an 
investigation of the consequences of the definitions in the complex 
plane. Mention should be made, however, of a paper of considerable 
penetration published by M. Wastchenxo-Zachartchenxo in the Quar¬ 
terly Journal of Mathematics in 1861. 

New impetus was given to the study of fractional operators by 
a paper written by B. Riemann in 1847 while he was still a student 
but which was not published until 1876, ten years after his death. 
His approach to the subject was through a generalization of Taylor’s 
series, but as has already been stated, he found himself in diflicul- 
ties over the interpretation of the complementary function. An ac¬ 
count of the Riemann theory will be found in section 9, chapter 2. 
The editors of Riemann’s works, who are responsible for the appear¬ 
ance of this paper, remark that the manuscript was probably never 
intended for publication since the author would not have recognized 
in his later work the validity of the principles upon which it rested. 
A. Cayley (1821-1895),* however, in a brief note in 1880 considered 
"the idea ... a noticeable one”, but made the following comment: 
“Riemann deduces a theory of fractional differentiation: but with¬ 
out considering the question which has always appeared to me to be 
the greatest difficulty in such a theory: what is the real meaning of 
a complementary function containing an infinity of arbitrary con¬ 
stants? or, in other words, what is the arbitrariness of the comple¬ 
mentary function of this nature which presents itself in the theory?” 
H. Holmgren in 1863 took the same integral representation arrived 
at by Riemann as his point of departure for a long memoir on the 
subject and in 1867 applied his theory to the integration of a linear 
differential equation of second order. 

It was not, however, until H. Laurent published an account of 
the subject in 1884 that we find a broadening of the point of view 
with regard to these operators which might make them palatable to 


*Mathematieche Atinalen, vol. 16 (1880), pp. 81-82. 
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modern mathematicians. Laurent proceeded from the Cauchy for¬ 
mula, 


(.t) 


n\ 

271 i 


u(,t) 

\ (» -ty 


■ dt 


and showed how the contour C could be chosen so that the Cauchy 
formula might be generalized for fractional values of n. 

The slow introduction of these operators into analysis was ac¬ 
celerated in another direction by the publications of Oliver Heavi¬ 
side in 1893, who made a brilliant and useful application of them to 
the theory of the transmission of electrical currents in cables. He 
introduced the operators p- and p-’% p — d/dt, which appear natural¬ 
ly in any attempt to solve the equation, 


dhl dll 
'"dt 


by operational methods. For the technical application to this prob¬ 
lem and to the more general problem of the equation of telegraphy, 
the reader is referred to section 6, chapter 7. 

Since the beginning of the present century the number of papers 
devoted to the subject of fractional operators has rapidly increased. 
V. Volterra founded his theory of functions of composition, and his 
class of permutable functions of the closed cycle type (see section 9) 
includes what are essentially functions obtained from fractional oper¬ 
ations of the kind described here. N. Wiener in a paper published in 
1926 [See Bibliography, Wiener (2)] appraised the theory of branch 
point operators from the standpoint of Fourier series and gave it a 
more rigorous foundation than it had hitherto possessed. Other 
papers devoted both to the fundamental concept and to applications 
have been published by P. Levy, E. L. Post, the author and others. 
Naturally a great deal is said about these operators in all the papers 
collectively enumerated under the title of the Heaviside calculus. 

Inaugurated through a paper published by H. Weyl in 1917, a 
series of recent memoirs have been devoted to fractional operators 
from the standpoint of the existence and function-theoretic character 
of the transformation. 


F(a;)=-^ r fit)dt . 

r{a) Ja 


G. H. Hardy and J. E. Littlewood in particular proved the fol- 
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lowing theorems:* (i) that if /(a:) belongs to the Lcbcsguc class 

2 > > 0, and if 0 < a < 1/p, then Fa belongs to I7, whore r = 
2 )/(l— /pa); (ii) if f(x) belongs to in (a,b), a < b < co, then F„ be¬ 
longs to Lip.* (a—1/p); (iii), if p ^ 1, and if 0 < < 1/p, then any 

function which belongs to Lip. (&,p) also belongs to Liji. (k —1/p 
-j-l/p', p'), where p' is any number subject to the condition p < p' < 
p/(l— kp) ; (iv), if k > 1/p, then / (a:) belongs to the class just staled 
for p' > p and is equivalent to a function of the class Lip. {k — l/p). 

Weyl showed that if f(x) is a function of unit period with Fourier 
coefficients c„ and belongs to Lip. a, then the series / converges 

provided P < a. J. D. Tamarkin, under the stimulus of these ideas, 
published in 1930 a careful investigation of the validity of the Abel 
inversion problem when applied to functions belonging to Lebcsgue 
classes. His bibliography enumerates some of the work of tlie Rus¬ 
sian school on this problem, particularly memoirs by A. V. Letnikov, 
P. A. Nekrassov, and N. Sonine. 

The first appearance of the logarithmic operator, z '' log is due 
to Vi. Volterra who formulated it in a theory of logariihmtt of com¬ 
position, which he applied effectively in the solution of the integral 
equation 

fix) = f\log(x—t) -f C} u(t)(U, fiO) -= 0 , 

Jo 

where C — 0.5772157 • • • is Euler’s constant. Later F. Sbrana [see 
Bibliography: Sbrana (2)] and the author examined both the oper¬ 
ational-theoretic properties and the application of this new transfor¬ 
mation. For other details the reader is referred to section 11, chapter 
2 and section 8, chapter 6. 

*We shall need the following definitions: 

L f{x) "belongs to Lebesgue class, p > 1, provided f(x) and 
are integrable in the sense of Lebesgue in (a,b). 

II. f{x) belongs to Lipschitz classi, Lip. /c, 0 ^ /c S 1, in (a,6) provided 
uniformly for a ^ x—h <, x ^ b, 

III. f(x) belongs to Lipschitz class, Lip * h 0 ^ k ^ 1, in ((hb), provided 

when h approaches zero uniformly in x, 

IV. f(x) belongs to Lipschitz class, Lip.(fc,p), p § 1, 0 g /c g 1, in 
provided f(x) belongs to L in (a,6) and 

f \f{x)—f(x—h)\Pdx = Om'‘’‘) . 
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6 . Differential and Integral Equations of Infinite Order. Another 
and more recent aspect of the formal theory has been the develop¬ 
ment of differential and integral equations of infinite order; i. e., 
equations of the form 

ao{x)u{x) Oaix)u'{,x) ai{x)u"(x) -|- = f{x) (6.1) 

bo(x)u{x) -|- bi{x)u^-^'> (x) -f (a;) -[- t=F(x) . 

The largest amount of attention has been given to differential 
equations of infinite order and particularly to the case of constant co¬ 
efficients, ttiix) = Uj. Among the first to recognize the significance 
of such equations was S. Pincherle w'ho introduced them in discussing 
the solution of the difference equation 

m 

2 fi'n <P {xa^) =fi.x) . 

11-1 

This memoir was published in 1886, but its anticipation of much 
of the work in functional operators of the closed cycle class was not 
generally recognized until its republication in Acta Mathematica in 
1926.* These studies culminated in a treatise on distributive oper¬ 
ations published in 1901 in collaboration with U. Amaldi. 

Perhaps the first to give a general impetus to the investigation 
of differential equations of infinite order was C. Bourlet (1866-1913), 
who in 1897 contributed fundamental results in a paper entitled: 
Sur les operations en general et les equations differentielles lineaAres 
d’ordre infini. This paper was amplified in certain important details 
in 1899.t 

In 1917 J. F. Ritt considered the infinite product, 

(1 — z/ch.) (1 — z/a 2 ) (1 — z/as) ••• (1 — z/a„) , 

z<=d/dx , 

CO 

under the assumption that 2 l/la„l converges, and derived important 

n~i 

properties of its inversion. This approach has been extended by G. 
Valiron and G. P61ya.$ 

The problem presented by the differential equation with con¬ 
stant coefficients was studied in 1918 by F. Schiirer under general 
conditions. I. M. Sheffer in 1929 devoted two memoirs to the sub¬ 
ject, imposing the condition that 


*See Bibliography: Pincherle (1). 

tSee Bibliography: Bonrlet (1) and (2). 

$See Bibliography: Ritt, Valiron and Polya. 
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lim I/*"'(a;) : constant. * 

This limitation was removed by the author,!' who extended tlio 
domain of admissible solutions to functions sumnialile in the sense 
of Borel. The relationship between operators regai'ded as Laurent 
expansions, valid in different annuli, of the same analytic runetion 
was also interpreted. 

An extended domain of validity vms given to these operators by 
N. Wiener through the use of the Fourier transform. The work of 
Wiener is especially notable because of the highly rigorous trcalnn'iit 
of a subject, which for all of its formal power has been regardiKl as 
having suspicious origins.t- 

Next to the case of constant coefficients, the differenlial e(iuation 
of infinite order of Laplace type has received special attention. In 
this equation the coefficients are polynomials of bounded degree, 
o-nt*) = Uho + + an-iX~ -j- -f- , where p is a iiositive in¬ 

teger and not all the quantities «•„„ are zero. It is obvious that the 
case of constant coefficients is included by setting p 0. 

The study of the Laplace equation, apart from the calnihis of 
differences in which it may be regarded as having had its origin, is 
due to T. Lalesco in 1908.§ Incidental to a consideration of the prob¬ 
lem of the inversion of Volterra integrals, he applied to the homo¬ 
geneous case [in which / {x) = 0] of the Laplace equation the trans¬ 
formation 

u(x) = J" e‘‘*v{t)dt 

in which the path is a conveniently chosen one de])cnding upon tlic 
coefficients of the equation. He made special application to the ex¬ 
panded form of the difference equation, —xu (x) == 0, 

which defines the gamma function. 

E. Hilbll in 1921 was the first to solve the non-homogeneous case 
of the Laplace equation by means of an unlimited differentiation of 
(6.1). The system thus obtained was found to come under the gen¬ 
eral Hilbert theory of linear equations in an infinite number of un¬ 
knowns as applied to Laurent forms (see section 2, chapter 3) and 
a solution of the system was thus explicitly obtained. Hilb also de¬ 
veloped in more detail the method which Lalesco had used in the ho¬ 
mogeneous case. 


*See Bibliography: Schiirer and Shelfer (2) and (4). 
tSee Bibliography: Davis (4), 

JSee Bibliography: Wiener (2). 

§See Bibliography: Lalesco (1). 

\\See Bibliography: Hilb (1). 
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At the same time 0. Perron"^ considered the general Laplace 
equation and derived a limitation upon the number of solutions by 
means of an application of known results concerning the solution of 
the linear system 


2 “T“ y ‘— 0, 1, 2, • • * . 

'.•(.-0 


1. M. Sheffer in two papers published in 1929t considered the 
details of solution for the cases p = 0 and p 1. In the first of 
these, writing the equation in the form {^ 0 ( 2 :) -j- xA^(z)} 21 (x) 

=5 /(ir), ^ = d/dx, he discussed the cases (a) A^iz) ~ z —a, and (b) 
Aiiz)— {% — a) (z —&). He further showed that if has r zeros 

of multiplicities pi, p-.y “• pry then the equation of infinite order can 
be replaced by an equation of finite degree m, where }7i = + pa 

+-h Pr. 

In the second paper Sheffer employed methods similar to those 
used by S. Pincherle, reducing equation ( 6 . 1 ) by means of a Laplace 
transformation to a contour integral equation and expressing the re¬ 
solvent kernel by means of a second contour integral. He further 
proved that if/(.r) is expansible in a series of Appell polynomials, 
then a solution 2 iix) can be expressed simply in terms of the co¬ 
efficients of the expansion. 


Since Appell polynomials have been important in the theory of differential 
equations of infinite order we shall give a brief account of them. By an Appell 
polynomial, A^(x), we mean a polynomial such that 

d A^(x)/dx ~7i A.^_^(x) . 

The most general set of such polynomials has the form 


-^n(^)='2PrnCr^’^’' ’ 

P=Q 

where is the rth binomial coefficient and the coefficients Pj. are arbitrary. 
Moreover, if we have 

aW =2Pr^’'/r! , 


then it is easily proved that 

00 

a(h) h^/nl . 

n=0 

The function a(h) is called the generatrix of the polynomials. 

Such polynomials were first defined by P. Appell in 1880 and have been the 
subject of a number of investigations. The following bibliography has been 
furnished the author by R. D. Carmichael: 

A. Angelesco: Sur une classe de polynomes et une extension des series de 
Taylor et de Laurent. Comptes Rendus, vol. 170 .(1923), pp. 275-278. Sur des 
polynomes qui se rattachent a ceux de M. Appell. Ibid., vol. 180 (1925), p. 489. 


*See Bibliography: Perron. 
fSee Bibliography: Sheffer (1) and (3). 
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P. Appell: Sur une classe de polynomes. Arm. Set. Norm, Sup,, voL 9 (2nd 
ser.), (1880), pp. 119-144. 

E. T. Bell: On Generalizations of the Bernoullian Functions and Numbers. 
American Journal of Math,, vol. 47 (1925), pp. 277-288. Invariant Sequences. 
Proc. Nat. Acad. Sci, vol. 14 (1928), pp. 901-904. Certain Invariant Sequences 
of Polynomials. Trans. American Math. Soc., vol. 31 (1929), pp. 405-421. Ex¬ 
ponential Polynomials. Annals of Math., vol. 35 (1934), pp. 258-277. 

S. Bochner: See Bibliography: Bochner (1). 

G. H. Halphen: Sur certaines series pour le development des fond ions d’une 
variable. Comptes Rendus, vol. 93 (1881), pp. 781-783. Sur quelque.s series pour 
le developpement des functions a une seule variable. Bull, des Sc. Math., vol. 5 
(2nd ser.) (1881), pp. 462:-488. Sur une serie d’Abel. Bull, de la Soc. Math. vol. 
10 (1881-1882), pp. 67-87. 

P. Humbert: Sur une classe de polynomes. Comptes Rendus, vol. 178 (1921), 


pp. 366-367. 

R. Lagrange: Sur un algorithme des suites. Comptes Rendus, vol. 184 
(1927), pp. 1405-1407. Sur certaines suites de polynomes. Ibid., vol. 185 (1927), 
pp. 175-178; 444-446. Memoire sur les suites de polynomes. Acta Malheniatlca, 
vol. 51 (1928), pp. 201-309. 

H. Leaute: Developpement d’une fonction a un seule variable. Journal de 
Math., vol. 7 (Srd ser.) (1881), pp. 185-200. 

W. T. Martin: On Expansions in Terms of a Certain General Class of Func¬ 
tions, American Journal of Math., vol. 58 (1936), pp. 407-420. 

L. M. Milne-Thomson: Two Classes of Generalized Polynomials. Proc. Jurn- 
don Math. Soc., vol. 35 (2nd ser.) (1933), pp. 514-522. 

N. Nielsen. Traite elementaire des nombres de Bernoulli. Paris, (1923), 
398 p. 

N. E. Norland: Memoire sur les polynomes de Bernoulli. Acta Mathcmatlca, 
vol. 43 (1922), pp. 121-196. 

S. Pinclierle: Alcune osservazioni sui polinomi del prof. Appell. Atti dei 
Lincei, vol. 2 (4th ser.) (1886), pp. 214-217. Sulle serie procedenti .secondo le 
derivate successive di una funzione. Rendiconti di Palermo, vol. 11 (1897), pp. 
165-175. See dJso Bibliography : Pincherle (7), (10), (15). 

I. M. ShefPer: See Bibliography: Sheffer (3), (5). 

J. Touchard: Sur le calcul symbolique et sur Poperation d^Ap])e]l. Rendi¬ 
conti di Palermo, vol. 51 (1927), pp. 321-368. 

M. Ward: A Certain Class of Polynomials. Annals of Math., vol. 31 (2nd 
ser.) (1930), pp. 43-51. 


The general equation of Laplace type was considered by the 
author* in 1931 from the operational point of view and the resolvent 
generatrix determined for it. The domain of solutions was extended 
to include formal expansions summable by the method of Borel 

Comparably little attention has been given to integral equations 
of infinite order, due most probably to the fact that the methods of 
Volterra have proved both powerful and satisfactory. T. Lalesco in 
1910t considered the questions invoked when a differential equation 

ap{x)u^^'^ ^0 , 

p=o 

is replaced by an integral equation, 

n 

L 6j,(a:)3/-<*» = 0 , 


*See Bibliography: Davis (5). 
fSee Bibliography: Lalesco (2). 
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where bp(x) ~ a^-p{x) and y — it'”' . His main result showed that if 

the coefficients bpix) are bounded with n within a common domain 

00 

R, and if a set of constants Cm exist such that 2' converges 

where the Bm dominate the coefficients in R, then a unique solution 
of the integral equation exists for which the integrals of different 
orders take the preassigned values Cm. 

The author in 1930* reduced the Volterra integral equation 

ba{x)u(x )r K(x,t)u(t)dt<= f (x) 

J a 

to an integral equation of infinite order and obtained its inversion by 
the method of generatrix functions and the operational product of 
C. Bourlet. Special application was made to the case of the closed 
cycle, i. e., for kernels of the form K{x — t). 

Closely related to the problem of differential and integral equa¬ 
tions of infinite order is the problem of infinite systems of differential 
equations, that is to say, systems of the form 

diL' ^ 

-^~'2,aij{x) Uj{x) (f=l, CO ) 

jzz\ 

where the functions (Ltj{x) and fii^x) are given. 

Such systems were first studied by H. von Koch in 1899, who ob¬ 
tained a general existence theorem by means of majorant functions 
and applied his theory to the solution of certain types of partial dif¬ 
ferential equations. Although T. Lalesco discussed the problem of 
such systems in connection with his solution of Volterra integral equa¬ 
tions in 1908, the next memoir on the subject was published by F. R. 
Moulton in 1915. Incidental to his development of his theory of gen¬ 
eral analysis, E. H. Moore in 1906 had included the abstract theory 
of infinite differential systems, but he made no attempt to study such 
systems independently. Under the stimulus of the work of Moulton 
and Moore, W. L. Hart from 1917 to 1922, T. H. Hildebrandt in 1917, 
and I. A. Barnett in 1922 published a series of papers extending the 
general theory in several ways. W. T. Reid in 1930 and D. C. Lewis 
in 1933 again attacked the problem and applications were made to the 
theory of partial differential equations. Other contributions were 
made by A. Wintner in a series of papers published between 1925 and 
1931, by L. Lichtenstein in 1927, by W. Sternberg in 1920, and by M. 
R. Siddiqi in 1932.t 

The demands of the Heaviside calculus naturally focused atten¬ 
tion upon systems of equations with constant coefficients and the lit- 

*The Theory of the Volterra Integral Equation of Second Kind. Indiana 
University Studies (1930), 76 p.; in particular, pp. 27-35. 

fFor the specific titles of these contrihutions see the Bibliography. 
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erature of this subject contains numerous discussions of this subject. 
I. M. Sheffer in two papers published in 1929 stated existence theo¬ 
rems for infinite systems of differential equations witli constant co- 
efliicients. 


7 . The Generatrix Calctdus. In his article on “Probability” in 
the 13th edition of the Encyclopedia Britannica., F. Y. Edgeworth 
(1845-1926) makes the following remark: 

“It has been said that there is no book equal to Iaii)l:ice’s ‘'fhe- 
orie des Probabilites’ for a comprehensive and masterly treatment of 
probability, but this ‘ne phis ultra of mathematical skill and power’ 
as it is called is not easy reading. Much of its diHicult\' is connected 
with the use of a mathematical method which is now almost super¬ 
seded, namely ‘Generatrix Functions.’ ” 

With the first sentence no one who has looked into this great 
treatise would quarrel; the second sentence, however, is open to 
doubt since the generatrix calcidus is essentially the calculus of the 
Laplace transformation. Notations for this transformation may 
change, but the method remains today one of the most ('(I'ective tools 
in the solution of numerous theoretical and applied ]n-oblems. We 
may aver, for example, that the method of saddle points in the the¬ 
ory of asymptotic series on the one hand and the Heaviside catriilus 
on'the other are at heart applications of the generati-ix calculus. 

This calculus as developed by Laplace depends i^ssentially upon 
two operators defined as follows:* 

If f(x) is a function represented by the series 

fix) — ain)x"' , 

n = -oo 

where ain) is a function of n, then we shall have as a definition of 
the operators G and D the relations 

Gain)—fix) and Dfix)-^ain) . 

Obviously we can replace summation by integration and thus 
write 

fix)= I ain)x”’dn , (7.1) 

from which we seek the inversion 


Df{x)^a{n) . 


account of this subject with examples showing its application to the 
+ inte^olation, the expansion of functions in series, the asymptotic de« 
probability integral and the solution of difference equations 
V, ^ ^ paper by Dr. Irene Price: Laplace^s Calculus of Generatrix 

functions, Amm-^ican Mathematical Monthly, voL 35 (1928), pp, 228-235. 
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Both the discrete and continuous problem can obviously be ijnited 
into a single one by means of the Stieltjes-Lebesgue integral 

f(x) = j x’'da('n) . 

Equation (7.1) was probably the first example of an integral 
equation and has been made the basis of many investigations. Re¬ 
placing X by and f{x) by g{t) the equation is translated into 
what is generally called the Laplace integral equation, 

g{t) — j e-^^a{n)dn . 

We shall make a brief resume of some of the most important 
contributions to this subject. 

N. H. Abel (1802-1829) employed the equation in the more gen¬ 
eral form* 


f{x,y,z, ■ ) = +... (p(^u,v,'p, ■■■)dudv dp 

J S 

He developed a number of fundamental properties of the trans¬ 
formation, but discovered no general method for finding its inversion. 

M. Lerch (1860-1922) in 1892 discussed the homogeneous case, 
g(t) (== 0, where the path of integration is the real axis from 0 to oo.f 
He showed that if g(t) is zero for an infinity of values such that 
rc = 5 4- fern (m tz=z 0, 1, 2, ), then in general g(t) will be iden¬ 
tically zero, except over a set of measure zero. The possibility of 
expressing sin kt, cos fcf, l/r(kt), etc., as an integral of Laplace 
type is thus excluded. 

A. L. Cauchy (1789-1857) was familiar with the inversion 

1 rc^+ico 

f(x) = j e^^g(t)dt. git) e^^f(x)dx 

provided a is chosen sufficiently large, and this formula was effec¬ 
tively employed by G. F. B. Riemann (1826-1866) in his celebrated 
memoir: tiber die Anzahl der PHmzahlen unter einer gegehenen 
Grosse, published in 1859.J 


*Sur les fonctions generatrices et leur determinantes. Oeuvres, vol. 2, pp. 
67-81. 

tSur un point de la Theorie des Fonctions Generatrices d’Abel. Acta Mathe- 
maUca, vol. 27 (1903), pp. 339-351. First published, Rozpravy ceske Ahadamie, 
2nd class, vol. 1, no. 33 (1892), and vol. 2, no. 9 (1893). 

%Monatsberichte der Berliner Akademie (1859). Werke, 2nd ed., Leipzig 
(1892), pp. 145-153. 
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This problem was further studied by H. Poincare (18r) !-ll)12) 
who in a paper published in 1912 employed it in discussing- the, at that 
time, novel theory of quanta.* H. Hamburg-er in 192()t discussed the 
inversion for certain types of discontinuities in connection witli the 
Riemann problem of prime numbers and this was again exteiuk'd by 
J. D. Tamarkin in 1926.$ V. Eomanowsky§ found the inversion of 
use in connection with sampling problems in statistics and contrib¬ 
uted the inversion 

f(z) , 


under the restriction 


[ / (.t:) dz : 
J 0 


An extensive discussion of the inversion of the Laplace integral 
has been given by D. V. Widderll in a long memoir i)ublished in 
1934. In this he considered the Stieitjes-Lebesgue integi-al 




da{t) 


Obtaining the inversion of the integral by various limiting jn-ocesses, 
Widder considered the type of function thus represented. The Keros 
of both fix) and its inverse were investigated and the results ex¬ 
tended to the complex plane. The paper concluded with tlie estab¬ 
lishment of general conditions for the solution oi‘ the moment prob¬ 
lem discussed below. 

The problem of the self-reciprocal functum., i. e., the function 
which satisfies the equation 


fix) =1 e-^^fit)dt , 

Jo 


was first discussed by H. Weyl** and later became the subject of in- 


*Sur la theorie des quanta. Journal de Physique, ser. 5, vol. 2 (1012), pp. 
5-34; in particular, pp. 23-24. 

ftiber eine Biemannsche Formel aus der Theorie der Dirichletscheii Reihen. 
Math, Zeitschrift, voL 6 (1920), pp. 1-10, 

tOn Laplace’s Integral Equations. Tracis, Amer, Math, Siw,, vol. 28 (1920), 
pp. 417-426. 

§On the moments of standard deviation and of correlation coeflicients in 
samples from noimal. Metrm, vol. 5 (1925), No. 4, pp. 3-54; in particular, p. 9. 

11 The Inversion of the Laplace Integral and the Related Moment Problem. 
Trans, Amerimn Math. Soc., vol. 36 (1934), pp. 107-200; see also; A Generali«a- 
tion of Dinchlet’s series and of Laplace^s integrals by means of a Stieltjes in¬ 
tegral. Trans, AmeHca.% Math, Soc., vol 31 (1929), pp, 694-743. 

**Smgulare Integralgleichungen. Dissertationj Gottingen, (190B), S6 p. 
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vestigations by T. Carleman,* J. Hyslop,t G. H. Hardy, and E. C. 
Titchmarsh.J The solution appears in the form 

f(x) =Ax-'^ 4- Bx^-^ , 

where A, B, A, and a, are subject to the restrictions 

A^r(l — a)=^B^r(a) , sinaji = X^ji . 


The use of the Laplace transformation as a means of solving 
certain types of difference and differential equations is probably too 
well known to require more than a passing reference here. This 
subject will be extensively developed in chapter 10, Vi^^here a brief 
historical resume will be found. P. Humbert in 1914 considered the 
problem of inverting the Laplace transformation by means of known 
solutions of the associated differential equation.! His suggestive 
paper generalized the problem by considering the inversion of in¬ 
tegral equations of the form 


f(x) = K(xt)u(t)dt 

Closely associated with the differential equation problem, we find 
the theory of asymptotic expansions from the standpoint of E. Borel. 
This theory culminates in what is referred to as the method of saddle 
points, or the method of steepest descent. Some demands upon 
knowledge of this powerful tool of analysis will be made in the en¬ 
suing pages and the reader is referred for a description and bib¬ 
liography to the author’s Tables of the Higher Mathematical 
Functions, vol. 1 (1933), part 2, pp. 41-64. Fundamental references 
include the work of Borel,ll P. Debye,** E. W. Barnestt and G. 


'‘■Sur les equations integrales singulieres a noyau reel et symetrique. Upp¬ 
sala Universitets Arsskrift (1923), 228 p. 

tThe integral expansion of arbitrary functions connected with integral equa¬ 
tions. Proc. Cambridge PhiL Soc., vol. 22 (1925) pp. 169-185. 

JSolutions of Some Integral Equations Considered by Bateman, Kapteyn, Lit- 
tlewood .and Milne. Proc.. London Math. Soc., 2nd ser., vol. 23, pp. 1-26; also: 
Solution of an Integral Equation. Journal of the London Math. Soc., vol. 4 
(1929), pp. 300-304. 

§On Some Results Concerning Integral Equations. Proc. of the Edinburgh 
Math. Soc., vol. 32 (1914), pp. 19-29. 

II Lemons sur les Series Divergentes. Paris (1901); in particular, chap. 4. 

**Naherungsformeln fiir die Zylinderfunkbionen fiir grosse Werte des Ar¬ 
guments und unbeschrankt veranderliche Werte des Index. Mathematische An- 
nalen, vol. 67 (1909), pp. 535-558. 

ffA Memoir on Integral Functions. Phil Trans, of the Royal Soc., vol. 
199(A), (1902), pp. 411-500. The Asymptotic Expansion of Functions Defined 
by Taylor's Series. Phil. Trans, of the Royal Soc., vol. 206(A), (1906), pp. 
249-297. 
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N. Watson.* A resume of the method will be found in section 4, 
chapter 5. 

The famous moment problem of analysis is essentially an out¬ 
growth of the generatrix calculus. In the Stieltjes-Lobesguc form we 
seek the inversion of the infinite system of equations 


I t'‘da(t) , 0, 1, 2, 3, • • ■ , (7.1) 

Jo 

where the quantities are given. The transformation f c “ brings 
the problem within the scope of the generatrix calculus. 

J. Liouville (1809-1882) in 1837 considered the existence the¬ 
orem for the homogeneous case, 

( P'(p{t)dt~0 , «•■= 0 , 1, 2, 3, • • 

•J a 

and showed that if q>{t) is analytic in the interval, then </■(/) must 
be identically zero.t This problem was further studied by C. Se- 
verini,t who later used it in connection with the closure properties 
of orthogonal functions.! 

One of the most instructive papers on the formal ]n‘oblem was 
published by H. Laurent (1841-1908) in 1878, who attained many 
results of great elegance.il Considering the finite problem. 


/' 

a 


t”q}(t)dt—0 , n — 0,1,2, 
he obtained the solution 


, m—l , 


95 (a;) = ^ [ (ar—a)“(r—b)v-(.r)] , 


where ip{x) is a function which does not vanish at either a or b. 
Laurent obtained the differential equation satisfied by (pix) and de¬ 
veloped the theory of the Legendre and Laguerre polynomials. 


* Theory of Bessel Functions. Cambridge (1922). Chapter 7. Also: An Ex¬ 
pansion Related to Stirling’s Formula, derived by the Method of Steepest De¬ 
scents. Qua/rUrly Journal of Math., vol. 48 (1920), pp. 1-18. 

tSolution d’un probleme d’analyse. Journal de Math., vol. 2 (18i57), pp. 1-2. 


fSulle equazioni integrali 


I 


6 (x)dx == 0 


= 0 , 1 , 2 , 


Atti dei Lined, vol. 30 (1), (1921), pp. 17"19. 

§ Sulla theoria di chiusura dei sistemi di funzioni ortogonali. BmdiemU di 
PaUTTno, vol 36 (1913), pp. 177-202. 

o calcul inverse des integrales definies. Journal de Math.^ vol. 4, series 

3 (1878), pp. 225-246. 
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The most extensive researches on the moment problem are due 
to T. J. Stieltjes (1856-1894), who proved the following fundamental 
result:* ** 

Consider the moment problem in the form 

n oo 

IJ-n= j t^dait) , » = 0,1,2, 3, • • • . 

If a{t) is a solution, then we have formally 

^ QO 

I (id (^)/(iu-j-i) = X — jUi /—[- ^2/— ' * * • 

•y 0 

Hence there exists a corresponding continued fraction: 

1 ^ 1 1 ^2 j ^*^31 1 j 1 I 1 I 1 I 

\x |1 \x-\l \boX \btX \b 2 X {bsX 

Stieltjes then proved the theorem: The continued fraction has 
infinitely many corresponding integrals or only one, according as the 
series 2* bn converges or diverges. If 2 bn diverges, then the frac¬ 
tion for all values of x which do not belong to the negative real axis, 
including zero, converges and equals the corresponding integral. 

F. Hausdorff in 1923 proved the theorem :t A necessary and suf¬ 
ficient condition that equation (7.1) have a bounded non-decreasing 
solution a{t) is that the sequence of moments shall be completely 
monotonic. Researches on this subject have also been made by H. 
Hamburger,f E. Stridsberg,§ M. Riesz,|| R. Nevalinna,^*'^' T. Carle- 


*Eeclierclies sur les fractions continues. Annales de Toulousej voL 8 (1894), 
pp. J, 1-122; in particular, p, 71 et seq.; vol. 9 (1895), pp. A, 1-47. 

tMomentprobleme fiir ein endliches intervall. Mathematische Zeitschrift, 
vol. 16 (1923), pp. 22.0-248. 

Jtiber eine Erweiterung des Stieltjeschen Momentenproblems. I, II, and 
III. MathemaUscke Annalen, vol. 81 (1920), pp. 235-319; vol. 82 (1921), pp. 
120-164, 168-187. 

§Nagra aritmetiska undersokningar rorande fakulteter och vissa allmannare* 
koeffidentsviter. Notes 2 and 3. Arkiv for Mat., vol. 13, No. 25 (1918), pp. 1-70; 
vol. 15, No. 22 (1921), pp. 126. 

II Sur le probl^me des moments. Notes 1, 2 and 3. Arkiv for Mat., voL 16, 
Nos. 12 (1921), pp. 1-23 and 19 (1922), pp. 1-21; vol. 17, No. 16 (1923), pp. 1- 
52. Also: Sur le probl^me des moments et le theortoe de Parseval correspondant. 
Acta Literarvim Ac. Scieniiarum Regiae Universitatis Hungaricae Francisco^ Jo^ 
sephmae, vol. 1 (1922-1923), pp. 209-225. 

**Asymptotische Entwicklungen beschrankter Funktionen und das Stieltjesche 
Momentenproblem. Ann. Ac. Sclent. Fenn., vol. 18, No. 5 (1922), pp. 1-53. 
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man,* D. V. Widder,t I. J. Schoenberg,$ T. H. Hildel)randt.,§ E. 
Hille and J. D. Tamarkinll and others. An extensive account of the 
problem will be found in Oskar Perron’s Die Lehrc von (U u Kciien- 
briichen, Leipzig and Berlin (1913), chapter 9. 

8 . The Heaviside Operational Calcidns. We have already spoken 
in preceding sections of the controversy which has centerc'd ai-ound 
the question of the validity of the methods initialed by Oliver Heavi¬ 
side in the theory of electrical communication. Since ilie pi-oblein of 
the Heaviside calcidus, as it pertains to the general tlu'ory of opei- 
tors, will be systematically treated in chapter 7 we shall coiibnit our¬ 
selves at this place with a meager description and a bried' outline of 
its history. 

The first problem attacked by the Heaviside calculus is tlie d('- 
termination of functions which represent the charges, (),, in an tdec- 
trical network. Since the charges are connected with tlu; currents by 
the formula, /» = dQi/dt, the problem is equivalent to finding the cur¬ 
rents in the various circuits which comprise the network. If we rep¬ 
resent a derivative with respect to time by p. p d/df, as is cus¬ 
tomary in this theory, and if we write Zij(p} . It,,})" -| L^p | I/C,,, 
where R, L and C represent resistence, inductance and capacity re¬ 
spectively, then the Heaviside calculus is concerned with the solution 
of the system. 


-Z'll(p) Ql 4" ^12 (p) —> Qn -f" ■ 

Zin{%0 " ‘ 

f,{f) 

^2l{v) Qn H*" ’ 

+ Z‘>n{p) —> Q}, 

I'AD 

Znl ip) Qi “1" Zn2 i'p) Qi * • 

• 4" Z,in {7>) Qn ■■■' 

.//(/) 


( 8 . 1 ) 

The functions fi{t) are known electromotive forces (e. m. f. s.) which 
are regarded as continuous (except at the origin) and sriecilied func¬ 
tions of time. These equations are to be solved sub.ioct to initial con¬ 
ditions, which may be imposed without loss of generality at t e- 0. 


des Moments. Comptes Re^idiis, vol. 174 (1922), pp. lOSO- 
IoSj, Sur les equations integrales singuheres a noyau reel el riniietriqiie Un- 
psala (1923), 228 p., in particular pp. 204-220. ‘ ^ 

fLoc. cit, p. 191 et seq. 

sTllSIb Monotonic Sequences. Ilnltetin Anwr. 

vol. 88”(1982f'°:^^”26S-2°70^”^ ^ Finite Interval. Bidletin Amer, Math. Soc., 

of in the Domain of Hausdorff Means. Proc. 

tions PPl 673-677; On Moment Func¬ 

tions. Ibid., pp. 902-908, On the Theory of Laplace Integrals. Ibid., pp. 908-912. 
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The second problem of the Heaviside calculus is concerned with 
the solution of a class of linear partial differential equations of which 
typical members are the equation of wave motion, the equation of 
heat conduction, and the equation of telegraphy. (See section 6, 
chapter 7). 

To those familiar wdth the history of differential equations it 
seems curious to regard system (8.1) as presenting a problem that 
is sufficiently novel and difficult to warrant the invention of a special 
calculus for its solution. Classical methods of great power w'ere in 
existence to attack it long before the time of Heaviside. The system 
appears in many types of dynamical problems and is found as early 
as 1788 in the Mecanique Analytique of Lagrange (vol. 1, p. 390). 
The novelty consisted in two facts. In the first place the functions 
fiit) in (8.1), representing known electromotive forces, are discon¬ 
tinuous at t = 0. One of the simplest of these, for example, is the 
unit e. m. f., /(t) = 1, t ^ 0, f{t) ^ 0, t < 0. In the second place a 
problem of this kind is actually solved by a single operational pro¬ 
cess which yields not only particular integrals of the system, but 
those particular integrals which satisfy as nearly as possible the dis¬ 
continuous boundary conditions imposed upon the system. 

It should be particularly noted at this time that integrals with 
the specified discontinuity cannot be constructed from the analytic 
functions which satisfy the differential system. All that can be ex¬ 
pected is to find integrals which vanish at t = 0 to as high an order 
as possible. This simple fact is essential in interpreting the Heavi¬ 
side calculus and differentiates the problem of electrical networks 
from other dynamical systems which employ identical differential 
equations but other boundary conditions. 

The source of information regarding the network problem is to 
be found first of all in the original papers of Heaviside and partic¬ 
ularly in his classical work on Electromagnetie Theory (see Bibliog¬ 
raphy) . This work should be consulted not only for its deep insight 
into the problems of electrical theory, but also for its numerous ex¬ 
cursions into philosophy. One may not be expected to agree in all 
details with the thrusts made by Heaviside at mathematical rigor, 
but the evidences of a sparkling intellect are to be found on every 
page. 

Probably the principal result of Heaviside as it pertains to the 
circuits defined by (8.1) is what is called the Expansion Theorem. 
In the second volume (p. 127) of his Electromagnetie Theory, Heavi¬ 
side describes the eflicacy of this theorem in the following words: 
“It does not require special investigations of the properties of nor¬ 
mal functions. It is very direct and uniform of application. It 
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avoids, in general, a large amount of unnecessary work. The inves¬ 
tigation of the conjugate property, and of the terminal apparatus in 
detail in order to apply it to the determination of the coclHcients, is 
wholly avoided. It applies to all kinds of series of normal functions, 
as well as Fourier series. And it applies generally in electromagnetic 
problems, with a finite or infinite number of variables; or more gen¬ 
erally, to the system of dynamical equations used by T^ord Rayhngh 
in the first volume of his treatise on Sound, which covers the iv'st of 
the work, and upon which he bases his discussion of general iirop- 
erties.” 

The methods of Heaviside were unappreciatcnl for some years, 
but by 1916 it began to appear that they were destined to play a 
leading role in modern electrical research. Among those who liave 
been most influential in investigating and interpreting the Ihuivi- 
side calculus should be mentioned K. W. Wagner, T. J. Bromwich, 
J. R. Carson, V. Bush, N. Wiener, H. Jeffreys, G. Giorgi, H. W. 
March, L. Cohen, E. Berg, T. C. Fry, W. H. Eccles, W. 0. Pennell, J. J. 
Smith, H. Salinger, H. Pleijel and R. Liljeblad, F. Sbrana, .1. B. 
Pomey, B. Van der Pol and P. Levy.*^ 

It would seem fair to say that four methods have- been used 
prominently in discussing the Heaviside calculus. The first of these 
is a direct use of formal operators, the actual ex])ansion being that 
of the outer Laurent annulus of the inverse operatoi-. The signif¬ 
icance of this statement will be discussed in chapter 6. 

The second method was initiated by Bromwich and forms the 
basis of the exposition published by Jeffreys. It is founded upon the 
use of complex circuits of the form, 

Q{t) = (1/2 ni) j e<-'V{s)ds . 


This method goes back essentially to A. Cauchy and ha.s the ad¬ 
vantage not possessed by other methods of furnishing a solution for 
general boundary conditions as well as the special conditions of the 
Heaviside problem. The work of March and Fry in particular bear 
upon this type of approach. 

The third method is due essentially to Carson and consists in 
reducing the Heaviside problem to the inversion of the lAiplace in¬ 
tegral. 


yipZ(p)2 [ ^A(t)erP‘dt 
Jo 


•The reader is referred to the bibliography for an account of the contribu¬ 
tions made by these men. 
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This method has the advantage of stating the pToblem in a form 
which can make use of all the accumulated knowledge classified un¬ 
der the heading of the generatrix calculus. An extensive evaluation 
of integrals of the Laplace type has been made by Carson and others 
and this furnishes a simple tabular solution of problems which would 
otherwise present great formal difficulties. 

The fourth method is associated with the Fourier integral and 
possesses the usual power of this great analytical tool. Among its 
chief exponents have been Wiener, Giorgi, Sbrana and Bush, al¬ 
though, as one might expect, there is a very close connection between 
it and the methods which depend upon the Cauchy integral and the 
Laplace equation. Probably the highest rigor has been attained by 
the use of this method. It also possesses the advantage of simple appli¬ 
cation, particularly since the publication in 1931 by G. A. Campbell 
and R. M. Foster of a table of Fourier integrals.* 

We turn next to a consideration of the second Heaviside prob¬ 
lem which is devoted to the solution of problems pertaining to wave 
propagation in cables. As we have previously stated these problems 
are formulated in terms of partial differential equations and are 
characterized, as in the first problem, by the discontinuities at the 
time origin imposed by the instantaneous introduction of electromo¬ 
tive forces. 

A characteristic problem is that of a non-inductive cable with 
distributed resistance R and capacity C per unit length subject to an 
impressed voltage Fo(t) at the point x = 0. This problem leads to 
the differential equations 

Ri = — (dV/dx) , 

C(dV/dt) — idi/dx) 

It will be seen in chapter 7 that this problem presents two very 
interesting questions. The first and simpler of these is the interpre¬ 
tation of the symbol where p <= d/dt. We have already discussed 
this fractional operator and will give a much more extended account 
of it in chapter 2. It may be added that the special interpretation 
arrived at by Heaviside is entirely justified by the general theory of 
such operators. 

The second question is much more profound and concerns the 
interpretation of certain divergent series which result from the for¬ 
mal application of operational symbols. Although such series have 
appeared from time to time since the days of Euler and have 
been the subject of extensive investigations in the present century, 
it is doubtful whether they are yet admitted without some suspicion 


*Foiirier Integrals for Practical Applications. The Bell Telephone System, 
TeehniaaZ Publications (1931), Monograph B-584, 177 p. 
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into mathematical literature. F. Cajori comments“It is a strantm 
vicissitude that divergent series, which eaidy in tlie ninotc'enth century 
were supposed to have been banished once for all from rigorous 
mathematics, should at its close be invited to return.’’ Wi> shall not 
comment further at this point on the subject of divergent and a.symp- 
totic series. 

It was natural that the novel and empirical methods of Jleaci- 
side, which were designed primarily to reach practical rc'sults -with a 
minimum of computational labor, should arouse objections among 
the mathematicians who were then deeply e7igrosscd in tlu' problems 
of rigor which were being vigorously pursued by Weierslrass and 
the German school. The controversy was unfortunale, but probably 
salutary in the end. At any rate, one i-eads with great int('re.st the 
following appraisal made by E. T. Whittaker in an artich' which any¬ 
one should consult who wishes to interpret the significance of Oliver 
Heaviside in modern electrical theory :t 

“Looking back on the controversy after thirty years, w(! should 
now place the Operational Calculus with Poincare’s discovery of au- 
tomorphic functions and Ricci’s discovery of the Tensor Ctdculus as 
the tliree most important mathematical advances of the last quarter 
of the nineteenth centurj'. Applications, extensions and justifications 
of it constitute a considerable part of the mathematical activity of 
today”. 

9. The Theory of Ftvnctionals. Proceeding to the fourth phase 
of the historical development we can do no better than to quote from 
Volterra, who above all others has vigorously pursued this important 
subject 

“Now, if we consider the isoperimetric problem and if we re¬ 
gard a plane area as dependent upon the curve which encloses il-, we 
have a quantity which depends upon the shape of a curve, or as we 
say today, a function of a line. Since a line can be represented by an 
ordinary function, the area may be regarded as a quantity whicdi de¬ 
pends upon all values of a function. It is evidently a function of an 
infinite number of variables. In fact, we may regard it as a limiting 
case of a function of several variables by supposing that their num¬ 
ber increases without limit in the same manner as a curve may be 
regarded as the limiting case of a polygon the number of whose sides 
increases to infinity. 

“But the area is only a special case. On all sides we are able to 

*History of Mathematics. New York p. 375. 

tOliver Heaviside. Bvlletin of the Calmtta Mathematical Society, vol. 20 
(1928-1929), pp. 199-220. 

tLegons sur les fonctiens de lignes, p. 14. (See Bibliography). 
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find other examples of functions of lines. Thus the action exerted 
by a flexible filiform electric current upon a magnetized needle, de¬ 
pends upon the shape which we give to the circuit and consequently 
is a function of a line. 

“In order to unite in a general concept all the different partic¬ 
ular cases, it is sufficient to imagine a quantity which depends in a 
given arbitrary manner upon the shape of a curve. A general func¬ 
tion of a line will be one which corresponds to a quantity depending 
upon all the values of one or more functions and would always be re¬ 
garded as a function of an infinite number of variables.” 

The general concept thus presented by Volterra is sufficiently 
broad, it will be observed, to bring most of the problems of analysis 
within its domain. A principal consideration is the determination 
of the order of generality which will lead to the most fruitful spe¬ 
cialization. As is easily apprehended, the notion of definite integra¬ 
tion is the first example encountered in mathematics of a function of 
a line since an integral, as contrasted with a derivative, depends 
upon all the values of a function within an interval. It is not, how¬ 
ever, until we encounter the integral, 

I f{x,y,y’)dx 

a 

which is the concern of the calculus of variations, that we are able 
to grasp the rich possibilities inherent in the idea. It is natural, 
therefore, in the generalization of the concepts of continuity, differ¬ 
entiation, integration, and the analytic expansion of functions, that 
the notion of variation in the sense in which it is found in the cal¬ 
culus of variations should be extensively employed in the theory of 
functions of lines. 

The calculus of functionals in the modern sense began in 1887 
with a series of papers by Volterra published in the Rendiconti de la 
R. Accademia dei Lined. The term functions of lines was used to des¬ 
ignate these researches, but it was J. Hadamard who first employed 
the term functional ifonctionnelle).* Since there is some confusion 
as to the precise use of these two designations it may be illuminating 
to quote the following from Volterra [See Bibliography: Volterra 
(1), p. 74] : “The name function of a line was initially taken to mean 
what in general is now called a functioned. In this sense the term 
‘function of a line’ has been used by many writers, and in particular 
by Volterra, who was the first to introduce this concept, in his Paris 

*8^ les op4rations fonctionnelles. Comptes Rendus, vol. 136 (1903), pp. 
351-364, 
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lectures (1913) and in many earlier works. At iireseiit, liowcn’t-r, 
having adopted the term ‘functional’ for this general coiic‘('i)t as be¬ 
ing more convenient because less specific, we shall reserve the name 
‘functions of lines’ for those particular functions, of a more strictly 
geometrical nature.” 

The first treatise on the subject of functionals was the Paris 
lectures of Volterra published in 1913 under the title: Lcronn s/ir /es 
fonctions ds Ugnes, although a work by J. Hadamard: /^ecea.s .sar 
le calcul des variations, which appeared in Paris in 1!)1(), had a(loi)ted 
the point of view of the theoiy of functionals as a foundation for the 
calculus of variations.* The first comprehensive treatment of the 
subject, embracing on the one hand concepts of (joieral (iiidliisis and 
on the other the theory of permutahle fnncMons, was due to (1. C. 
Evans who published Functionals wad their Applicaiioiis: Selected 
Topics, including Integral Equations, in 1918. The wmll known work 
of P. Levy: Logons d’analyse fonctionnelle, was published in Paris in 
1922. The volume of research stimulated by the fruitful concc^pt of 
fonctionals is now very great and for a more compreliensive suiwey 
of the subject than is possible in this brief historical sketch tlie read¬ 
er is referred to Volterra’s Theory of Functionals and of Integral and 
Integro-differential Equations published in 1930, a translation of lec¬ 
tures delivered at the University of Madrid in 1925 and published in 
Spanish in 1927. 

In order to orient ourselves in the material of this field, wo shall 
begin with a definition of a functional. Let us designate by the sym¬ 
bol, 


z^F[x(t)-i , 

a functional in the interval (a s t s b). P. G. L. Dirichlet’s well 
known definition of function in the ordinary sense is then extended 
as follows: 

If-a Iww is given by means of which to every function x{l) 'de¬ 
fined within an interval (as t sh), there can he nutde. to correspond 
one and only one quantity z, then z is said to he a fvncliomil of x{t). 

This general concept has been further generalized by E. H. 
Moore and M. Frechet who applied it to abstract aggregates, the ele¬ 
ments of which may be any quantities whatever, A, B, ■ etc. Defi¬ 
nitions of continuity both for functionals and abstract aggregates 
depended upon the primary concept of length, which is made to de¬ 
pend upon the following postulates: The length between a pair of 
elements. A,B, is a number (A,B) such that (1) (A, B) --=•= (B,A) > 
0,Aj^B; (2) (A, A) = (B, B) = 0; (3) (A, B) + (B, C) g 

*See in particular chapter 7, book 2, pp. 281-312, of that work. 
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{A, C). If a sequence of elements, Ai, A«, • • • , A„ is given, then an 
element A is the limit of the sequence provided 

lim (A, An) = 0 . 

n=co 

In terms of these concepts the continuity of a functional, F[A], 
at an element A then follows provided, 

limF[A,J=F[A] , 

whenever 

limA„ —A . 

Uniform continuity then implies the existence of an arbitrarily 
small positive value, d, to match an arbitrary s, such that 

^’[A]—F[A'] i <£ , 

whenever 

(A, A') < d . 

It is clear that a large measure of freedom is left in these defi¬ 
nitions by the concept of length, which has been specialized in a num¬ 
ber of ways. One of the most fruitful definitions has been the integral, 

{X,Y)= f 

where X(t) and Y {t) are functions of integrable square in the sense 
of Lebesgue. Then (X, Y) = 0 implies that X(t') — Y(t) = 0, ex¬ 
cept over a set of points of measure zero. This concept reveals the 
fundamental significance of the definition of Lebesgue measure and 
necessitates the use of Lebesgue integration throughout arguments 
which depend upon this definition of length.* Functionals employ¬ 
ing this concept are called continuous in the mean and limiting pro¬ 
cesses are referred to as limits in the mean. One also speaks of such 
functionals as being continuous almost everywhere, that is to say, 
except over sets of points of at most measure zero. 

Another definition extensively employed is the following: 

{X,Y) =Max\Xit)—Y(t)\ , Ogtsl. 

When a functional, F[a;(0] has continuity with this definition it is 
said to have continuity of order 0 at the element x (t). If, moreover, 


*This integral was discovered by H. Lebesgae in 19'0O. See Lebesgue: Lemons 
sur VIntegration. Paris (1904). 
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(Z, D =Max I .¥(0 — y(0| , ! X'{t)—Y'(t) 

and a functional Z[«(t)] is continuous with this definition, it is said 
to have continuity of order 1. In a similar way we may define con¬ 
tinuity of any order. 

The explicit representation of functionals was naturally one of 
the first problems to be studied in the new calculus and siiecial atten¬ 
tion was g-iven to those obeying the postulates of linearity, that is to 
say, to functionals of first degree. They are of the tyiie, 

F[x'(t)]t= CKit) xit)dt-\-2:aix{ti) , 


where Z(t) is a given function. 

The general representation of linear functionals has occupied 
the attention of numerous writers, one of the first being given by 
Hadamard in 1903.* Another was given by F. Ricsz in lOOOf as fol¬ 
lows: 

LetF'[a;(t)] be a linear functional, with continuity of order zero 
and limited in the field of functions that possess at most a finite num¬ 
ber of finite discontinuities. Then define the function, 

/(s) =F[X(t;s)] , 

where Z(t;s) is specified as follows: 

Xit;s) = 1 for agtss , 

= 0for s < t^b . 

Then the most general functional of the specified kind is defined 
by the following Stieltjes integral: 

F[.T(f)]= r'’x(t);d/(x) . 

In a similar way, more general linear functionals with contin¬ 
uity of order p have representations of the form: 

F[a:(t)]= j Kit) xit) dt-{-2 ai xiti)S biX'iti) 

-1-J Pi ajw (ti) . 

i 

Functionals of first, second, third, etc. degree appear in the 
form,t 


oc>i operations fonctionelles. Coinpies Rendm, voL 1S6 (1903) pp. 3&1- 

€S&4. bee also: Ijegons swr U ccUaul des va/ridtiom, Paris (1910). 

pp operations fonctionnelles linefces. Comptes Bendus, voL 149 (1909) > 


JSee P. Levy: Legons d^cmalyse fonctionnelle. Paris (1922), vi + 442 p. 
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1 Kis)xis)ds , 

J a 

^’2[x(t)]t= 

( K2is^,s2)xis^)xis2)ds^ds2 , 


ph ph nh 

l \ j Ks iSi,S2,Sa ) x ( Si ) r ( Sj ) r ( Ss ) dsi dsa ds^ , 

a Ja •'a 


j I ••• 


X ^ (Sn) dsi dso - ■ ■ ds„ . 


The term regular functionals of degree n is applied to the series 


Gn[ic(i)]c= , Fc = a constant, 

m~o 

and functional power series by the sum, 

00 

F[xit)-] Gn[xan F„,[xit)] , 

n-co m-o 

provided the series is convergent for ] a’(t) ] < ^ . 

The processes of differentiation and integration have been gen¬ 
eralized for functionals, following closely the analogous operations 
in ordinary calculus. Thus for a continuous functional the variation 

will be arbitrarily small with ] <5 a; (i) [ < s . 

Now suppose that t varies between the limits s and s h. The 
area under the variation fxmction d x it) will then be 


dA^ 


I. 


s+h 

d xit) dt . 


The derivative of the functional at the point t = s is then de¬ 
fined to be 

lim = F'lxit) ; s] • 

d A 

8=0 

In terms of this derivative the first variation of the functional 
can be written in the form, 


<5 


•'a 


I 

F'[xit) ;s] d xis)ds . 
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If a a:(s) is replaced by sq^is) and the limit of ri F/t; computed, 
we obtain. 


lim[<5F/£] [ F'[x{t) ;}i] <piii)ds , 

g=o Ja 

and in general, 

lim {(3 F'""’' [x{t) ; s,, s-., ■■■, s„-i] / e) 

r' F<"'[x(0 ; Sl, So, ••• , s„](p(£,)</'(«:!) ■ • • 'p('S,.)(/.''-.d.s'o • • • 

Ja 

This idea, which is due primarily to Volterra,^'^ has been gen¬ 
eralized by Frechetf who considered functionals of tlie form 
F[x{t,a)}, where x{t,a) is differentiable with respect to the second 
parameter. 

For the regular functional of degree n tlie derivative maj' be 
computed to be, 

n 

F'[x{t) ; s] = K, (s) -h X; m F,„[.r (0. .s] . 

m 2 

where we abbreviate, 

F^= f’‘K,(tuS)x(t,)dt , 


r j: 


Kn(t:i,ti,S)x{fn)x(U)dt,(U:. , otc. 


The problem of constructing a logical theory of the intc'gration 
of functionals was attacked in several ways. R. Gateau was tlio first 
to suggest such a theory which he did by generalizing the concept of 
mean.t. For an ordinary function in n variables the integral of the 
function coincides with its mean provided the integration is taken 
over the unit cube- The reader is referred to the treatise of Levy 
for a discussion of the difficulties involved and the success achieved 
by this generalization. 

P. J. Daniell§ extended the general concept of the Sticltjes intc- 


*Sopra le funzioni die dipendiona da altre funzioni. liondic-onli iki Lincei, 
vol. 3 (4tli series), (1887), pp. 97-106, 141-146, 153-158. 

fSur la notion, de differentielle dans le calcul fonctionnel. Co^yipU'si Rundus 
du Congress des Soc. Sav., (1912). 

tSnr la notion d’integrale dans le domaine fonctionnel et sur la thdorie du 
potential; avec note de Paul L^vy, Bulletin de la Soc. dk: France, vol 47 (1919), 
pp. 47-70. Also; Sur diverses questions de calcul fonctionnel. Ibid., vol. 60 
(1922), pp. 1-37. 

§A General Form of Integral. Annals of Mathematics, vol. 19 (2nd series), 
(1917-1918), pp. 279-294; Integrals in an Infinite Number of Dimensions. Ibid., 
vol. 20 (2nd series). (1918-1919), pp. 281-288. 
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grals to functional integration and important contributions were 
made to the theory by N. Wiener.* The concepts of integration in 
the generalized sense are also found in the work of E Borelf and M. 
FrechetJ as early as 1914. An extensive account of the origin of the 
generalizations and their subsequent development will be found in 
the third part (pp. 261-439) of Levy’s Lecons d’cmalyse fonctionnelle. 

Specialization of these general ideas has led in a number of in¬ 
teresting directions. Foremost among these was naturally the theory 
of integral equations, which we shall treat in more detail in a later 
chapter. Closely associated with the development of the Volterra in¬ 
tegral equation was the theory of functions of composition and the 
important sub-class of permutable functions. A technical treatment 
of these subjects will be found in chapter 4. 

In order to discuss problems in magnetic hysteresis, elasticity, 
and other forms of hereditary physics, Volterra introduced the prin- 
ci/ple of the closed cycle, Avhich may be described as follows: 

Consider the operation, g(x) <= F u(x). Now let «(a; -f- T) = 
U (x) and g(x -j- T) — G (x). Then if G (z) = F U (z ), the oper¬ 
ator F is an operator of the closed cycle. The principle is simply il¬ 
lustrated in the case of elastic torsion. If co represents the angle of 
torsion and P the torsion couple, the relationship between them is to 
a first approximation 


CO = kP 

where A: is a constant determined from physical considerations- But 
actually the relationship is more complicated than this since co de¬ 
pends not only upon P but also upon the history of the elastic body 
the torsion of which is being studied. This second approximation is 
expressed in the form of an integral equation 

co(t)=kP{t)^ f‘K{t—s)P(s)ds, (9.1) 

J-co 

where K{t — s) is the coefficient of heredity. 


*The Mean of a Functional of Arbitrary Elements. Annals of Mathematics, 
vol. 21 (2nd series), (1920), pp. 66-72; Differential Space. Jaumal of Math, 
and Physics, vol. 2 (1923), pp. 131-174; The Average of an Analytical Functional 
and the Brownian Movement. Proceedings of the National Academy, vol. 7 
(1921), pp. 294-298; The Average Value of a Functional. Proceedings of the 
London Math, Soc,, vol. 22 (2nd series), (1922), 454-467. 

fintroduction geomStrique d quelques theories physiques, Paris (1914), vii 
4- 137 p. 

$Les singularites des espaces a un tres grand nombre de dimensions. Con- 
gres de VAssociation francaise pour VAdvomcement des Sciences (Le Havre). 
(1914), pp. 146- 147; Sur Tintegrale d^une fonctionelle etendue a un ensemble 
abstrait. Bulletin de la Soc. Math de France, vol. 43 (1915), pp. 248-265. 
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If P{t) is periodic of period T, P{t-\-T) P(t), then 

satisfies the criterion of the closed cycle and the operator wh ich com¬ 
prises the right member of (9.1) is an operator of the closed cycle 
for all periodic functions of period T. 

As one may easily apprehend, operators of the closed cycle form 
a restrictive subclass of operators which embody the general concept 
of hereditary mechanics. This concept has been ably set I’orth l)y E. 
Picard, whom we quote:* 

“In all this study (of classical mechanics) the laws whicli (de¬ 
press our ideas on motion have been condensed into differential eiiua- 
tions, that is to say, relations between variables and their derivatives. 
We must not forget that we have, in fact, formulated a i)rincii)le of 
non-heredity, when we suppose that the future of a system depends 
at a given moment only on its actual state, or in a more general man¬ 
ner, if we regard the forces as depending also on velocities, that the 
future depends on the actual state and the infinitely neighboring slate 
which precedes. This is a restrictive hypothesis and one which, in 
appearance at least, is contradicted by facts. Examiilcs are numer¬ 
ous where the future of a system seems to depend on j'ormer states: 
here we have 'he\redity. In some complex cases one sees that it is nec¬ 
essary, perhaps, to abandon differential equations and consider func¬ 
tional equations in which there appear integrals taken from a dis¬ 
tant time to the present, integrals which will be, in fact, this lu-rodi- 
tary part. The proponents of classical mechanics, however, are able 
to pretend that heredity is only apparent and that it amounts merely 
to this, that we have fixed our attention upon too small a number of 
variables. But the situation in this case is just as it was in the 
simpler one, only under conditions that are more complex.” 

The actual representation of hereditary mechanics in analytical 
form led to integro-dijferential equations. The case of torsion dis¬ 
cussed above furnishes an elementary example if we consider the 
djmamical case and study the oscillations of the elastic body. Then 
CO (f) must be replaced by co (t) — md-P/dt'^ and we obtain 


o>{t) 


■ m 


d^P 
dP ' 


:fcP(f)-f 




K{t—s)Pi.s)(/.s 


10. The Calculus of Forms in Infinitely Many Variables. The 
fifth stage of the theory of operators was ushered in by Fredholm's 
classical papersf on the solution of the integral equation 


*_La meednique classique et ses approximations successive. Scientia (Rivinta 
di Soienza), vol. 1 (1907), pp. 4-16; in particular, p. 16. 

tSur un nouvelle methode pour la resolution du problSme de Diriehlet. 
ofv. of Kong. S-it. Vetens haps Akad. Fohr., vol. 67 (1900), pp. 39-46. 

Sur unc classe d’equations fonctionelles. Acta MathemaUca, vol. 27 (1908), 
pp. 366-390. 
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u{x)I r K(x,t)u{t)dt^ f {x) , 

Ja 

a solution attained heuristically as the limiting- form of a set of alge¬ 
braic equations 

n 

u{tj) +1 Ai^fitj) , y=l,2, 

'1 = 1 

where the t, are n equally spaced points in the interval (a,b) and 

Ai i- ti+1 tl . 

The solution appeared in the form 


:/(x) + JV(t) lDix,t!^)/DX)]dt , 


where D{x,t',X), called Fredholm’s first minor, and D{1), called 
Fredholm’s determinant, are functions of X . 

However, the use of algebraic guides to obtain transcendental 
results was not original with Fredholm, this method having been 
employed effectively as early as 1836 by J. C. F. Sturm (1803-1855),* 
who investigated the properties of a differential equation of second 
order by means of the limiting form taken by the solution of the dif¬ 
ference equation 

Li zij+i -|- Mi Ui -f Ni Ui-i —0 . 


The solution of the integral equation 

uix)X r K{x,t)u{t)dt = f{x) 

Ja 

was originally attained by Volterra in 1896 in this manner.! More 
recently R. D. Carmichael has indicated the scope and power of this 
heuristic guide by deriving oscillation, comparison, and expansion 
theorems for various types of functional equations.$ 

The values of a determined from the equation 

DiD^O 

are called principal values (Eigenwerte) and as a set form the 
spectrum of the integral equation. 


les equations differentielles lineaires du second ordre. Journal de 
Mathematiques, vol. 1 (1836), pp. 106-186; see in particular, p. 186. See also: 
M. Eocher: Legons sur les methodes de Sturm. Paris (1917), 118 p. 

fSulla inversione degli integrali definiti. Atti de Tomno, vol. 31 (189'5“96),. 
pp. 311-323, 400-408, 557-567, 693-708; in particular, p. 311 et seq. 

^Algebraic Guides to Transcendental Problems. Bulletin of the Amer. Math. 
Soc., vol. 28 (1922), pp. 179-210. 
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Under usual conditions the principal values form a discrete 
set and this set is called the point spcctniDH ol the tKpuitiou. XJnder 
singular conditions, solutions may exist for the homogimeous ecpia- 
tion for a continuous set of values of X , and this set is c-alk'd the 
continuom spectrn.m of the equation. A simple examph' oi siudi a 
spectrum has been given by E. Picard,* who consideivd llie integral 
equation 

which has the spectrum 

or) . 

The general solution of this equation is 

u{x) = A -i- U . 

Associated with the discrete spectrum we have a set of principal 
functions (Eigenfunktionen), u.,{x) , V',,{x), ■■■ , which satisfy 

the homogeneous equation 

u{z) 1 r K(x,t) u{t) (.It - ■ 0 

Ja 

when X assumes the corresponding principal values. 

If the kernel K{x,t) is I'eal and symmetric, K(.r,f) K{t,x), 

then the principal values are real and the kernel may be exi)anded in 
terms of the principal functions, as follows; 

CO 

Kix,t)= Mi (a;) u,it)/Xi , 

i=:l 

provided the series in the right hand member is uniformly conver¬ 
gent. 

Many years before the introduction of the concei)t.s ol' integral 
equations into analysis, special systems of functions called orthogonal 
functions had been employed. These functions have the property 

r Git) Uiit) Ujit) , i / j , 

Ja 

where Git) is a weighting function. It is obviously pos.sible to set 
Git) =1 without affecting the generality of the situation since the 
system of orthogonal functions can be written 

Viix) t=z \/Gi«) Uiix) . 


*Sur une example simple d’une 4quation singulifere de Fredholm. Amales d» 
lecole n<yrmale swpiriewre, vol. 28, 3rd ser. (1911), pp. 313-324, 
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Well-known systems of such functions include sin mx, cos mx, 
Pm{x) (the Legendre polynomials), Hm(,x) (the Hermite poly¬ 
nomials), Lm(.x) (the Laguerre polynomials), etc. (See section 5, 
chapter 12). 

If an arbitrary function /(a?) is expanded in a series of nor¬ 
malized orthogonal functions 


f{x)= Yi fi Ui(x) 


where by normalized we mean that 


then the coefficients 





fi= f fit) Ui{t) dt 


satisfy what is known as Bessel’s mequality: 

A^ + / 2 = + /3^4-/4^ + --- + /n=g \\fit)r-dt , 

Ja 

where n is any integer. 

If the equality sign instead of the inequality holds for every 
function fix) of integrable square, then the set of orthogonal func¬ 
tions is called closed; otherwise it is said to be incomplete or open. 
The set of functions 1, sin mx, cos mx, has been shown by A. Lia- 
pounoff* and A. Hurwitzf to be closed. 

In 1907 E. FischerJ and F. Riesz§ both demonstrated the follow¬ 
ing result now known as the Fischer-Riesz theorem: 

00 

If a series I fi^ converges, then there exists a function fix) 

i=i 

of integrable square for which the /i are the coefficients of the ex¬ 
pansion 

CO 

fix)=2:fiUiix) , 

i-1 


*First published in 1896 in the Proc, of the Math Soc, of the University of 
Kharkov and discussed by W. Stekloff: Sur un probl^e de la theorie analytique 
de la chaleur. Comptes Rendiis, voL 126 (1898), pp. 1022-1025. See also E. T. 
Whittaker and G. N. W'atson: A CovJrse of Modern Analysis. 3rd! ed. Cambridge 
(1920), pp. 180-182. 

ftjber die Fourierschen Konstanten integrierbarer Funktionen. Math. An- 
nalen, vol. 57 (1903), pp. 425-446; in particular, p. 429. 

JSur la convergence en moyenne. Comptes Rendus, vol. 144 (1907), pp. 
1022-1024. 

§Sur les systemes orthogonaux et ^equation de Fredholm. Comptes RenduSj 
vol. 144 (1907), pp. 615-619, 734-736. 
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where the Ui{x) form an infinite system of normalized orthogonal 
functions. 

The situation which was so spectacularly revealed b.N’- the the¬ 
ory of integral equations immediately challenged geiu-ralization. 
This was forthcoming in 1908 in a series of monographs hy I). Hil¬ 
bert which were later collected into the treatise: (rnni<l.:iif!c e'nicr 
allgemeinen Theorie der Linearen Integralglcichuiiufn, Ixuitzig 
(1912). The pathway was laid open through the theory of systems 
in infinitely many variables. E. H. Moore (18{)2-1982) in his fruit¬ 
ful concept of general analysis* saw a powerful unifying principle 
which he expressed as follows: 

“The existence of analogies between central features of various 
theories implies the existence of a general theory which underlies 
the particular theories and unifies them with respect to those cen¬ 
tral features”. 

M. Frechet in his thesis: Sur qzielques pohiis dn calni! fonciion- 
nel, Paris (1906), Red. Circ. Mat. Palermo, vol. 22 (190(>), 1-71, 

and in his more recent volume: Les Espaccs Ahslraits, Pari.s (l',)28) 
has explored the consequences of very general definitions. K. Pin- 
cherle in his numerous contributions and in particular in Ins hook 
written in collaboration with U. Almaldi in 1901 (see JUbliography) 
gave an unrestricted view of the depth and power of the concepts 
of linear operations in the abstract. 

These now classical memoirs have born much fruit, which we 
find in the more recent contributions of N. Wiener, A. Wintner, M. 
H. Stone, J. von Neumann, H. Weyl, S. Banach, and many others. 
(For specific reference, see Bibliography). 

In view of the highly technical nature of these generalizations, 
it seems best to postpone further discussion to chapter 12. In the last 
two sections of that chapter a brief account of the history and i)rcs- 
ent status of the theory of forms in infinitely many variables and of 
the abstract theory of linear operators is given. 


*Mrod%u:tion to a form of General Analysis. Lectures delivered in 1906 in 
New Hpen and published in 1910; On the Foundations of the Theory of Linear 
Integral Bulletin Amer. Math. Soo., vol. 18 (1911-1912), pp. 334-362; 

Proo. of the Cambridge International Congress (1912), vol. 1, pp. 230-265. 
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Paeticulae Opeeatoes 

1. Introduction. In the first chapter we have attempted to set 
forth a general view of the concept of operator. We have traced the 
historical development from its early origins in algebraic analogy, 
through the formalism of the last century, to the deep and broad 
current of modern speculation. We have attempted to show the cen¬ 
tral position which the concept occupies in numerous applications. 

In the present chapter we shall set forth in some detail a de¬ 
scription and classification of several types of operators which will 
concern us in later pages. We shall mention somewhat lightly the 
definition attained by Fourier transforms and the inclusive general¬ 
ization of the Stieltjes-Lebesgue integral. Not, let it be said, to min¬ 
imize the importance of these matters, but because they have been 
treated elsewhere far more extensively than could be done in the 
compass of this volume.* 

Our own approach to the subject will be made by means of ex¬ 
pansions in terms of the elementary operator z — d/dx. In spite of 
wliat might be regarded as an unhappy formalism thus introduced, 
we shall find that a majority of the specific applications are easily 
attained in this manner. Linear differential and difference equations 
are naturally included and the theory of both Volterra and Fredholm 
integral equations, at least so far as their formal aspects are con¬ 
cerned, may be discussed without difficulty in terms of the elemen¬ 
tary operator. 

Since we propose in later pages to throw an unusual burden 
upon the operator z, it is not out of place to say a word about its 
generality. The derivative of a function is generally defined as 

lim — f(x)']/h . 

ll=:0 

By pushing this limit to its logical conclusion, K. Weierstrass 
(1815-1897) was able to construct a function which is continuous 
over an interval and yet does not possess a derivative at any point 
of the interval.f The derivative is thus envisaged as a property im 
kleinen of a function. At a point it may inherit nothing from other 
portions of the function. It depends entirely upon the oscillatory 
character of the function within infinitesimal intervals. Let it be 

*See, lor example, references in the Biblwgraphy under N. Wiener, M. H. 
Stone, and J. von Neumann. 

fFirst published by P. du Bois-Eeymond: Journal fur Mathematik, vol. 79 
(1874), p. 29. 
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added, however, that supplementary hypotheses may entirely alter 
the situation. If, for example, we consider the mode of approacli of 
h to zero and assume that the limit is the same for e\’ery ])ath, ihen 
the function is defined throughout the region of its analytic eoutimi- 
ation. 

An integral, on the other hand, as the limit of a sum avoids this 
restrictive in kleinen aspect of the derivative. It inlierits from all 
parts of the interval. Its generality in the Stieltjes-Lehesgue form is 
a strange contrast to the narrow limitations of its invei-se. It is a 
property im grossen of the function which defines it. 

Thus to base a theory of operators upon s rather than uiion l/z 
would seem to impose an unfortunate blemish upon it. On the one 
hand, the use of z in general permits an easier formal manipulation 
as one may surmize from the fact that differential equations iircceded 
integral equations by two centuries. On the other hand, its definition 
seems to limit application to a class of functions far more restricted 
than the class to which its inverse applies. One may reflect, however, 
upon the fact that l/z may be expressed in terms of z by means of 
the formal equivalence 

l/z — (1 — e'“)/z . * 

The first operator, which may be interpreted as an integral of Ixi- 
besgue type, has a very general application. The second operator, 
since it is non-singular and expansible only as a power series in z, 
is limited to the class of unlimitedly differentiable functions. How¬ 
ever, in the domain of functions common to both operators the re¬ 
sults obtained are identical. Is there any way in which the generality 
of the first can be wholly or partially restored to the second ? 

It is seen that this may be accomplished in large measure if the 
function to which the transformations are to be applied is defined by 
a Fourier integral, 

J OO CO 

I . (1.1) 

■CO ^ -00 

If then an operator of the form Fix, z) be applied to / (x) we 
can give meaning to the transformation by means of the following 
formal equivalence: 

Fix,z)-^fix) (1.2). 

J CO 00 

Fix,iX) j eri^^ f (fi) d . 

00 J-CX) 

It is clear that in this manner a certain measure of generality 
has been restored to tiie differential operator and that the limitation 


See section 6. 
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upon the range of functions to which it applies has been transferred 
to the convergence of the integrals. 

2. Polynomial Operators. In this and ensuing sections we shall 
lay the foundations of our study by considering a few common types 
of operators. 

If we designate by the symbol z the differential operator d/dx, 
we may then define the elementary polynomial operators to be z, z^, 
z^,- • •, 2 ”, from which the general polynomial operator is constructed 
through their linear combination: 

Fp(x,z)=Aq(x)-}-Ai(x)z-{-A-2(x)z^-\ - \-Ap(x)zP , 

where the Ai(x) are functions of x which share a common region of 
definition. 

It is obvious that this is the operator of ordinary linear differen¬ 
tial equations. 

S. The Fourier Definition of an Operator. As we have stated in 
the preceding chapter, the definition formulated in (1.2) goes back 
to J. Fourier, by whom it was stated in a slightly different form to 
apply to the case of fractional derivatives. An instructive applica¬ 
tion of it was made in 1895 by T. Levi-Civita in solving the Volterra 
integral equation, 

f(x)= Kix — t) uit) dt 

with special reference to the inversion of the Abel integral in which 
the kernel is (a;—f)“.* 

N. Wiener has suggested the following extended definition:! 

Let us consider the function 

F{x,z) -^feix) (3.1) 


1 poo poo 

: F (x, — ik) Ss (X) dX f{[i)dfi , 

d.™ J_oo 


where (A) is defined to be 

5,(A)n=l , , 

S^iX)^<p{X — d) , Id^Xsd + ll 
S^(X) cpid — X) , [—a —IsAg- (5] 

-S,(1) o,i;iiga-fi, 

in which 95 ( 1 ) is a function possessing the folloAving properties: 


♦SuH’inversione degli integral! definiti nel campo reale. Attidi T<mno, vol. 
31 (1835), p-p. 25-61. See also the author’s study: A Survey of Methods for the 
Inversion of Integrals of Volterra Type. Indiana University Studies, Nos. 76, 


77 (1927), pp. 64-67. 

tSee Bibliography: Wiener: (2). 



54 


THE THEORY OF LINEAR OPERATORS 


(a) is defined over the inten’al (0,1) and has derivatives 
of all orders; 

(b) <p(0) = 1, 9(1) =0 : 

(c) (1) £=0 for all positive intojrral values of n. 

An example of such a function is given by 

J\ Jo 

The kernel, S&{X), is thus seen to be a function of the type ex¬ 
hibited in the fignre where the transition curve <p{X) makes infinite 
contaict with the two branches A and B. 



Then, if /(r) is summable and of summable square over every 
finite range and if there are numbers A and k such that /(;r) - A x’‘ 
for every x of sufficiently great magnitude, it can be i)r(>ved that 

l.i.m.!?’(»,«!) 

6“»cx) 

exists, where l.i.m. is the abbreviation for limit in. the mean. This 
limit is to be regarded as the operational equivalent of F(.r,z) -> f{x). 

A sequence of functions of summable square, /..(,<), , /,,(a:), 

is said to converge in the mean toward a function f (x) if * 

Hm r‘[/(a5)-/„(a:)PcIa:-.0 . 


A necessary and sufficient condition for convergence in the mean is that for 
every positive number e, there exists a number n such that 


J 

J a 




.fjx)y 


d x\ e 


for 

vol. 


n.' > M. This theorem is due to E. Fischer 
144 (1907), pp. 102^1024) and P. Eiesz (Ibid., pp. Glb-OU 

In order to prove the theorem let us first define 


(Compfes Raulus, 
; 7a4-73(!). 


h(f>3) 


L 


I/—fl'pdfl! 


is taken. 

By hypothesis there exists for every e an integer m(«), such that 
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A = b — a, m,n>m(s). 

Now assume that 

I/m —/ml >’' • 

We see that the point set over which this inequality holds cannot exceed 
a == e/ 9?2 ^ or if £ = it cannot exceed azzzT}, Now let ’Ji > ^2 > > * “ > 

> • • • be a set of arbitrarily small quantities for which the sum 17 - 1 ^ + • 

converges, and let m 3 L(s), £),••• be a set of integers such that 

\fm~fn\<'^p^ p = k,k + lr-^ 

It will be evident that these inequalities; hold simultaneously over a set of 
points of measure Aj^ = A — , where % “ 9 ?^ -|~ 77 ^^^ + • * • , Evidently the set 

Aj^ is a subset of . 

From this we conclude that the sequence {/^} , w > '?%(e) , converges uni¬ 
formly in Ajj and converges at every point in the limit set A^. This limit set is 
obviously equal to A, with the possible exception of a set of measure zero. 
Hence we obtain a limit function 


f (x) =lim fj,(x) , 
fc=O0 

when X is in A^, which we define to be zero over ol^ . 

In order to show that f(x) is a function of integrable square, consider 

h,(fm>fn) s ® • m, n > m(e) . 

Since the convergence of upon A,^ is uniform, we can allow n to become 
infinite and hence derive 

Since, moreover, A^;. is included in the set we can let k become infinite 

and thus obtain 

From this we derive the inequality 


C f^dx^2lA^(f,^J) + 2 ( f^^dx<2e + 2M , 

J A<x> J A€0 

which proves that f(x) is a function of integrable square. 

From the above argument we see that fix) is uniquely determined to within 
a function defined over a set of measure zero, that is to say, a function g(«), not 
identically zero, which satisfies the equation 


/: 


ff^(x)dx = i) . 


Such a function we shall call a null function. Two functions which differ at 
most by a null function will be said to be equivalent almost everywhere. 


A definition similar in type to that proposed by Wiener has been 
made the basis of the study of G. Giorgi and F. Sbrana. These writ¬ 
ers, however, interchange the role of the operator and the function 
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and thus define 

J oo r* CO 

fit) Gix—t)dt= f(x—t)G 

•00 J ~0C> 

where we abbreviate 

f i CO 

Git) <= {1/231 i) Fiw)e'‘^‘(lw . 

J-i CO 


(: 5 . 2 ) 

( 2 . 3 ) 


Their mode of derivation is as follows: 

It is obvious that we can write the function fix) in the ronn 


fix) = 1 / 2 Z j J ^fit)dt— j . (3.4) 

provided proper restrictions are imposed upon fit) as, for oxamplo, 
fit) =zOit-’‘) ,h> 1. 

Recalling the identity 

f 1 t > 0 

(sinAV^)dA=| ^ 0 [ 

we can write (3.4) in the form 

/» QO 

fix)=y 2 Z^ I fit)Iix—t)dt . 

•/-oo 

If we now operate with F ( 2 ), this becomes 

J OO 

fit)Gix—t)dt , 

■00 

where we use the abbreviation G(x— t) == % sFiz) -> I (;c— t) . 
Since we can also write 

r CO , 

I{X) = (l/2jii) { /k} dX 

•^-(50 

rioo 

t= (l/2jn) I {(e“® — e“”’®)/w}(Zw , 

J-ioo 

it is clear that G (x) can be expressed in the form 

i 00 

G ix) = 1/2 2 i?’ ( 2 ) -> / (x) = (1/4^ i) IFiw) -j- F i~w) r“’»] dw 

-i 00 

c= (l/2jii) r Fiw)eF^ dw , 

J-i 00 

provided the proper convergence properties are possessed by Fiw). 
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A. nioi 0 extended ciccoinit of the Fourier operu-tor will be ^iven in 
section 5 of chapter 6 in connection with its application to the inver¬ 
sion problem ol diflerential equations ol infinite order with constant 
coefficients. 


PROBLEM 


Given the Fredholm transform 


T{7I.)~ [ A'(.r—/:) M(f) rf' , 

,/ i;. 


and a function /(.c) such that 

(a) f(x) is integ-rablo in (a,x ), /(;,•) ~ Q, x < a, 0 g a ; 
(h) ii(.r) is fvnitt*, continuous, and intog-rable in (0,x) ; 


(c) hiz) 


.1: 


K{t) co^'Z'ztdt , k(z)z=z 


.b' 


(t) sin TTztdt , 


do not vanish simultaneously for any value of in (0,oc). 
Show that if T{(() - - /(x), we have the inversion 


i^t) - ' Real part of 
i({{) 0, t < a . 


f. f 

0 0 




- f(x)dx, t y a , 


h{z) + ik(z) 
(Levi-Civita: loc. cit.). 


Hint: Write 


u(t) = I dz j cosirz{y—t) u(y) dy ; 
then shew that when 

F(x,y,z) = Beal pai-t of c«-'<*-'V[A(a) + ifc(z)] , 
cos'!rz{y — t) = K(x — t) F(x,y,z) dx . 

The Operatiotud Symbol of von Neuma/n/n and Stone. A still 
more comprehensive definition has been given by J. von Neumann and 
M. H. Stone. In the work of the latter the operator is represented by 
a Lebesgue-Stieltjes integral of the form 

J‘>(n dQiEJ,g) 

where / and g are elements in abstract Hilbert space, Fx is a family 
of special operators defined for all real values of <1, Q (/, g) a nu¬ 
merically valued function, and F(X) a function which represents the 
operational interpretation of the symbol. If we set 

FiX)=Fix,ki) 
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and 

J A /• 00 

-OO “00 

the operator of Stone will reduce to (1.2). 

The operator of von Neumann and Stone was developed in con¬ 
nection with their generalization of the siiectral theory of integral 
equations and infinite quadratic forms initiated by the r(\s('arclu\s of 
D. Hilbert. An account of the spectral theory is gix’cn in cliapter 12. 
From the formal results which ai'e developed there the readt'r can 
determine the specializations of the general operator wiiich apply in 
particular cases. The full generality of the operator in the forni given 
above can only be appreciated by a consultation of the original 
sources. 

In view of the importance which the Stieltjes integTul has ussunuxi in modern 
generalizations of the linear operator a brief resume of its special features will 
be given here. The integral was first defined by T. J. Stieltjes in connection with 
his classical researches on continued fractions (see section 7, chapter 1). Ex¬ 
tensive accounts of the integral will be found in E. W, Hobson’s Tlieo-nj of Func- 
Uons of a Real VariahUy vol. I (3rd ed.), Cambridge (1927), pp. r)38-r)«l(>, in H. 
Lebesgue’s Legons sur Vintegration, (2nd ed.), Pui’is (1928), pp. 252-318, and in 
C. J. de la Vall4e Poussin’s Integrates de Lehesgne, Paris (1910) pp. 1-27. Formu¬ 
lations of the integral most useful in the theory of linear operators liave btien 
given by Mi. H. Stone [See Bibliography: Stone (2), pp. 158-105; 198-221] and 
A. Wintner [See Bibliography: Wintner (5), pp. 74-105]. The original definition 
of Stieltjes, valid in the domain of Riemann integration, was extemkxi by J. 
Radon: Theorie und Anwendungen der absolut additiven Mengenfunktionen, SiU 
zungsberichte der Akademie der Wissenschaftejiy Wien, (1913), vol. 122, |)p. 1295- 
1438, in particular, pp. 13421-1351. This extension enlarged the domain of func¬ 
tions integrable in the Riemann-Stieltjes sense to include those integrable in the 
Lebesgue-Stieltjes sense. The Lebesgue-Stieltjes integral thus foxanulated is often 
referred to as the Radon-Stieltjes integral. The literature of the subjtxd. is now 
very extensive.* 

By a Stieltjes integral of a continuous function, /(a;), with respect to a 
function of limited variation, v{x) j we mean an integral of the form 


which is defined as follows: 
Consider the sum 


j: 


f{x) dv 


H- hfitj [v(6) j)] 


. ^ to the sources already cited the reader will find the following 

mstructpe references: E. B. Van Vleck; Haskin’s Momenta Problem and its 
with Stieltjes’ Problem of Moments, Trans. Amer. Math Sm., vol 18 
(1917) , pp. 3126-330;; G. A. Bliss: Integrals of Lebesgue. BulL of the Amer. Math 
Soc.y voL 2:4 (1917-18), pp. 1-47; T. H. Hildebrandt: On Integrals Belated to and 
the Lebesgue Integrals. Bvll. of the Amer. Math Soc.^ voL 24 
PP- llS-144; 1T7-202; H. E. Bray: Elementary Properties of the 
Stieltjes Integral. Annals of Math, vol. 20 (2nd ser.) (1918-19), pp. 177-186. 
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where x^, a-„_, are a set of points in the interval (a, 6) such that 

ffi < iTj < iC, < • • ■ < x„_^ < b , 

and such that (xj —0 as n-^ co. The points tj belong to the intervals 

We then define as the Stieltjes integral the following limit: 

J = lim4 . 

nciQO 

The proof that this limit exists, under the assumptions made concerning f (x) 
and v{x), can be established easily.* 

If is constant except for a denumerable set of discontinuities of positive 
saltus at the points fi, to, • • • , ••• , then I reduces to the series 

More generally, the function v{x) may be regarded as a density function 
defined over measurable sets of points of the continuum between a and b. Desig¬ 
nating by the value of this density function over an interval and a 
point interior to A.x, Ave define the integral as the limit 

00 

/ = lim V/(<j) Ajt; , AjX-^O, 

i ---1 

provided the limit exists. 

5. The Operator as a Laplace Tram formation. It will be con¬ 
venient later to express an operator as a Laplace transformation. For 
this purpose let us define /(.t) as follows: 

f(x) — j V {t) dt , 

where t^{t) is a function which generates /(a;) when L is a properly 
defined path in the complex plane. 

The operational equivalent of F{z) f(x) is clearly contained 
in a fomial manner in the integral representation 

Fiz) ->/(a;) = J ^*Fit) vit) dt . (5.1) 

If the path L in particular is the real interval {—oo, a.) and if 
lim v(t)}<"> = 0 

t a-00 

for all values of n, then (5.1) can be expanded in the following series 
by means of continued integration by parts: 

F(z) ->/(x) =&‘'^Fia) via)/x— Ce^’^iFit) v(,t)ydt/x 


*See, for example, Lebesgue: loc. cit, p. 258. 
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:e“{jF(a) 'v(a)/x— (F v)'/x- (F v)''/x'’ - 

(—1) «-i (F v) -|- 

(__!)» rc^‘{F{t) 

J“CXD 

= e“{F(a) •;;(»)/a: — (F y)'Ai;" + lO'Va-’-] • (r).2) 

A similar series in terms of inverse faetoriuls is ol)Uuned pro¬ 
vided we assume that, for all positive iutegrul values of ii, 

lim ■ 0 , 

t s:-00 

where we einploy the abbreviation 

Wo(t) =F(t) v{t) , W„it) ----= {^ Wn lit)] (' ’ ■ 

Under this assumption we integrate by parts and thus obtain 

F(z) *-> /(x) = %Vo (a) /x — r (t) dt/x 

J /j 

= e“'®{Wo(a)./A' — Wi(ct) e“/r('r+l) o"‘','•*'(■'• • 1) (x 1 2) 

— wAoi') e“Vr(a;-|-l) (;r-l-2) (.r-| ;U -1.1 (r>.:i) 

6. Polar Operators. By the tei’m polar operator wo shall mean 
an operator expansible as a power series in 1/z , 

B ix, IJz) =bi (a;) /z + h, ix) /s= -j- h, (x) /z^ -j. , (6.1) 

where the hiix) are functions sharing a common region of definition 
and where, by definition, 

1/z uix) — j uit) cU . (6.2) 

We should first notice the significant fact that the polar operator 
1/2 can also be represented as a non-singular operator of infinite or¬ 
der. This is accomplished in the Mlowiing manner; 

Let us refer to the transformation 

uit) ~uix) -f it — x) u'ix) + it — x)- u"ix)/Zl -}. 

= ( 6 * 3 ) 

as the Taylor tramform of %(a:). 

If we apply this transformation to %(f) in (6.2), we get 

1/z-^^(a;) = J e<*-®>»(it-^w(aj) 
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1/z —> n (x) — {1 — u{x) . 

Hence we see the essential equivalence for all finite values of c of the 
two operators 1/z and {1 — . 

The equivalence is seen to have limitations, however, if we ob¬ 
serve on the one hand the great generality that can be assumed for 
m(x) when (6.2) is a Lebesgue integral and on the other hand the 
restriction tliat the tunction oj^erated upon by {1 — !% must 

have derivatives oi all orders. The equivalence can be partly restored, 
however, if we make use of (1.2) and replace F(,x, il) by 

[1 — c^^-nxiy/xi . 

We shall now prove that the function 

ia''->«(.t)= r*ds---r'tt(s) ds 

J C J c J c 

can be reduced to the single integral 


l/z" ?< (.t) 


(x— s)«-’ Uis) ds/(n—l )! . (6.4) 


Let us assume that the formula is true for n= k. We shall then 


have 


1/z ^ u(x)) 


C dx r* (x— s)»-^m(s) ds/{k—l )! 
Jc Jc 


Applying to this integral the Dirichlet formula for integration 
over the triangle g = c, s = x, x c= x, we find 


(l/s'-'i^) 


r uis) ds r (x— s)*-^dx/(k —1)! 

J C J S 

i: 


(x — s)^^'u(s) ds/kl 


Since the formula is obviously true for n = 1, we now establish 
its general validity by induction. 

Because of the frequent application of Dirichlet*s formula in the theory of 
operators we adjoin a brief discussion of it here. 

Consider a convex closed curve which lies within a rectangle formed by the 
lines z '= X = bj y = c, y == d, and for which the points PR and QS are the 
extreme values of z and y as shown in the figure. (Figure ^4). Let (a;) and 

(a?) be continuous functions representing the two arcs PQR and FSR re¬ 
spectively and let = z^iy) and z^ = z^{y) be, similarly, the equations of the 
two arcs SPQ and SRQ* Now consider the double integral 


r: 


= j'dx p 

•Ja *^yi 


K(z,y) dy 


where K(z,y) is a function integrable within the contour. It is clear from the 
definition of a double integral that I may be evaluated also by integrating first 
with respect to z and this leads to the new form 
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1= 



K(x,v) dr . 


Equating these values we obtain the general formula 




x,v) di/=: 



K(r,if) dx . 



BirichleVs formula follows as a special case by applying Mui g^meral formula 
to the triangular region bounded by the lines r = a, u- =: r - ~ //, ioi* whicli we 
have (Figure B) 

r dx j K(x,y) dy= J dy I K(xiy) dx , 

Ja a. ^ a, dy 

This formula was first given by P. G. L. Dirichlet (1805-1851)) in IH:]?: Sur 
les series dont le term general depend de deux angles, ct qui servent a exprimcT 
des fonctions arbitraires entre des limites donnees, Journal filr Maflu, vol. 17 
(1837), pp. 35-36, in particular, p. 45. 

A useful generalization of the formula was made by W. A. Ilurwitz: Note 
on Gertain Iterated and Multiple Integrals, Annalu of Mathenuitic.^, vol. 0 (11)08), 
pp. 183-192, who established the validity of the interchange of the variables of 
integration for a kernel of the form 

K(x,y) = (t—ir)>^-i f(x,y) , X, /q ? • 0 , 

vfhevef(x,y) is a continuous function.* 

Let us now without loss of generality set e =- ().* Aiiplying the 
Taylor transform to ti(s) we find the foi'mal equivalenre of the fol¬ 
lowing operations; 

1/2: / (re) = (1 — e-*~) /z-^f (.r) , 

l/z^->fix) ={ 1 — (l-^xz) e-*~}/2:=-^/(r) , 


1 / 2 ” fix) = {1 — [1 -f a;z x-z^/2 ! -j- 

_j_ 3jn-i z’‘-'‘/in —1)!] c -"=}/,;’* fix) 

= [x^/n — z! (wH-1) -1- S-/2 ! (n+2) 

-}/(n—l)!-+/(:r) . 


♦For a more extended account of the conditions under which this interchange 
of limits may be eifected see J. Pierpont: P/ie Theory of Funciiona of Real Vori- 
abUs, vol. 1 (Boston) 1905, pp. 395-398, and E. W. Hobson: The Theory of Funo- 
ticms of a Beal Variable, vol. 1 (2nd edition), Cambridge (1921), pp. 479 et seq. 






PARTICULAR OPERATORS 


63 


The functions 

Zy -— {1 [1 -|“ ,T^ —j— X“Z ^! -j- • • • 

-j- s”-V {iv—l) !J , n = 1, 2,3, • • • , 

may be conveniently referred to as gcmratrix functions. 

They satisfy the differential equation* 

L(Q„) r-~ 0-Q„/f -j- (1-)-.Ts 4 -k) d Q„/d z-j-nX Qnc=0 , 

(6.5) 

as may be proved by direct substitution of the integral 

Q„{x. z) f (x—t)”-^ dt/(n~l) ! 

J 0 

— r e-'~ (Is/ (n —1)! 

J 0 

and its first two .-.-derivatives in the left member of (6.5) . 

We thus get 

L(Q„) — {z 5’“' — ( 1-|- xz -f n) s'* -f- nx s"-^ ds/{n —1)! . 

Integrating the second term by parts once and the third term 
twice, we obtain 


L(Q„) =3 r {ss"-**— (1xz-\-n) z s^'^/ 

./o 

-f- a; 2 -s”+V (w-1-1)} e-” ds/{n —1)! 

{ — (1 -f- .r.r -|- n) / (i-i-j-l) -f 1 -|- xzf (w-j-l)} x”-^^ er^-/ (n —1) ! , 
which is seen to reduce to zero. 

Since there thus exists .q, formal equivalence between the polar 
operators 1/z, 1/z-, ■■■, 1/z” and the generatrix functions which pos¬ 
sess convergent Taylor’s expansions throughout the entire 2 -plane 
for all finite values of x, the analytic theory of operators will ob¬ 
viously exhibit fundamental points of difference with the analytic 
theory of functions. The only exception to this is the case where 
c t= — CO for which the generatrix function, Qn,{x,z), reduces to 
1 / 2 " and the polar operator has a genuine singularity. 

It will be important also to notice that the polar operator (6.1) 
may be replaced by an integral of Volterra kind as follows: 

Making use of (6.4) we write 


*This equation is due to L. F. Robertson. 
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Bix, 1/z) ->n(x) 

+ b,(x) (x—t) + h,ix) (a-~O v2! 


».(/) (It 


j: 


Kix, t) u(t) dt , 


where we abbreviate 

b„n(x) = (—1 ) '*0" K{x, t)/d i'‘ 1 , j . 

A variant foma of considerable use is I'ouiul for (f).!) by re¬ 
placing 1 / 2 " by the integral 

1) !} dt . 

We thus obtain for (6.1) the expression 


B (x, 1 / 2 ) 


00 00 

e-t= dt 

0 «=:1 

X' 


e'*-K(x,x — t) (It 


(6.6) 


7. Branch Point Operators. One finds it interesting lU'xt to in¬ 
quire whether an interpretation can be made of operators with branch 
points at the origin, as, for example, 2 '‘, 2 '' (/t a positive fraction), 
log 2 , etc. 

A long history (see section 5, chapter 1) is attached (o the iirob- 
lem of assigning meaning to the operators 2 '“ and 2 but the inter¬ 
pretation of these symbols may now be said to have attained a logical 
and satisfactory form. 

Slightly generalizing a definition stated inde])endently by both 
N. H. Abel and G. Rieraann, we shall mean by the fractional integral 
tion of a function u(x) the operation 

zr^~>u(x)<==,D^-^u(x) = (\ix — ty-^/r{v)}u(t) dt , v >0 , 

J C 

(7.1) 

and by fractional differentiation, 
z^'’ -^uix)= uix) 


{(» —i)-vr(l —v)}tt(t) dt , ( 7 . 2 ) 

me=0, 1, 2, ••• ; 0<v<l , 

_ The constant c is a vital part of the operational symbol and is 
indispensable m certain problems. Abel let c = 0 in his original 
definition and J. Liouville, as we shall see later, stated a definition 
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wiiicli WAt> o( 2 ui\(Xlcnt to fecttiiii^ c - -oo . Tlis letter ch.oic6 sorvod 

to remove some ambiguities that can arise in application. 

The real significance of the definitions just given attaches to the 
fact that tlie symbols obey the index law: 

rD^ i^ u(x) — ii{x) . (7.3) 

This can be proved as follows: 

By definition we have 

cD, -a.(.!■) J * {(x — s)(/()} ds 

X r {is — ty-^/r(v)}u{t) dt . 

c 

Applying to tliis integral Dirichlet’s formula for the interchange 
of variables, we get 

,D, r Jh ” -- 

J '’((a; — {s — ty-^/riix)r{v)}ds . 
Making the transformation y = (s— t)/{x — t) and recalling 

that 

fr ' a-y)dy =r(/«)r(r) /r{y + r) , 

0 

we shall have 

,Dg/‘ u(x) a= {x — u(t) dt 

X f — y) dy/r(y) r(v) 

= [ (a: — zi{t) dt/r 
J c 

== M(a;) . 

Formula (7.1) is seen to be an immediate extension of the polar 
operator (6.4) where n is replaced by v and {n —1)! by r(v). This 
obvious generalization was the one used by Abel in solving the tauto- 
chrone problem.* f See fa-Y’- 4.a :5-- 

Liouville without specinc reference to Abel formulated a second 
definition. Since is is clear that 

*SoIutkwi de quelques problfenies a I’aide d’intdgrales definies. Oeuvres, vol. 
1, pp. 11-27; in particular, p. 17. 
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d r* 

-—e“' = a’*e“* and ( e"* = «-“ r"' , Ria) ' ■ 0 

dz” j.oo 

we may assume as a definition that 

gv gor _ (jv gM ^ i?(a.) >0 , j'positive or negative. 

Hence any function expressible in the series 

fix) — ^ c,. e"”*, Ria„) > 0 , 

»=:0 

possesses the formal derivative 

CT' 

Z” -^fix) C= 6””“^ 

But this definition is seen to be in agreement witli the (h'linition 
of (7.1) provided c is set equal to — oo and pro]>ev unirormity con¬ 
ditions are fulfilled. Thus we have 

-^D/fix) g ds/ni—r) . 

-00 n=vi) 

lyr^fkin^’ ti^SinsiformSition. s rrrr: .'j,* — wg 

-co-D/ fix) c=~ ( t-'' 2 c„ dt/r i 1—v) 

0 nzb 

00 

= YjC„(L/ef^ . 

riszQ 

An elegant method of attaining the same result is found in a 
generalization of Cauchy’s well-known integral formula, 

Hy /(a;) = inl/2 i) f {/(i)/ (t—x )"•’} dt , 

where the path of integration is taken as a closed curve in the com¬ 
plex plane about the point t = x* 

functton fractional values by considering the 

-^D,-fix) (i_i)vp(_^) ^^{fit)/it~x)v^-)dt , 

hi^one brf^^n f taken about the point « = ® and 

♦This derivation is found in Laurent. (See Bibliography). ~ 
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jp(—= — rc/silinv r{v-{-l) , 

we see that 

n—v) 

_ (—D-'i n{cos2nv—isin2nv —l)/[sin7rvr(y4-l)] ■ 

If in this formula we set v = n, where n is a positive integer, it 
reduces to the propcn- limiting value, 2nil%\ . 



Figure 2. 


Let us assume that v is a negative numbei* and let us evaluate 
this integral over the path indicated in the figure. We thus get 


-a/V/(•'•)= rdt/n—v) , 

t/ - lO 

which is identical with the Liouville definition. The assumption that 
y is a negative number is of course removed in the obvious manner 
by differentiating the integral m times. It will be convenient for us 
later (see sections 4 and 7, chapter 8) to refer to the open circuit of 
figure 2 as a Laurent cirmit in contrast to the closed Cauchy circuit 
employed in Cauchy’s integral formula. 

The integral ar” is easily computed as follows: 

r" {t-''/r{v){x—ty-'')dt . 

J -00 

Making the substitution x—t = xs/ (s—1), we reduce uhis to 


a;-’’ = (— 1 )" J' ( 1 —s) 

= «''-’*(—1)’'!*(«— v)/r{n) . 

If we take the first derivative of this function and replace 
1 _ y by we obtain Liouville’s result,* 

. (7.4) 

--Z-1 T inn villa derived his formula in a somewhat different 

*A3 a matter of fact, LmviUe denvea^^^^ 

manner by means of the special 


T(,n)/x’*: 


r 


^n-i dt . 


Since the Liouville definition assumed that zi* ® 

rVM-^(-l)<‘c-‘dt/r(u) = (-l)''=w-l‘r(n+;i)/r(n) . 

Jo 
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It is thus clear that any function of the form 

CO 

fix)= £ 

'H=l 

possesses a derivative (or integral) in the Liouville sense, 

00 

-ooDx^ f (x) <= ( —n„r(« + /«)/[f’(«) a-“3 . (7.5) 

n -1 

If on the other hand we use the generalized Abel-Riomann defi¬ 
nition, we find 


(.Dj,-*' x”‘= (x — t) dt/r (v) . 

Making the transformation t = x — {x —c)s, w)e can write this 
as 

c^at ^ i— (,X —c) ^ ^ [] (^X c) (1 s') —c] ^ ds/JP (v) 

= (x—c)<'^’^^„(x,c)r(n-l-l)/r(n-j-l-j-r) , 
where we abbreviate 

^n(x, e) = l-j- (n-l-v)c/(x—c) (n-f-v) (n-j-r—l)c-/(x—c)‘2! 

■ -f- {n-\-v) {n-\-v —1) • • • (>’4-1) c”/ (x—c) '* w! . 

From the special value <p{.x, 0) = 1 we obtain the familiar for¬ 
mulas 


oi>*-*'x”t=x’'-^°r(w4-i)/r(>i4-y-i-i) , , 

=x-;‘+»r(»H-i)/r(>i—/^ 4 -i) . ( 7 . 6 ) 

Formulas (7.6) were derived by Peacock from an obvious generalization of 
the case of integral order. He properly deduces the values 

zi —> 0 = tt r (l)/r(%)x^ = a/(w as)! , z-Ja = 2a.(x/'n')5 , 
but is unsuccessful in his attempt to perform the differentiation 

Z3 (l_a;2)-J . 

From these results we can immediately construct the general 
derivative (or integral) for the function 


fix) £ . 

We thus obtain 

U.I 

oD# /(x) = x-/* 2^ a„ x" r (rt-l-l) /F(iv-^t^-l) . 


(7.7) 
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It is now apparent that there exist essentially two definitions 
of fractional operators which have different domains of usefulness. 
A great deal of confusion has arisen over this fact as may be seen 
from arguments advanced by Kelland in favor of formula (7.5) in¬ 
stead of formula (7.7). 

For negative values of n in Louville’s definition Kelland devised 
the new formula 

.r” -- (—1) '* 2’ ('H.-|-l) sin n n [p (n —^i-|-i) sin (n — /x) ti] . 

When n is an integer and ,« a fraction, this yields the value 0; 
when n — // is an integer and n a fraction, the value is co ; when 
n and /< are both integers, sin n 7i/sin (n — [x)n is replaced by 
l/cos,a."i" - (—1 )a . 

Kelland’s argimient runs as follows: 

Since F(p) 2’(1 — p) i= a:/sin pn,we can write 
r (— n) = — n/ [sin «3T r (1 -f-«) ] , 

2 '(—>i -|- ii) — Ji/[sin(— n-}- p)nr(l-\-n — /<)] . 

Using these values in the Liouville formula (7.5) in which n has 
been replaced by — n, we obtain (7.8). The obvious difficulties which 
are introduced in the fundamental definition (7.1), c = — co , due 
to the behavior of r" at infinity, substantially nullify this procedure. 

This leads to the general observation that the Liouville formula, 
-a22y’' fix), is applicable in the case where 

/(— x) =0(ar®-*') , £ > 0 , 

and the Abel-Riemann formula, oDx~'' fix), when 

fil/x)=Oix^-^) , 6>0, 

where the statement fix) = Oi<p) has the customary meaning that 
lim \fix)\/<pix) = a constant.* 

ir~»>oo 

The definition of fractional operators given by Fourier on pages 
561-562 of his Theorie de la Chaleur was obtained from his integral 
representation of/(a;), 

fix) = il/2n) r” f” /(t) coss(a:—0 dtds . 

J -00 -00 

Since d” cos six—t)/dx^ = s" cos {s(a:—i) n n/2) for inte- 

gral values of n, the generalization 


*0ne sliould observe that these are sufficient conditions for the existence of 
the integrals involved provided /(a?) is otherwise mtegrable. 
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f ’ CXD p QO 

f{t) SA cos{s (x—t) + /(ji/2} dt ds 

00 J-oo 

is easily made. 

One is interested in the question whether this formulates the 
Liouville or the Abel-Riemann definition. The answer is ambiguous 
since proper specialization leads to either.* 

8. Note on the Complementary Function. A great deal of con¬ 
fusion has been occasioned in the history of fractional operators by 
the question of the existence of a complementary function for frac¬ 
tional operators. Since the solution of the differential equation 

d” y){x)/dx^t=0 , n an integer, 


is given by 

y^ix) = Co -|- C-iX -|- CiX" -}■••• 4“ Cn-i x"'' , 

a function which must therefore always be added to the operator 
2 -n ^f(^x), it was argued that a corresponding complementary func¬ 
tion should be added to 2"'^ -> / («) . 

This function would be the solution of the equation 

ya fraction. 

Liouville argued that the complementary function was 

fix) <= IC.x^, Ci arbitrary, (8.1) 

his reasoning being as follows: 

Since 

2''-^ (!/«") 1= (— 1)>^ r inr\-y)/rin) a:”+a , 

let us assume that fix) is expansible in a series of the form 

00 

fix) <= AJx” . 

n=;-00 

We then obtain 

00 

zv--^fix) (—l)f* A„r('}i-|-ju)/r'(n) , 

«=--oo 

which must be identically zero. But this happens only when n = 0, 
—1, —^2, • • • , and pi is a fraction. Hence positive values of n are to 
be excluded and we reach (8.1) as the arbitrary function. 

*In the theory of electrical circuits Oliver Heaviside found frequent use for 
the operator where v — d./dt. He interpreted 1 to mean l/ (^ Since 
f(t) =1 is of the Abel-Kiemann type it is obvious that Heaviside^s operator 
must he interpreted by this theory. Specialization of formulas (7.6) shows that 
this has been done. 
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As an example Liouville cites the case 

f («) = I {cos aa;/(l + x ^)} dx = Vo n e- , 
for which he obtains 

r ^ 

r-. {co^{ax~y^ fiji) xi^/{l~yx-)}dx 

- (—1) V 2 n e~^ + ip (a) . (8.2) 

To cotn])ute ipia), Liouville makes the transformation ax = t 
and thus i^ets 

J '^UG 

(cos {a^ 4- t^)} dt . 

0 

If —1 < /' < 1. then lim 2 '' f{a) c= 0 and y){a) =0. li fi = 

(I—>00 

—1, then lim —> / (a) x=z A (a constant) and ip (a) = A, 

Unfortunately for this analysis, if we let a = 0 in (8.2) we find 

A [—!/•> -1 + I (cos y^fin xV(14- xO } dxl (—1)f* 

“ {— V-2 + cos 1/2 n-y^n CSC y% (|U 4“ 1)^} ( —1)/* = 0 . 

Peacock has a similar difficulty with the Abel-Riemann defini¬ 
tion. It is clearer in this case that the equation 

f"{V’(t)/(a;—t)^-'r(r))di = 0 

I) 

has no solution except the trivial one y>(t) = 0, since we are here 
concerned with a Volterra integral equation the theory of which is 
quite complete. 

The naive point of view of Peacock is dominated by an exten¬ 
sion of what he calls the principle of the permanence of equivalent 
forms. Although it is stated specifically for algebra he assumes its 
validity in all symbolic operations. This principle he formulates as 
follows: 

“Direct proposition: Whatever form is algebraically equivalent 
to another when expressed in general symbols, must continue to he 
equivalent whatever the symbols denote. 

“Converse proposition: Whatever equivalent form is discover¬ 
able in arithmetical algebra considered as the science of siiggestion, 
vfhen the symbols are general in their form, though specific in their 
value, will continue to be an equivalent form when the symbols are 
general in their nature as well as in their form.”* 

*Peacock’s report: (See BihliogTO/phy) pp. 198-199. Also his Treatise on 
Algebra, vol. 2, Cambridge (1845), pp. 59-W. 
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Applying this principle Peacock first observes the function 

0 = rr'-’- {CojTin) + C,/xr{n—l) + a/.r=/’(H—2) 

-[_ C„.i/a'’*''7'(1)} , n a positive or negative integer, 

and hence he concludes that there exists a comiilonentaiy function in 
the general case, 

0 = {C,/riii) + CJx r{fi — l) 

— 2 ) +••■) . 

His arguments are ingenious but often misleading and occasional¬ 
ly erroneous, as in the present instance. For example, he considers the 
identity 

d’‘(a.r 4- h)”'/dx' — r(1 -f n) a'(a -j- b)" ’/7’(1 + » — r) 

r) + ... , 

where r may have positive or negative integral values. 

Generalizing this formula for fractional values of r, he then ob¬ 
tains, for r = %, a = b = 1, the result 

dM-r+DVdri = r(3) (x-|-l)^''Vr (5/2) + C./x^ f i—Vi) 

4- 7’(—3/2) 4- ... 

= 8(x-fl) 4- AoX-^ 4- A, 4- • ■ • . 

Replacing (a: 4- 1)‘ by 4“ 4- 1. we get by means of (7.6) 

the unambiguous expansion 

(a;4-l) Vdri = Sx^^"/S7i'^- -f- . 

If we expand (x 4- !)“'• = x^^“(l 4- 1 /a')"'” by the binomial the¬ 
orem and compare the terms of this series with the result just writ¬ 
ten down, we see that the two fractional derivatives are the same, 
provided we choose 

Ao = 0, A„ = (—1) 1 • 3 • 5 • • • (2tt—1)V2'‘-'' (»H-2)! , 

n > 0 . 

9. Riemami’s Theory. In a paper developed during his student 
days but posthumously published, Riemann essayed a theory of frac¬ 
tional operators by seeking a generalization of the Taylor expansion 

OD 

u{x-\-h)= 2] h”'{d’'u/dx"^)/n\ . 

nssO 

For this purpose he assumed the existence of an expansion of 
the form 




PARTICULAR OPERATORS 


73 


f.(;r -)- h) <=z £ kji'’ (d/u/dx'’) , 


V~~oo 


(9.2) 


where the r’s form a set of numbers which differ from one another by 
integeis, and the are constants to be determined. 

If now in tlio Taylor transform 

u(y) ■«(,■') -j'- (y—t) u'(t) (y~t)^u"(t)/2l-l---- , 

(9,3) 

wheie we sot y ,v .j- y and t = k, we can write (9.3) in the form 

n (x + k ) == n.(k) -(- (x — k-j- h)u'(k) -f (x — kh)hi"{k) /2! 

+ •••• (9.4) 

Expanding (.r A: -|- /;,)’• as a series in h, we next obtain 
(x — k-i-h)”= /if [1 -f (x — k) /K] ” 

OO 

= /i’*£ E(n+1) (x —A;)“;^r>V[^( 1 ^—m-f l)r(m+ 1 )] . 


VI-0 


Since, however, we have l/r(ni + l)=o for _1, _2 

• • • , the above expansion may be written 

00 

(x — A:-|-/i.)”=: 21 E(«‘H-l)(a;— k)’‘^h’^/ir{n —w+l)^(??^-j-l)] 


00 

c= £r(^i4-l) (x— A:)’-’-/i7[r(r-fl)r(n^r+l)] . 

rr .-00 

Substituting this value in (9.4), we obtain the expansion 
00 

n{x Jrh)^ Z {^Vr(r+ l)]{ti{k) {x —k)~^/r{l — r) 

r=-oo 

+ u'{k){x — k)^-^/r(2 — r)^u"(k)ix — k)^-’^/r(B — r)+---} . 

Since the derivative with respect to x of the coefficient of 
h/-^/r{T) is the coefficient of h'^/F^r -\-l) , we may assume, re¬ 
ferring to (9.2), that the expression in braces is the desired deriva¬ 
tive. If we abbreviate this by %'*■> (*) we then obtain, by means of a 
differentiation with respect to k, 

du^’’''(x)/dk<= — uik) (x — k)-^-Vr( — r) , • 

and hence we derive 

tt(’')(x)==— r (x — k)-^-^uik) dk/r( — r) 
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t(C-) (;r) r== r ix — t)-^-^uit) dt/n—r) . 

C 

Riemann then saw fit to add to this definition a complementary 
function of the form 

00 

KnX-'-’Vril — n — r) , 

7i-l 

where the Kn are arbitrary constants, because of the ambi}>uity in 
the limit c of the integral. 

The essential nature of this complementary function can be 
easily ascertained. Let us consider the dilference 

C(a;) cDs->^u{x)—cDi-''->^u{x) . 

When c' = e we have already proved in establishing (7.3) that 
dx) s 0, but when c' c this will not in general be true. In other 
words, dx), the complementary function, measures the deviation of 
our integration symbol from the index law, this deviation depending 
clearly upon the choice of c'. 

In order to obtain a complementary function which depends up¬ 
on as many arbitrary parameters as we choose, it is only necessary 
to proceed as follows: 

Let the number n be resolved into p positive fractions -th • • •, 
n,,, the sum of which equals %. Then we shall have 

u u + {x) , 

U = cDj^ M -f (*) . 

The successive substitution of these symbols in the one preceding 
gives us finally 

” W -I- C® ) “f" G2 ix) 

(73(3;) .-j-.-.-j- cJDx~”^ ' CjPsT^ ^p(®) ’ 

wihich, since each Ci{x) depends upon the choice of an arbitrary Ci, 
is a function that depends upon p arbitrary parameters. 

A few examples of formulas obtained by an application of these 
fractional operations to several of the elementary functions are ap¬ 
pended below. 
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TABLE OF FRACTIONAL OPERATIONS 

+ >-) . 

J)/ k = k(x — c)-'7i'il — r) . 

X” = r (?;. 4- 1) («• + >> + 1) , 

—l)‘'l’(n — >’)/r(M) , n — P7-0 , 

a" = r (n + 1) a^’>->7r (n — p + 1) , 

-Jh" = a-'’"’■ (—1)'• r (n + p )yr («) , 

' log*=:*'■ [logX + r(i> + i)2’(i>)]/r(i + v) , 

„D/Iogx = x >’[logx + 1/(1 — P) + r(2 — p)T{l — p)yT(l — p) 
where we abbreviate 


/■< 


T(v)-- I (1 —t)v-iiogtd:t/r(^^) 
~ I dt/V(p) , 

-00^ a' ^ ^ > 

^D/ =: r t-v c-(it dt/r(l — j^) + x-'^/T(l — v) 

Jq 

sin a: = {a:Vr(2 + p)} {a; - 


+ 


pD/ sin ;te; = (x-Vr (2 — r)} {a; — 


(2 4- (3 + p) 

(2 -f ^') (3 + y) (4 H- p) (5 +?') 


- } , 


(2^p) 


+ 


(2 — v) (3 — *') (4 — p) (5 — p) 


- } , 


cosx— {a^VX^l + *')}{! ^ ^2 -)- y) 


x^ 


(1 + y) (2 + J') (3 + p) (4 + 0 


X2 


^D/ cos X = {x-Vr (1 — >-)) {1— (1 — 0 (2 —>-) 

X^ 

+ (l — p) (2 —r) (3 —f) (4 — ^7 


■•} , 


--••} . 
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n-v e«={a;v/r(H-^)}(l + 


ax 


■ + ■ 


a-x- 


(1 + <-) (1 + p )(2 + r ) 


+ • 




J)v got — {a-i’/r (1 _ ,.)}{! + 


(1+'-) (2 + >') (3 +v) 
ax a^x- 


+ ■■■}, 


(1 —>’) (1 —»')(2 —>’) 




{S V") - {*vr(r)}{2 +1,") «„•«'*} 


where B{m, n) — r(m)r(72)/r(w + 7?.) , 

00 on 

0^/ (2 (—")}(2 ^+1> —") V') > 

n=:0 M=o 


= { — sin 'TT 1 / (1 4- p) /tt} { 2 B (n -j- 1, — r ) . 


PROBLEMS 

1. Verify the first five formulas in the table of fractional derivatives. 
!2. Discuss the function 

u(x) = . 

3. Prove that 




x\^ — j 


4. 


Prove the formula 

V'TT aj 


“ r(w+%) r(2rH-l) 
"^r^n+i) r(2w+%) 


5. 


Show that 

Tlix) 


{X -C) V 

r(^+i) 


00 p 

2 




{x —c) 
ml 


m 

- (a;) . 


10. Functions Permutahle With Unity. The fractional opera¬ 
tors that we have just discussed can be regarded also from the point 
of view of the permutable functions of Volterra, the theory of which 
we shall consider more adequately in chapter 4. For our present 
purpose let us define a function of composition of first kind by means 
of the symbol 

yj{x,y)= {’'f(x,t) g{t,y) dt , 

Jg 

which we can denote in the convenient form f{x,y)^f^g. If it 
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happens that the two functions / and g are so related that 

/ g^g = 1 = / , 

then / and g are called pennutable functions. 

The group of the closed cycle consists of functions permutable 
with unity; i.e., the class of functions {f(x,y)] , which satisfy the 
equation 

y) =" [ fUr, f) • 1 dt = [\.f(t, y) dt . 

Taking ]>artial derivatives with respect to y and x we see that 
satisfies the equation 


dip/dy ~ — d'if/dx , 

from which we deduce that is a function of the form 'ipiy — x). 
Moreover since f {x,y) is related to y) by the equation dy)/dy ^f(x, y), 
it follows at once that /(x, y) is also of the form /(^ — x ). 

Hence if f {x, y) and g{Xy y) are functions belonging to the group 
of the closed cycle we shall have 

r V r y-x 

fi\tgx=z f(x — t) g{t—y)dt— f{s)g(s — y-{-x)ds. 

, dx do 

Moreover, since f{x,y) s l is a member of the group, we can 
compute its successive powers of composition and thus obtain 

, rv-m 

1 1 = 1- \ dS = y - X , 

do 

1 =1: 1“ = i'’ = [ sds — (y — x) V2! , 
do 


*l"i= s'‘--ds/r(n —1) = ( 2 / — x)’^^/r(n) . 

Jo 

If we employ the further abbreviation y — X'=u we see that 

/ :j: i»< =7 r {/(s) (s — tt) (^)} > 

J 0 

which is the Abel-Riemann definition of fractional integration when 
n is allowed to assume all positive values. 

We are thus able to bring the theory of permutable functions of 
the group of the closed cycle into relationship with the theory of 
fractional operators through the conclusion 

oD„-V(m) =/* » U = y — x, V>0 . 
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11. Logarithmic Operators. Little exploration has yet been 
made of the properties of the logarithmic operator 

<p(z) logs , 

where tp (s) = '9?o + H is a function analytic about in¬ 

finity. A consistent definition of such an operator, however, can be 
given without diificulty following a suggestion of Volterra in the 
theory of permutable functions. 

Taking the derivative with respect to v of 

= r {x — ty-^f{t) dt/r{v) , 

•^0 

we obtain 

{d/dy)z-'’f(,x) <= —(s-’'logz) ->f(x) 

= f\x — ty--iiog(x — t)—r'iv)/r(v)}fit)dt/r(v) ; 

•^0 

that is to say, 

s-”logs->/(«) = r {r'{y)/riv )— logs} s‘'-*/(x — s) ds/Fiv) . 

^ Q 


( 11 . 1 ) 


For y = 1, we thus get 
Z-^ log Z-^fix) = — 


rv+log (« —t)}/(t) dt , 

Jo 


where C (Euler’s constant) is equal to 0.57721 • ■ ■ . 

We may then define log z f{x) as follows; 

logs-^/(x) =lim j {vxp{v) — V \og s] s'-^ f {z — s) ds , 

( 11 . 2 ) 

where we use the customary abbreviation tp{v) == F'iv) /F(,v) . 
For f{x) = 1, this becomes 


log s -» 1 = lim 


f {vxp(v) 


- V log s} s''-' ds 


:lim {x" [v(»'') +1/’'] — X'' log x} . 


From the equation defining the function, 
i/'(y + 1) —'V'(y) 1= 1/y , 
and the fact that ^ (1) fc= — C, we easily derive 
log s -> 1 = — C — log X . 
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Similarly we find 

log- S -4 x i= — C X — X log X , 

log -=* ,f:" = lim { {)’!/'(r) — V log s} s’'-^ {x — s) ” ds 

r~0 J (I 

lim [^/’()^) 4- l/v"] — log x 

V-0 

= — C .r” — .r" log X . 

Thus for the function /(r) = /„ + A® •+ -f • • • we are able to 
obtain the interpretation 

log ,c -* f{x) = —C /(,r) — f{x) log X . (11.3) 

Proceeding to more general considerations we find as an analogue 
of (7.3) the identity 

log c) —►/(.r) = ,':'‘'‘**'Mog 2 -»/(») . 

(11.4) 

Proof: Since 

2 -*' log ^ / (.r) ["{»/-(»■) —log {x—t )) dt/Piv) , 

we shall have 

2 -(‘ [s-' log s] fix) = r*{ (x — t) f‘-Vr (,n)} dt 

^ 0 

^\xiiiv)—logit —s))it — s)''-^fis)ds/riv) = ^ 

X J*{’/Kr) — log it — s)) (a; —f)f‘-^ it — s)'’-^dt/riii)riv) . 

By means of the transformation 2 / 1 = (t — s) fix — s), this may 
be written 

[a:-vlogs]-»/(«) = r7(s)/(a:,s) ds/r(/i)J"(r) , 

^ Q 

where we have 
Iix.s) = 

f\xpiv) — log [ (X — s) 2 /] } (a: — s) (1 — 2/)'^^ (x — s) y''-^ dy 

‘'0 

= (x — s)'"”"^ {y}iv)riii)riv)/ri/j.~\-v) 



80 


THE THEORY OP LINEAR OPERATORS 


= (x — {ip(v) r (fi) r (v) /r (fi -f- v) 

— log {x — s)r(/i)r(r)/r(fx + v) 

^r(fi)r (v) bl> v- (r) ] /T ifc +,.)} 

= (a; — {y(^ +y) —log (x— s)}r(fi)r (r)/F v) . 

When this is substituted in the integTal we see tliat we have 
established (11.4). 

Making use of this result we are immediately ai)Io to interpret 
the symbol q)iz) log z fix) . We thus get 

q^iz) logs fix) t= 

{<Po log 2 + <PtZ-^ log Z + <p.Z-- log Z -1-} ^ fix) ^ 

— (pc{C 4- log x) fix) 

+ J^{P(x — t) —log ix — t) Qix — t)} fit) (It , 
where we abbreviate 


Piv) win) q>ny”-yrin) , Q(y) = ■'//’(»-) . 


It will also be useful for us to have the identity 

log Z (z-f* -> /(x) } t= 2 rA (log z -> / ix )} , 

(11.5) 

which assures the commutative property to the operator log z. 
Proof: Giving our attention to the left member, we have 


log z -» {z-f^ fix)} = log z 




-V(t) dt/Fiu) 


: lim I (x — t) \p iv) — V log ix — t)} 

VsO *^0 

X r‘(t —s)/‘-'/(.s) d.s-/Z ’(/0 

•/o 


lim r/(s) ds I (x — t)'’-^ it — s)i*~X»'i/>(>') 

V=:0 •J 0 V S 

— V log (x — t)} dt/F ifi) 

lim r/(s) ds r [vrpiv) —»'log[(x — s) (1 — y)]} 

V-0 •/ 0 J 0 

X(aJ — s)’'+f^ni — y)'''^y^’'- dy/Fifx) 
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..-.lim ( /(s)>'[y-(»■ + /<)—log (x — s)]r(»') rfs/-r(« + r) 

r-o ^ 0 

'= ) /(s)[v’(/')—log (a- — s)2ds/r(u) . 

But the last expression is seen to be equivalent to 

{logs->/(.T)} , 

which was the object of the proof. 

As in the theory of fractional operators there exists a second 
definition for log .i: which corresponds to the choice of —oo for the 
lower limit of integration. We shall derive this formula following a 
method used by Sbrana. 

Referring to formula (3.2) we let F(z) = (\ogz)/z and, noting 
the identity 

log= I {(<?-" — (?-'■-) /x) dx , * 
we obtain for G(0, (3.3), the expression 


J tOO /'OO 

{e'‘'Vw} d'lv I {(e-* — e-“'') /x} dx 

-ioo 0 

!= I dr/r {(?-* (1/2 .T i) | e'"* dw/iu 

-inn 


— a/2ni) 

^ -IQ 

Making use of the identities 


gto((-i) dw/w} . 


(1/2 71 i) 


(1/2 71 i) 



e"* dw/w<= 





0 for f < 0 

1 for f > 0 

0 for t < X 

1 for t> X , 


we then obtain 


G(t) = 



— 1) dx/x + 



*To derive this, we note 1/y- 


r.-, 

Jo 


dx and hence 


J; 


dy/y = log s 


J 'OO 

f] 


dx- 


f 

J 0 


^ (g-4? — /x} dx . 


See Riemann-Weber: Die PaHiellen Differential-gleiehungen der Mathematischen 
PIiysik,yol. 1 (1919), §26 (4); (1900), §23 (4). 
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r(x> 

G{t)c= — log i log .T (7* 

_ —logi — C (Euler’s constant). 

When this value is substituted in (3.2) we get tlie desired 
formula, 

z-^\ogz-^f{x)=: r /(t){C + 2w.T7 —log (,f —7)] r77 , 

-CO 

or by one ditferentiation, 

log z f(x) = {C -\-2n7ii) f (;r) 

+ z-^ r /(7)(logl/(.r—/)) r77 . 

-00 

The operator inverse to c-’’ log z can be attained by means of the 
solution of an integral equation due to Volterra. 

Since we have by definition 


Z-'' log 2 fix) = 


I 


(x — t){log (.r — t) — ipiv)] f il)(lt/riv) , 


the operator inverse to this will naturally be the one which furnishes 
a solution of the integral equation 

z-'’log zf ix) <= g ix) . 

Making use of (11.4) we first reduce the problem to the simpler 
equation 

log z~> fix) = 2 ’'-' -> g ix) ~ h (.c) . 

Defining a new function 

J *00 

{ttVr(i + s)} > 

0 

we shall prove that the desired inverse is given by the equation 


fix)c= — r Xix — t) hit) dt . 

J 0 


( 11 . 6 ) 


To show this let us note that 


z-^logz-^fix)=~ Tcc+log (a; —t)] fit) dt 
J 0 

c= — lim id/dv) {sr” -» f (aj)} • 
We then form the following identities: 
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r X{t — s) „D«-’’/(s) ds~ 

J 0 

fA(f — s)ds f f(r)(s — r}''-'-dr/r{v) = 

( f(r) dr r X(t — s) {s— r)'-^ ds/r{v) = 
f f{r)dr l^d,/ f‘(t — s)’>(s — r)--^ds/r(l -i-^)r(r)^ 
r f{r)dr —+ = 

Jo J"" —^■)Vr(i + 7j)}df/ . 

Taking the derivative with respect to v of the first and last mem¬ 
bers of this sequence, we get 

r X{t — s) {d/dv) „Ds-''f{s) ds 
^ 0 

= {d/dv) fir) dr f” {(f _r) Vr(l-h ??)} d 

•Jo J V 

= — r {t — r)''fir) dr/r {l-\-v) . 
J 0 

Letting v=l, we finally obtain 

r Xit — s){z-‘ log 2 ->/(s)) (fec=: — z-^-^fit) , 

J 0 

and hence, since z-'- log z f is) <=his), we reach the desired result, 

fit)'= — z- r Xit — s)his) ds , 

J 0 

or in terms of g ix) , 

fit)<= — f Xit — s) gis) ds , 

J 0 


. -yv+l , 


f Xis)git — s) 
J 0 


(11.7) 


ds 


The ideas which we have set forth above are capable of an ex¬ 
tensive generalization, which we may describe as follows: 

Let us denote by p the derivative operator p <= d/d v , and by 
cpip) & power series in p. We may then write* 

*It will be noticed that we have replaced /(t) in the integral by eO-®)*, since 
fit) = fix) -t- (fr-a;)/'(») + («—»)* r(»)/2! -!-••• = «<*-*>* -> /(*)• By 
this device we are able to discuss the pure operational symbol itself. 



84 


THE THEORY OP LINEAR OPERATORS 


<p{p) z-'’t= ff(p) r {(•!'— t)'’ > 

^ 0 

from which we derive 


2 -v^(_log 2 ) _ ( {<r{p) {x — t)'' '/I'iy) } ("• <11 . 

^ 0 

(n.H) 

For example, if tpip) =2?-, we obtain from (11.8) the formula 
z-'’ log- 2 = J S'’-' e-'- {log- s — 2i/’ ()’) log .s- ip- ( v) 

— Ip' (r) } <h/r {>') , 

t= y (>') log S -4- r s'’-' C-'- (log- .s- — ip' ( r) } <ls/r(r) , 

J 0 

(ll.S)) 


We shall find it convenient in another place to consider tlie case 
where <p{p) —P", from which we obtain, 

2 -'’log” 2 = (—1)” r -^{(x~t)'’-'/r{r)] (it . 

Jo O’* 

( 11 . 10 ) 

The problem of inversion is similarly generalized. Let us, for 
example, multiply 2 -'"+*' by #(//) and integrate from 0 to oc. We tl'us 
obtain 

r 00 px 

^V+l j ^V+1 I J - t) (U , 

•^0 •^0 

( 11 . 11 ) 

where we abbreviate 


J ‘ 00 

{i?(/i) sf‘/r(//+l)}oi/. . (11.12) 

0 


Let us assume that the desired inverse is the function F{z). The 
function ’d'{p) is then to be determined so that the left member of 
(11.11) shall equal F{z). That is to say, if we write 2 in the fonn 
giogs^ we are to determine i?(/<) as the solution of the integral equa¬ 
tion. 



eri"°B = d/.i — z-" F (z) _ 


This, we observe, is an integral equation of the Laplace type, the 
inversion of which has been extensively studied. An account of the 
methods available for its solution has been given in section 7 of 
chapter 1. 

As an example let us determine the inverse of the operator 
z-i'ia — log 2 ). 
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We first consider the equation, 


0 


C-Jl log =: = 1/ (u log z) , 

which we note has the solution z= . 

The desired inverse is then derived from (11.11), 


(11.13) 


whov 


I dfc~z'' r —logz) 

^ 0 Jo 

^.r.i ^ (11.14) 

^ 0 

poo 

ore we write I{s) = sf^/r{fi + 1)} dfi . 

o 


If we set a=-~0, this result is essentially equivalent to (11.7), 
wliich we derived by a longer and more difficult argument. 

12. Special Operators. In this section we shall list a number of 
special operators which will be important to us in later chapters. 

(a) Of pai-ticular importance in the theory of the difference 
calculus is the operator 


->/(*)=/(a;-f-a) . (12.1) 

This follows at once from the Taylor transform of f(x) as we 
see when we replace t — .r by a. and « by / in (6.3). 

It is obvious that the difference 


/|,/r=/(x-|- 1) — fix) 

can be written 

Ox/= (e- —1) -^fix) , 
and in general the rtth difference, defined by 

Ax'i == -d [d/*-’/] —fix + n) — tt/ (x + n — 1) 

-\-nin — 1) fix-\-n —^2)/2!- ±fix) , 

will appear symbolically 

d//,= (e~' —!)»->/(a;) . (12.2) 

(b) It is also useful to consider another operator intimately 
associated with the preceding one. 

If, in the series 

y z=u (a;) -I- tt(a; -}~ 1) 4” (a:-|-2) -j--|- M(a; -f- ti) ■ 

(12.3) 
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we replace w(x+n) by we can write (12.3) in the form 

-\-e^=-\ -c”- -\ -) (:r) 

Making use of the well-known expansion of 1/(1—c')*, we can 
write this 

y — (1/2 — 1/2 + ! -j- !-) n{x) , 

(12.4) 

where the Bi are the Bernoulli numbers 

t= 1/6, B 2 = 1/30, Bs rz= 1/42, B, = 1/30, B, o/liO, R„ ^ - 
691/2730, B, = 7/6, Bs-= 3617/510, 43867/798, 

Z?,o^ 1222277/2310 -t 

In order to explore the convergence of this scries we make use 
of the formulaj 

Bp ^ 2 (2p) ! (1 1/2='- + 1/3='- +•••)/ (2.^) , 

from which we have, in the limit, 

lim {Bp,,/ (2p -f 2)!} X {(2p) l/B,} 2 = -= z"-/4n^ . 

P=0O 

*See Wliittaker and Watson: Modern Analysis, 3rd cd., Cambrid^^-e (1920), 
p. 127. 

fAdams in tlie report of the British Association for 1877 p;*ives tables of the 
first 62 Bernoulli numbers. These have been extended to 90 by S. Z. Serebren- 
nikoff. See H. T. Davis; Tables of the Higher Mathcviatical Functions, vol. 2 
(1935). 

JTo achieve this formula we notice that 

Vz i cot Vz 'i cos Yz iaVsin Yz ix = Yz (cM -)- c ‘i^) / — v 

— Yz(l+ c-^) / (1 — CJ-^) =: 1 / (1 -- e . 

gr) 

But we also know that “tt cot ir z =: 1/z + 2 hence 

1/(1 — er^) — 1/2 = 1/2 i cot Yz ix = 1/x + V 2x/(x;^ + 4 ^ 21 ^ 2 ) 14 ^ 

2 {l/ 4 ' 7 r %2 — a;V( 4 w 27 ^ 2)2 ceV( 471271-)3 . Comparing this with the 

9X=:1 

expansion (12.4) we at once obtain 

CO 00 

2 21 /(477292,2) p — (i/22?)-i7r2i») ^ l/u^P = B/ (2p) ! , 

^1=1 n=i 

from which we derive the desired formula 

Bp = 2(2p)! (1 + 1/22P + I/32P -) /( 27 r) 2P . 

The Bernoulli numbers were first given by James Bernoulli in Ars Conjee^ 
tandi (Basel, 1713, p. 97). He exhibited their usefulness in the summation of the 
powers of numbers and boasted: "‘Hums laterculi beneflcio intra semi'-quadran- 
tern Tiorae reperi, qmd potestates dedmae sive quadrato-sursolida mille primorum 
numerorum ah unitate in swmmun collecta efficiunt 

91,409,924,241,424,243,424,241,924,242,500' 
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We thus see that the series converges for values of z in the in¬ 
terval Q <z <271, a, conclusion that we might have reached directly 
from the fact that the singularities of 1/(1— e^) are 2 = 0, 2m, 
4m, . 

Equation (12.4) because of its central role in the integral calcu¬ 
lus of finite differences has been the subject of much study, but most 
treatments of it introduce an arbitrary constant because of the pres¬ 
ence of the polar operator I/ 2 . It will be shown later that this in¬ 
determinacy can be removed by assuming the integration from — 00 . 
We shall then replace (12.4) by the more comprehensive formula 


V'- 


r (—1 + 1/22 —Bi2V2!-fi?22V4! 

•^-00 

— S32V6I + ---) dt . 


(12.5) 

As an example let us consider the summation for the case where 
u{x) 1 = 1/x- . We should then have 


j : 


_ 2 !/2a;® — 1/2 + BS !/4 Ir® 

— BJl/6lx^-^---} dx 
= l/a;+l!/2a:= + Bi2!/2!r3 —5241/4 !a:= 

+ 536!/6!a;^-. 

Although divergent, this series is summable by the method of 
Borel (see chapter 5); applying to it the integral 


we get 


/■ 

0 


e-xt fn 




r 

j 0 

0 


(1 + 1/2 + BityS! — 52^+4! + B^P/e !- ) dt 


J *O0 

{te-^^-»t/(e^ — 1)} dt . 

0 

For a: = 1 this reduces to the well-known sum 


y 


nco 

•^0 


■ 1)} dt = jrV6 . 


More generally let us write u{x) = l/x™, m > 1 
then have 


We shall 


1 /' 


r* {— l/x® — m/2x'^^ — B^m (m + 1) /2 

•/ —00 

1 ) (^ *+ 2 ) /4 IxP^^ ' * * 1 
:l/{m — 1) XP-^ + l/2a:“ + 5im/2 

—52TO(m+ l)/4Ia:«« + ••• 
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^ — J°° e-^‘ ! 

_ ! + •••) df/r ( m) 

c= J*°° (e* — 1) 4-^} dt/r (m) 

J 0 


For a: = 1, OT = 2w, this formula yields the well-known result 
2/ = :jz2»5„2"’-V(2«) ! . 

Hence if n{x) is a function of the fonn 

u(,x) = Ur/X’’ -j- Uni/X'^*'^ -j- , 

where r is a number greater than 1, we shall have 


y{x) = 







( 12 . 6 ) 


If we adopt the customary notation of the zeta function of Rie- 
mann, 

Him, x) c= 1/a:”* -f 1/ (x-f 1)"* -f 1/ (.r+2) + • • • , 
and note that 2 /(x) is the series 

y (®) '^r C (^) aj) -j- tir+i t (r^j-l; a;) -|- — , 

we obtain from (12.6) the well-known formula 


r 00 

C (m, x) = j {e-^* t”*-*/(1 — er*)} dt/V (?n) .* 

Jo 

If series (12.3) be truncated at the nth term, so that 
y '• — n(X) —|—n(x—|—1) —|~n(X”|—2) -.j— ... —j—n(x—j——1) , 
then the finite sum may be expressed symbolically in the form 
2/= (l-_e»«)/(l_e-') ^M(a;) . (12.7) 

This function is readily reduced to derivatives by means of the 
identity 

(1 _ e-'-O/d — e-') = £ <p^{n) ! , (12.8) 

Jtel 

where- <p^ (n) <=w — i/apn?-!-!- ,0^ By By -j- j,Co By 

— ••• is the Bernoullian polynomial of order p. 

’See -Whittaker and Watson; Modem Analysis, 3rd ed.. Cam-bridge (1920), 
chapter 13; in particular, p. 266. 
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PROBLEMS 

The following problems contain many of the formal results basic to the dis¬ 
cipline generally referred to as the calculus of finite differences. The following 
abbreviations are employed: 

Ej.= l + A^ ; E/-^u(x)—v,{x+p) ; 

^u(x) =A-iu(x) =UmA-iu(x)—limA-iu(x) ; 

*(>» = a:(a:— 1) (aj— 2) ••• (a:— w.-1-l) = r(a:+l)/r(a;_m-H) , 

*(-n) = l/[x{x+l) {x+2) ••• (x+f>r-l)-l = T(x)/V(x+n) ; 

Ar 0" =: lim 4^ £C« = lim ~ x(n) 

fcO ar=:0 

These last two symbols are called respectively the dijf erences and differential 
coefficients of zero. Numerical values for them will be found in Davis: Tabbies of 
the Higher Mathematical Functions, vol. 2, pp. 212 and 215. 

1. Expand E/ —> u(x) = (l-fA^)p —> u{x)f and obtain Newton^s inter¬ 
polation formula: 

u(x-i-p) = u{x) + A t6(£c) -b A%(a;) + ^ A3w(a;) , 

21 8! 

2. Prove that 

AT Qr == r {AT -f A^-i , A^ 0^ = r! , A 0^ = 1 . 

3. Establish the following formula: 

(A — Ay2 + A3/22 — AV23 H-) 02«-i 

=:(-_!) 2 (22«—l) BJn , 

where is the nth Bernoulli number. (Herschel). 

4. Prove that if P{x) is a polynomial with constant coefficients, then 

P{et) ==P(1) -f tfP(E) 0 + ^P(E^) 02 + ^P(E)03 4- • • • , 

This is known as HerscheUs theorem, being found in Sir J. P. W. Her- 
scheFs: Examples of the Calculus of Finite Differences, (1820). 

5. Prove that 

”1-, D»*0<^>=r! , —l)^+=i(n—1)1 

6. Establish the following expansions: 

n 

2 O'V^I , 

r=o 

n 

r=o 

7. Verify the following table of differences: 

(а) A £i;(»») c= n , 

( б ) — nx^’^Ti-i) ^ 

(c) A»»£c»^=:n! , 

(d) A(ax+b)(^^ ^ an(ax+n)<”^^> , 
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(e) A(a«+6) =—a«(aa;+6) , 

(/) ^ . 

, , . M* ^ -It* A 

(S') ^- 


(h) Aa.'»^-p+«> = (a^ —1) , 

(i) A sin (ax + b)—2 siny 2 €L cos (ax + b + V^Cl) , 
(i) A cos (ax+b) = —2: sina sin (ax + b + Yja) 

(x-\-n)P — 2 )'/ (x-i-ti — 4 )'’- 


(Jc) A'»‘ log: X = log*" 

^ ^ ^ ^ ■ 

where pr q, x, - • • are the binomial coefficients • • 

• • • the binomial coefficients, ^^Co, . 


and P, Q, 


A 'l 0 ^' "' ^ A '» 0'^'“ 

(n A” 2^ H-)3"+l -> u. +-- 

^ ^ ^ (n+1 )! ^ (ri+2)! 

8. Verify the following table of inverse differences: 

(A) A-i a;(”> = ic(”+i)/(7i-}-l) , 

(B) A-i =ic(-"+i>/(— n-Yl) , 

(C) A-i(ax+b)(^^) = (axi-b)(^^^V[a(n+l)} , 

(D) A-i(aa;-l-6)(-»^) = (aa;+6)(-^i)/[a(~n + l)] , 
(JS?) A-*i a; • £c! =: £icl , 

(F) A-iA u^) =u^v^ — A-iA v^) , 

( (j ) A-l A: aw<!r+& ::3:: Jc —1) , 


,»m2 -9.-^ 


(H) A~i ic a®: 


[a; — a/(a^l)] , 


0^1 

(J) A-i sin(aa;4-6) =—cos(aa; + 6—%ct) / (2 sin , 

(/) A“i cos(aa;d-5) =isin(a6 4- 6 — % a)/(2 sin %«-) , 


(K) A~i 


OP 


a —1 


a a- 

-A w, -j— . A~ “U -j™ 

0—1 ^ ( 1) ^ 


9. [Find the value of the sum 2 -f- 2-2^ -H 3^ 2'** *+• • > • + n- 2'*-. 
Solution: Making use of problem 6 and (K) of problem 8, we have 

A-I a ;2 2^ = A-i (g;( 2 ) + a;) 2^ = 2^ (x'^ — 4a; 4-6) . 

Hence, since 2 2® = A-i ojs 2 ^ 

a)=:l 

we get 

2a;2 2^ = 2®(a;2~4a; + 6) =2n 4-3) —6 . 

»=i 

10. Show that 

nl 


1 


1 ! 2 ! 

»+X (x+1) (fl:+2) 


H- 


(a!+l)(!e 4 - 2 ) (»+») 


= J_I1_ («+Dj 

X —1 (a;4“l) (i*?+2) • • * (i^+'W-) 
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11. If we abbreviate, 

S„(p) =• i» + 2'* + ; 

compute S^ip ), (p), (p), (p) . 

12. Using the notation of problem 11, prove that 

S,(P) +S,(p)^2lS,(p)1^ . 

13. Prove that 


14. 


m m(m —1) 

1-h 

n + 1 ()i+l) (n-\-2) 

Making use of (/), problem 8, show that 

sin X + sin 2x sin 3a; 4- • * • -j- sin 7ix = 


y 

m-\-n 

sin Vzyix sin V 2 {yi-{-l)x 
sin Vzx 


15. Making use of (J), problem 8, show that 


cos X + cos 2x -}- cos Sa; • -f cos yix ■ 


cos V 2 nx sin V 2 {n-\-l)x 


sin Vzx 

(c) A third operator useful in many places is the following:* 


( 2 -|-A:)"/(.t) = /(a;)]} . (12.9) 

That this operator is valid for fractional as well as integral 
values of n can be proved as follows: 

We first extend the well-known formula of Leibnitz for the dif¬ 
ferentiation of a product to the case of fractional operators. (See sec¬ 
tion 2, chapter 4). 

For this purpose we write 

cD.-''{U(x) V(z)}^ V{t)/r(v)}(x — ty-^dt 


= U{x) {\v{t)/r{v){x — t)^-'‘)dt 

c 

— U'ix) {V{t)/riv){x~ty-'')dt 

-I- {C7"(a:)/2!} £{V(t)/r(v) {x~ty-y dt -. 

from which we at once obtain the desired formula, 
cD.-^iVix) V{x)}<=Uix) V^-''Hx) —vU'ix) 

(v+l) U"ix) (*) /2!-. (12.10) 

Returning to the main problem, we then write 

g-to ^ }<==er’^ -> (e^ , 


*See J. Edwards; Differentiai Calaulus, 8rd ed. London (1904), p. 70. 
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Where m is an integer and ,u is a fraction between 0 and 1. Then in 
(12.10), setting U{x) equal to and F(.t) equal to f{x), we get 

e-te 2 -. (gte (/(x)} = er’^^ z"‘ {e*^ [/*-'*> (a:) 

—u k -f (,« + 1) ='/2 !■•■]} 

^ Q-kx ^ k Z-^ + ,W (.« + 1) k- z -/2!-] /'■ (a-) ] . 

This expression reduces to 

e-to [gte (1 k/zy^^ /<-'*> (.r) ] ----- 

[(1-f (z f {x) , 

which was to be proved. 

(d) (Hadamard’s Operator). In the third part of his classical 
paper on analytic functions Hadamard considered an operator which 
is closely related to the operator for fractional dill'erontiatiou and 
integration. Designating this operator by the symbol S^yfCx), we 
may define it as follows: 

fi,,-'’f(x)= { (log X — log t)*’'/(t) d(log t)//’('»') • 

J 0 

(12.11) 

By means of the transformation t — ax, this operator may be 
written in the form 

Q,-y f{x)x= r (log 1/a) {/ (sx) /s} ds/r (v) . 

J 0 

The most significant property of Qx~'’ f{x) is found in the fact 
that the index law holds for it; that is, 

Dx-''Dy»*/(«) ■=f3«-<’'-^'‘>/(x) . (12.12) 

To show this we write 


D,-’'{D*-m/(x)}= (\ilogx/ty-ytriv)}dt 
J 0 

X f ‘ {(log i/s) / (S) /S r ifi) } ds 

J Q 

{/(s)/s}ds J*{(iogx/t)’'-" (iogt/s)f‘-vtr (v) r ifM)} 


dt 


If we abbreviate the second integral by / (x, s) and apply to it the 
transformation log t = 2 /, we then obtain 
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J ' log ^ 

(— 2 / +log a;I”-! (y — ]ogs)i>^-^dy/r(v) r(fi) . 

log S 

Making the further transformation r t= ( — y log x) / (log x 

— log s) , this integral becomes 

I(x,s) c= (logx’/s)'''^M-i Ps''-! il — s)i^--^ds/r(v)r{fi) 

«/ 0 

= (log x/s) /r(y-Jf-v) , 

which, when substituted above, is seen to establish the identity. 

If / {x) is a function analytic about the origin and vanishing 
there, 

/ (x) c= f-^x -|- /2X" -|- /aX^ “!“■■■ > 
we see from the well-known formula 


r (log (Zt = r'(>')/m'’ 

0 


that the Hadamard operator transforms /(x) as follows: 


00 

n,-’' /(x) = £ mr'’ . (12.13) 

m=i 

(e) {The generatrix operators of Laplace). The basis of the 
calculus of generatrix functions which P. S. Laplace adopted as the 
analytical method of his TMorie des Probabilites is created from two 
operators G and D defined thus: 

If /(x) is a function defined by the series 

00 

/(x) c= £ a{n) X” , 

W =-00 

where a(n) is a function of n, we shall then have, by definition, 

Ga{n)=f{x) and Df{x)^a{n) . (12.14) 

The function f{x) is called the generatrix of a{n) and a{n) is 
called the determi'namte of/(x). 

The use of these symbols and their connection with other opera¬ 
tors may be illustrated in the following way: 

Let us assume that /(x) is expansible in the series /(x) t= 

00 ra 

£ a.(w)x”. Then since/(x)/x«=£a(«) x"-™, we obtain from 


(12.14), 


Ga(w.4-w) =/(x)/x’" . 
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Also, since 

{1/x — 1) fix) c=a.(0)/ar[«■(!) —^(O)] -]- 

[«(«+!) —«.(*)].r'‘ + 

•we have 

G[Aa(n)] = (1/x — l) fix) 

where Aain) =ain-\-l) — ain) . 

More generally, but in similar fashion, we prove Uiat 

G A"^ din) •= il/x — l)’"/(.r) . 

In order to apply this formula to the calculus of finite dill'erences 
we write 

fix)/x”'= (1 + 1/r —l)«/(.'r) = [1 + m(l/.r —1) 

+ m(m—DdA —1)V2! + --- ] fix) . 

Operating upon both members wiith D we then get 

Dfix) /a:”* = a(w-|- ^) =«■(•«•) + ni A afn) 

-\-mim — 1) zl- a(»)/2! - , (12.15) 

which we recognize as Newton’s formula for interpolation. 

For a more complete account of the significance of this operator 
the reader is referred to section 7, chapter 1. 

if) (The “Calctd de Generalisation” of Oltramare). An op¬ 
erator resembling in some ways that of Laplace was made the basis of 
a calculus by G. Oltramare which was developed and applied by C. 
Cailler and D. Mirimanoff in numerous ways. 

The calculus is based upon the operational symbol 

Ge®“t=^(a;-1-a) , 

or more generally, 

-== 9 ?(a;4-a.,i/ + b,s-|-c,--- ) . 

From the expansion 

Ge““ = G [1 -f fttt -f iau) V2! + (a^^) V3! ^-] 

t=q)ix) -j- a/p'ix) -f- a"(p"ix)/2 \ -f- • •• 
we derive the fundamental operator 

G%d' = fpWix) . (12.16) 

In illustration of the application of his calculus, Oltramare ap¬ 
plied it to the solution of the functional equation 

fix,y) — afix — 1, 2/-l-l)=0 . 


(12.17) 
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Since we have by definition 

GeF'^^=^f{x, y) 

and 

equation (12.17) can be written symbolically 

Q^xv^irv (1 — a.e-«+t>) ^0 , 

from which we get 

l_ae-“+" = 0 . 

Mailing use of this relationship betwieen and v we write 

^Tu+yv Q~y q(x+v)u 

Operating upon these functions and recalling definitions, we then 
obtain 


Qgxxwjv ^ j: _j_ [x -\-y) , 

where <p(s) and i9(z) are arbitrary functions. Since the last term 
may be written + y) ], it is clear that these solutions are 

essentially equivalent. 

The calculus is also extended to functions represented by definite 
integrals 


G/(t0 = 


for example 



dt ; 


J»00 

e-^* e-*^'dt/r{n) , 

0 

n 00 

Gl/(M4-a)”= I e-<^*t^^cp{x — t)dt/rin). 

do 

The Liouville definition of fractional differentiation is obtained 
as a special case of this formula. Making the specialization a = 0, 
and n = —^ + m and recalling (12.16), we then get 


r 00 

Gui^-m — d.M«q)(x)/dxt^y'<= — t) dt/r{m — fi) , 

^ 0 

which we see is identical with the definition of Liouville discussed in 
section 7. 

It will be seen from this description that the calcul de generalisa¬ 
tion is not the development of a principal of functional transforma¬ 
tion but is essentially a table of symbol equivalents which is indis¬ 
pensable for its application. The table given below includes some of 
the most common elements. 
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TABLE OF G- TRANSFORMATIONS 

(1) 

(?MW=r (*) , 


(2) 

n CO 

(?(« + «)-«= J 

J 0 

— t) dt/r(n) . 

(3) 

= (5C) = J 

r* 00 

0(a: — t) dt/V (n - ni) . 

0 

(4) 

Ge^'^ — cf>{x a) . 

(5) == 0(.r) . 

(6) 

n oo 

Qe<m^— (IZ-TTi) e-y"- 

J -OO 

<56[*u -}- 2/(<///) ^] c^// . 

(7) 

G l/(e®“ + e-o") = % 

/* 00 

1 (‘^* + -h (' - ^0 } <ly • 

•/ -00 

(8) 

n 00 

Gl/coscnt= 1 

J-QfJ 

4- at)/ -t~ c^-iTT/)} dt . 

(9) 

G l/(a2 + hHC^) = (lA 

?r) I ’<p{x 4- yi) -1- 0(.i’ — yl) dy 

«/ 00 

X j {cosyv/ia- 4- h-v-)} dv . 

^0 

(10) 

G sin au = (l/2i) (a? + ai) — ^{x — ai) } . 

(11) 

G cos aw = % (a + ai) + 0 (a- — ui) } . 

(12) 

G e-wV4g2 ^,Qg 



f 03 

= (g/'^^) j {.plx + (t +a)i] + 9 i[a; + (t — a)i] } dt . 

J ~oo 

<13) 

G e-!/V4M/M.J = (l./CTi) J 

a oo 

<P{x — V-) cos yvdv . 

0 

<14) 

G 1/ (ot- “I- hu ctt^) —— 

{1/(62 — 4ac) 0 1 ^^ ^ ^ 

J 0 



- (Z)2-4aC) V2/2C} 0 (.;c - i) dt , 52 >*!«€ 


= {2/(4ac~-62)i} r 

e-oi/ 2 c sin ^ — 62) i t/2c} <P {x — t) dt , 


t/ 0 

h- < 4^k* 

(15) 

G l/(a^ + = (1/*^) j 4“ 2/0 +0(a; — yi)) dy 

J 0 



X 1 (cos yv/{a^ 4 - 6^v^)} dv . 

d 0 
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(16) G = iri 


‘T f 

•^0 *^0 


e-ay/t yn~i f/iw+i} { 9 b (x + yi) 


-4>{x — yi)) dy dt . 


(17) G e-a^^-'-zzz (l/TTi 


(18) (l/TT) 

^-CO *^-03 

(19) G 1/(1 — 6 ^'^)-=:.— V24^{x) 


r 00 

-) I e~i‘<Plx — aV4i2] 

j: 


dt 


e-s--t^ (fi(x — a/^^sH-)ds dt 




[{e^u + e-’T!') ^(s; 4 - ayi) /{e^y — e-'^v )} dy 


( 20 ) G 1/(1 + 6 "“) % 0 (x) + * { 0 (a^ + ayi)/(e'’v — e-'^v)} dy . 


(21) Ge'>V(l —e“a) =—i^ 0 (x-+ 6 ) 


X 


y2i {(e’fi/ + e-’T!/) 0(a- 4- t + ayi)/{ 6 ^y — e--^y )} dy 


(22) G 1/(2; 4 - 9 m) = f e-i‘> 4 >(x — qt) dt . 

•Ja 


The efficacy of this table in the solution of certain types of in¬ 
tegral equations will be evident from an example. 

Let us consider 


J * 00 

e-p^<p{x — qt) dt — f{x) 

0 

which from (5) and (22) can be written 

G 1/ (p + qu) . 

From this we at once derive 

G l = .99(a;) =Ge^^ (p4- qu) =p f(x) + Qf'(^) • 

It will be clear, however, that this process is entirely formal and 
the operator gives no information regarding the validity of the solu¬ 
tion thus attained. 

The method within its formal scope, however, is general and 
yields the solution of the integral equation 

pi3 

q){x — T^,y — T2,-') T dti=f(x,yr-) , 

•J a 

where T, T^, T 2 , are functions of t, in the symbolic form 
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<p(x,y,--)^G{cf 


J/ 


Tdt] . 


PEOBLEMS 

1. Given F(z) = e^', compute F(z) (! + •*’) . 

2. Prove that 

g(a,c)2 —^ e-^2 — 4> (a) c-®V(l-f4a2) ^ 

where we abbreviate 

0(a) = l-2!a=+^a^-^«<-'+ - - . 

See C. W. Oseen: Sur une application des mcthodc^s sommatoires de M. M. 
Borel et Mittag-Leffler. Arkiv for Mat.^ Ardro, ocli Fi/Kik, vol. 12 (1917), No. 
16, pp. 1-13. 

3. Defining 6 = xz, prove that 

^ —> ?t(;r)=?/[.(*/( 1—f/.r)] . 

4. If e xz, show that 

d 

0 0(n) 0 . 0{n) 0 — 0(n) ^ 

do 

Hence show that 

^( 2 ) z=i e + e- , 

(9(3) 1= (9 -}- 3 (92 4- ^3 , 

^(4) = (9 + 7 6>2 + + (9^ , 

^(r.) (9 + 15 (5,2 4- 25 + 10 6‘^ -f ^ 


ew = 6> + S./ 4 H- • • • + o>^ , 

where the coefficients are defined in terms of differences of 'Z€r(\ 

[Ar o»i]/r! . 

(For numerical values see Davis: Tables of the Higher MathematimJ Fu-ncthnis, 
vol. 2, p. 212). 

5. If G z=: xz, show that 

x2z^= e{6^1)z=zei^)-^e , 

ir3 2;3’= e{e—l) {0—2) —-3 ^<2) 4 2 (? , 

X^z^=${d-^1) (6'~-2) ((9—3) =1(9(4) — 6 <9<«9 4 ll(^M2) <9 , 


0in) 4-^(3) + (9(2) 4 , 

where the values T/' are defined in terms of the differential coefficients of zeroj 

Tn =: [A»-0i(’^)]/r! . 

(For numerical values see Davis: Tables of the Higher MatheniaMcal Functions^ 
vol. 2, p. 215). 

6. Prove that 

tt-i 

g(n) ->2A„(log «:)«»= 0 . 

7. Prove that 

^(n) 4 -J92.) (» 1 ) w(£C) , 

and hence show that 

F{o) —> (x'^u) = x'^lFie 4 w) "» w(ic)] . 
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13. The General Analytic OperoAor. Having thus sui*veyed what 
we might call the elementary operators, we turn to a more compre¬ 
hensive theory which will include the preceding as special cases. This 
theory centers about the properties of what we shall refer to as the 
general analytic linear operator, which possesses the expansion. 

F{x,z) =zi^<p(l(ygz){A^(x,z) Biix, 1/z)} 

+ 2 '' {AAx, z) + BAx, 1/z )} . (13.1) 

The functions Ai{x,y), Bi(x,y) are analytic in y about y — Q, 
the latter vanishing there; 

Ai {x, y ) = ftio (r) —j- Oil (r) y -|- ft,., (.r) y~ —• • • 

(13.2) 

Bi(x,y) — hii{x)yA-i>i 2 (x)y--\-biAx)y^-{-- 

The functions aij(x), 6i,(x) possess a common domain of exis¬ 
tence (R), such that if x is restricted to this domain, the functions 
Ai (x, y) and Bi {x, y) exist for values of y within a second domain S.* 

Although it is our purpose to explore in the ensuing pages the 
many specializations of which the operator F(r, 2 ) is capable and to 
claim for it an important role in the general theory of linear function¬ 
al equations, no attempt is made or even contemplated to endow it 
with the title of the general linear operoAor. The intriguing general¬ 
ity of linear operation in the abstract has been made the basis of the 
school of mathematical philosophy inaugurated by the general analy¬ 
sis of E. H. Moore and is the object of the more recent investigations 
of N. Wiener, J. von Neumann, H. Weyl, and M. H. Stone through the 
medium of the Fourier integral and the Stieltjes-Lebesgue integral. 

We should also observe that the operators Bi(x,l/z) are in 
many cases essentially included in the operators Ai(x,z) since l/z" 
can be replaced by the generatrix function <9„(r, z) = [1 — {l-j- xz 
-}-(ccz) V2!-|- \-(xz)”^^/(,n — 1)!} , provided the con¬ 

stant limit of the integral is zero (or more generally any finite con¬ 
stant). In this manner the operators Biix, 1/z) are transformed for¬ 
mally into operators without singularities. When, however, the con¬ 
stant limit of the integral is infinite, this is no longer the case since 
the generatrix function then becomes 

lim QAx — c,z) —1/z” , 

C=-00 

and the polar character of the operator cannot be removed. 

One of the most interesting features of the operational calculus from the 
present point of view is the variety of approaches to basic formulas. Emil L. Post 
(see Bibliography) has employed the following definitions in an effective manner. 


*While this statement is true in general, exceptions will appear in subse¬ 
quent developments. 



100 


THE THEORY OP LINEAR OPERATORS 


{f(D) =:lim |/(VAa:)r0(a:) =:lim|/d — 

] _Yq Ai'—^O [ j-^(1 All—*■0 [ JTq 

lim [f(l/^x) 9 (X) ^ f (l/^x) <PiX^Xx)/l\ Aa; + • • • 

A.t-^0 

/3={ d-AoVA^’} 

4- (—1) P fw ( 1/Xx ) <p {X—pAx)yp I AxP} , 

/(I^)r <p{x)z=^limU{VAx) <p{X)^r(l/Ax.) i>{X-^Ax)/l\Ax-¥ . 

J -GO A.r-i>0 

As an example we set f(D) ~ log D, <P(x) = 1, Xq finite. We then have by 
the first formula 


log (A/A X) 1^1 = log (1/A aO — 1 — 1/2 — • • • — 1/p 

)XQ 

r=—(14-1/2+ +1/7; — logp)—log(pA.r) . 

As A a; 0, 23 increases indefinitely and p A x approaches X — Further¬ 
more, as ^ “■> CO, the bracket has the limit C (Euler’s constant) and we thus 
get the value 

log(I)) /i = _C —log(Z —X„) . 

14. The Differential Operator of Infinite Order. Limiting our 
attention for the present to the operator 

A(x,z) —aoix) -\-aT_{x)z-^a^,{x)z'^/ 2 \^- (14.1) 

we shall first consider the bounds to be imposed upon its generality. 
The content of this discussion is based upon the work of C Bourlet 
and S. Pincherle, the development of the former being closely fol¬ 
lowed. 

Let us denote by S a linear operator and by S («) the value ob¬ 
tained when S operates upon some member, u, of a class of functions 
which we may denote by A.* 

The following definitions will be useful: 

An operator will be called contimmis when 

lim S lu (.T, /z.)] —S [lim u(x, h) ] , 

and regular when the result of operating upon every function analytic 
in a certain domain Z) is a function analytic in a second domain Z>'. 

An operator will be called uniform if it sets up a one-to-one cor¬ 
respondence between analytic functions. Otherwise it will be mtdti- 
form. For example, the definite integral is uniform but the indefinite 
integral is multiform. 

The following theorem shows the formal scope of the operator 
(14.1): 


*Bourlet uses the word “transmutation” for S and “transmute” for S (u). He 
says of tRe word operator; “Operation 4tait un terme trop vague et qui se pr§tait 
mal a la formation de mots derives.” 
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Theorem 1. Every uniform, continuous, regular, linear operator 
can he expressed in the form 

S{u) =A{x,z) -^u{x) , 

ivhere A (x, z) is defined by (14.1) and the coefficients are 

a„Ax) = 5^(0;”“)—„A 3^5+ „A x" -±a;'^5'(l) , 

in ^vhich mCi, mCi, ■■■, are binomial coefficients. 

Proof: For the proof of this we let S{u) be a uniform, continu¬ 
ous, regular, linear operator and we determine a function such that 
the difference 

S{u) — a^u 

will be identically zero when u = 1. We thus find that = 5(1). 

Similarly a second function, a.i(x-) , can be determined so that it 
will satisfy the condition 

5 (u) — aoU — 2 i' = 0 

when u is set equal to x. It will be readily seen that 
a.i(r)=5(x)—x5(l) . 

In similar fashion a. 2 {x) can be so constructed that 

5 (u) — tto M — aiU' — fts u”/2 ,! = 0 , 

when = X- ; thus we get 

a 2 {x)=S{x^) —2a:S(a;)-(-a’-5(l) . 

Continuing this process we obtain without difficulty the general 
formula 

a,„ (x) = Six”^) — mCi X S (a:™"0 -j- mCa S (r“-=)- ± 5 (1) , 

(14.2) 

which can be established for the general index by induction. 

Now consider the series 

Tiu) =A(x,z) -> uix) 

which for every analytic function u(x) that renders this series con¬ 
vergent will define a uniform, continuous, regular linear operator. 
Then the difference 

U^S — T 

is a unifO'rm, regular, continuous linear operator for which, moreover, 
the transformation of 1, x, a;% ••• , namely, of all the integral 
powers of x, is equal to zero. 
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Now suppose that u(,x) is a function regular in the neighborhood 
of Xo , 

u(x) c=Ao-\-Ai{x Xa) - Xo)^ ■-\-Am(X Xo)”*-]- ••• , 

and consider the polynomial 

Unix) Ag Ai{x -aJo) A^ix -Xo) -t- • • • 4" 

We shall then have 

S iu,„) - ^(^{„^) = U (Um) ■= 0 

for all values oi m. 

But since the operator was assumed to be continuous, it follows 

that 

U(u) <=U (lim Um) <= lim U (Um) ‘= 0 . 

m—>00 Wl-^OO 

We thus establish the desired identity 
SM=T{u) . 

It is possible to extend the application of theorem 1 to special 
cases even wlien T{u) does not converge for analytic functions regu¬ 
lar about X. Thus it is clear that T{Um) will always exist and it may 
happen that lim T{u,n) will exist without r(lim?<m) existing also. In 
this case we may assign to S(u) the value lim T (zLm) much in the 
same way as values are assigned to divergent series. 

If we indicate by means of a subscript the variable to which the 
operator applies, theorem 1 can be put in a form that is often useful 
in application. 

Thus replacing ti(t) in the operator Stiu) by its Taylor trans¬ 
form (6.3) and making use of the linear character of the operator, 
we shall obtain 

St{u) c=Jou(x) + JiU'(x) J 2 U" (x) /2l -j- 

+ J„u^’‘Hx)/nl, (14.3) 

where we have used the abbreviation 

/„ = S'i[(t —x)»] . 

PROBLEMS 

1. Derive Taylor’s expansion from theorem 1 by assuming S(u) =u(a). 

2. Assume that 

00 

« l =:0 

ajid compute the coefficients ineans of (14.2) and the table of fractional 

derivatives given in section 9. Now compare with the expansion given in problem 
5, section 9, and hence establish the identity 
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v-^-m 


-;= 1 . 


m —1) 

?' + l (r-l-l) (;/+2) 


3. Define S(u) — compute the coefficients by means of 

^- 1=1 

(14.2). Then compare the resulting expansion with formula (12.8) and derive a 
relationship between the Bernoulli polynomial of degree p and the sums 




: 0 , 1 , 2 , ■ 


15. Differential Opera-toi's as a Cauchy Integral. In the last 
section we saw how a differential operator of infinite order could be 
expressed in a form analogous to Taylor’s series. We shall now ex¬ 
press S (u) as a contour integral in the complex plane. 

Thus let us consider the operator 

S(tt) =A(x, 2), (15.1) 

where A{x,z) is defined by (14.1) in which ao(.r)> ai(-'t’), ••• are 
functions analytic in a domain R. Then employing Cauchy’s formula, 

ii<”*)(a;) = (TO!/2jit) J* [il{z) /{z —x)’”"-’] dz , 

we have upon substitution in (15.1) the formula 

S(m) =lim (1/27 i0 I \u{,z) y)„,{x,z) / {z — x)'] dz , 

m -^00 ^ c 

where we abbreviate 

Vm(a:, z) t=ao(a:) + a^ix) / {,z — x) -\ -[- a„, {x)/{z —»)”' . 

If, as m increases indefinitely, converges to a function z) 
we attain the formula 


S(u) r= (l/2jrt) r %(z) ly’ix, z)/{z —a;)] dz 

C 


(15.2) 


It is of special interest to note the case in which an operator of 
form (15.1) furnishes a transformation for every function analytic 
in a given domain. This is supplied by the following theorem: 

Theorem 2. A necessary and sufficient condition that the opera^ 
tor defined by (15.1) furnishes a transformation for every function 
u(x) regular in a domain of radius g around the point x^, is that the 
series 

y>(x, z) — Unix) On(x) / (z —a;) + ouj(a;)/( 2 — x )^-j- 

shall be convergent for every value of z which satisfies the condition 
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That the condition is necessary is pi'oved as follows: If S{u) 
existed for every function analytic in a region R of radius q around 
Xo, it would exist, in particular, for the function u(x) = 1/ (z — x). 

Since for this function we have u(x)=l/iz — x),u'(x)t= 
1/(2 —»)=, ••• , (x) =n!/(s — x)”*^ , • • •, by substitution in S(u) 

we get 


S[l/(z—x)]~y.’(x,z)/(z—x) , 

where y (a:, z) is defined as above. 

But this series must be convergent for every value of 2 for which 
z aJo] Q • 



That the condition is sufficient follows at once from the fact that 
y)(x,z) converges on the boundary of a circle of radius q described 
around x as center, for if u(z) is a function analytic within and on 
the circle of circumference C, then 

T{u) — (l/2jrt) j lu(z)/(z —a:)] ri>(x,z) dz 

exists and defines a transformation for ever function anal 3 rtic in the 
region. Such an operator, S' (it), will be called complete in the domain 

R. 

16. The Generatrix of Differential Operators. The function 
A {x, 2 ) defined explicitly by (14.1) we shall refer to as the genera¬ 
trix of the differential operator.* 

The central theorem relating to the generatrix of a uniform, 
continuous, and regular operator is the following: 

Theorem 3. The generatrix of a uniform, continuozis, and regvr- 
lar operator, which is also complete in a certain domain around the 
point Xa, is, for this value of Xo, a transcendental entire function in 
z of genns 1 or 0. 

*This term is due to Lalesco. See Bibliogrcuphy. Lalesco (1), p. 193. Bour- 
let uses tie term “fcmcbion lOperative.” 
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Proof: From the definition of completeness the series 

ao + OiZ + -{-a„ -|- 

must be convergent for \z\t^l/Q , where q is the radius of the do¬ 
main of regularity around x. Hence A {x, z) is convergent for every 
value of 2 and, consequently, A (a;, 2 ) is an entire function of this 
variable. 

Moreover, if we designate by e a positive number arbitrarily 
small, we shall have, for a sufficiently large m, the inequality 

i®ml/(u + e)"* < 1 , and hence ]a.„,|/m! < {q-{■ . 

Also, if is any positive number, we have for a sufficiently large 
value of m, the inequality (p-f e)™ < (m!)’), so that 

|am|/wi! < . ( 16 . 1 ) 

We now make use of a lemma due to J. Hadamard.* 

Lemma. If, in an entire function in z, the coefficient of 2 ”' re¬ 
mains less than 1/ {m\)'^^^, the ftmctum is of genus less than A where 
A is not an integer. 

Referring now to (16.1) we see that, since the coefficient is 
smaller than 1/ (m!) ^-’? in absolute value, we shall have A — 1/(1—);), 
and since is a number as small as we wish the function must be 
of class 1 or 0. 

17. Five Operators of Analysis. The object of the present vol¬ 
ume is to exhibit the formal unification attained in the solution of 
linear functional equations by means of an exploration of the proper¬ 
ties of the general analytic operator of section 13. This is most clearly 
seen if wie translate five important operators of anaylsis into the form 
given. 

The first operator is the polynomial operator of section 2, 

Fp(x, z) != Aoix)Ai(x)zAp(x)z’‘ , (17.1) 

where the Ai{x) are functions of x which share a common region of 
definition. 

The second operator is the operator of the Fredholm transforma¬ 
tion, 

Au(x )r K(x,t) uit) dt , (17.2) 

V a 

where K{x, t) is subject to certain limitations which will not be spe¬ 
cified here. If we apply to u(t) the Taylor transformation (6.3) we 
can write (17.2) in the symbolic form 


*,Etude sur les properietes des fouctions entieres. Jou-mal de mathematiques, 
4th ser., voL 9' (1893), p. 172. See also section 2, chapter 5. 
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{A+ dt)ii{x) 

*y a 

We shall refer to the function 

Ff{x,z)=A+ rK{x,t) (17.3) 

a 

as the Fredholm generatrix of first kind when A = 0 and the Fred¬ 
holm generatrix of second kind when A = 1. 

The third operator is derived from the Volterra transformation 
of a function. 


Au{x)-\-j K(x,t) u(t) dt , (17.4) 

which can be written by means of the Taylor transformation of 
ii{t) as 


{A -f J" K {x, t) ^ u (x) ; 

or by applying the Taylor transformation to Kix, t), as 
{A -\-K{x, x)/z — Kt'{x, x) /z^ Kt"ix, x)/z^ 

— Kt"'{x, x)/z* -\ -} -^ %(x) 


J ‘O0 

e-*-K(x,x — t)dt}^u{x) . 

0 

If A = 0, we shall refer to the function 

F^(x,z)=A-^ rK{x,t)e^^-^^^ dt (17.5) 

^ C 

or its symbolic equivalent, 

r CO 

F^,{x,z) •=A-{- er*-K{x,x — t) dt , 

(17.6) 

as the Volterra generatrix of first kind, and if A = 1, as the Volterra 
generatrix of second kind. 

A fourth type of operator to which mathematicians have devoted 
much attention is the operator of the difference transformation, 

93o(a;) it(x) -|- 95i(x) nix + <n) ix:) uix-\- 2<x>) 

—(^) nix-^nco) , 

where the functions <piix) have a common region of definition. 

The generatrix corresponding to this transformation is easily 



PAKTICULAR OPERATORS 


107 


obtained by replacing ^(a: + rw) by e™- -^u(x). We thus get for the 
generatrix 

Faix,z) -\-cpi(x) <p 3 (x) -e”“' . 

(17.7) 

Closely associated with the last function is the generatrix of the 
^-difference operator, 

<Poix) u(x) -\-(pi(x) u(q:,x) ~^ 2 {x) u{q.x) -\ -|-^„(r) , 

Replacing u{qix) by its Taylor transformation u{x), 

where o)i ■= qi — 1, we obtain the desired generatrix, 

F„{x,z) =<pa{x) + rp^(x) <p 2 {x) - \-<pnix) . 

(17.8) 

The equations corresponding to these operators, i. e., 

Fp(x,z) -^ 2 i(x) =f{x) , 

F,ix,z) -^uix) — fix) , 

F^ix,z) -»«(a') =/(.r) , 

FdiXyZ) -^u{x) =fix) , 

Fctix,z) -^u(x) ^f(x) , 

are referred to as differential eqimtions, integral equations of Fred¬ 
holm type, integral equations of Volterra type, difference eqiiations, 
and q-difference equations respectively. Variants of these types are, 
of course, common in mathematical literature, but without exception 
they can be included with suitable restrictions under the general the¬ 
ory of the analytic operator. 

For example, the mixed integral equation the development of 
which is largely due to A. Kneser, i. e.,* 

n ph 

uix)Y^^iix) uilii)Kix,t) Uit) dt = fix) 

i=l 

where the {C*} form a discrete set of points in the interval (a, h), is 
included in the general theory under the formulization 

« Pi 

{1 + L («) -f J Kix, t) e'-*-^'>’‘dt) uix) =fix) . 


*Belastete Integralgleichungen. Rendiconti di Palermo, vol. 37 (1914), pp. 
169-197. 
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THE THEORY OF LINEAR SYSTEMS OF EQUATIONS. 

1. Preliminary Remarks. It will become apparent in the subse¬ 
quent development of our subject that the theory of operators may be 
envisaged as an aspect of the theory of linear systems of equations, 
where the number of variables and the number of equations are in¬ 
finite. Such a system may be conveniently represented in the follow¬ 
ing notation: 

a-iiXi -|- CtisflJjj -[- ftiaXa —[- — -|- OmXn -j— • = , 

—|— a^^Xt —}- 0-23X3 —• • • — a^nXn , 

®31^1 ~|~ 033 X 3 —•••-{- a^inXn bi > 

( 1 . 1 ) 

“1“ ®m2^2 "j- ■ ■ ■ “f" Or^inXn -j~ ' ‘' I 

The matrix of the system will be designated by 

A = IK-11 

and the unit matrix by 

^=lKli . 

where dij (Kronecker’s symbol) is zero for i^ j and unity for i — j. 

The law of multiplication for finite matrices will be assumed to 
hold in the infinite case provided the infinite series which compose 
the elements of the product matrix converge. Thus if we have 

A = lKil and B<=^\\bii\\ , 

the product may be written 

axb=c=i|c,,ii , 

where we assume the existence of the sum 

00 

Cij c= 2 ^in bn} . 
n=l 

The matrix conjugate to A will be designated by the customary 
symbol A', that is 

A'=1K11, 

and tile reciprocal or inverse matrix by A-\ that is, 
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where A,-^ is the cofactor of the element at/ and lA | is the determinant 
of A. 

It is clear, however, that a unique inverse may not exist for A. 
Definitions and theorems pertaining to this situation will be given in 
section 9. 

In most of the ensuing discussion it wall be assumed for conven¬ 
ience that the elements ctij are real, but this is not in general a restric¬ 
tive condition. Many of the results hold for what is called the Hermi- 
tian matrix, 


where we assume that = a,;. The bar over the a designates the 
complex conjugate of an. 

2. Types of Matrices. It will be found that there are several 
types of infinite matrices which are especially useful in the theorj^ of 
operators and we shall confine our attention particularly to these. 

(A) The secular or normal matrix will refer to the limiting 
form, as n approaches infinity, of the following; 


1 dll 

«12 

dis 

dir, 

^'21 

1 (122 

d23 

(^271 

Ct'2l 

ds2 

1 -|- ^33 

Cf'SM (2.1) 

Clfii 

d)i^ 

^n3 

... 1 dnn I 


The determinant of we can write briefly as 


D (pi) c= I dij -(- aij I , 


where d,-,- = 0 for i ^ j and du = 1- It can be proved without diffi¬ 
culty that !»(%) has the following development: 


D(,n) 



drz Tt 

dpo To 1 


dr^ rj 

dri ra 

dr,, 


1 1 yi d-r^ ri 

dr2 

* * ' * 

(2.2) 



dr^ 



where r^, ra, run independently over all the values from 1 to n. 


*See G. Kowalewski: Einfilhrung in die Determinantentheorie. Leipzig 
(1909), pp. 455-456. 
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It will be useful in another place also to have an explicit expan¬ 
sion of the cofactors of the elements oi D{n). For this purpose we 
introduce the determinant in the form 


1 -j- drr f 

drs 

i (^rki > * 

’• > ^rkn-2 

dsr 9 

1 —|- Ctss 

> (^ski 7 * ' 

’ * 9 

^kif > 


9 1 “1- d-k^ki » * 

' * > ^ktkn-2 






The cofactor of Usr, t ^ s, can be expanded thus: 


(2.3) 




dfs 

9 drn 

9 

r. „ 1 W 

- Drs = O-rs + —, 2 j 

f df m ! 

”f“2T li 

9 

9 



1 a,,. 


9 d^r^rz 

drs 

9 drr^ 

9 • • • > ^rr„_2 



, i yt dr^s 

\ / ViTa . . . fn-: 

9 

9 ••• > 


(2.4) 


9 

9 ••• 9 drj,_„rn-2 




where n, , r„^ range independently over all the values &i, 

(B) Another array that will be useful to us is the triangular 
matrix, which is the limiting form of the following: 


dll 

9 <^12 9 

^13 9 ’ ' 

’ ’ 9 d/xn 

0 

9 ^22 9 

CO 

' * 9 dj^2yi 

0 

, 0 , 

9 * ' 

' * 9 d^Zn 

0 

, 0 , 

0 , • 

* * 9 dfifi 


If we replace the elements {ai;} of the matrix by the special set 
{a.y_i}, %_i t=0,i>j,j'=l,2,---,n-\-l, and if we abbreviate the de¬ 
terminant formed by omitting the first column and the last row by 
the symbol 

Dn (®^o^ *' ■ j a,i) j 


*Kovrale'wski, loo. eit., p. 468 . 
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that is, 


fti 02 «.5 ttn 

tt"2 ■ * * CLfi-i 

■Dn(®oj O 2 , • • •, fl„) = 0 Oo Oi o„_o (2.6) 

0 0 0 • • • Oi 

we can establish an important connection with the inversion of power 
series. This connection we find in the fact that the series 

/ (^) ^0 —|- (i^x~ * * *, o-o 0 , (2.7) 

has for its reciprocal the expansion 

Vfix) = a/cQ{l — Dxix/a,) 

+ D,(x/ao)^ — Ds(x/a,y + -..} . (2.8) 

Some interesting conclusions follow from this simple fact. For 
example, since l/{l/f(x)) = f(x), we derive at once the following 
theorem in determinants: 

- Di/ O'O) C(o“> ■ ■ ■ > ( 1) ” Dn/ Oo”} 

= (-l)”On/^0 • 

It is well known in the theory of infinite series that if 
lim I Z)„+i/D„ I and lim I 1’^'* 

exist, they are equal to each other. Moreover, if either limit exists, it 
is equal to ao/g, where q is the radius of convergence of series (2.8). 
Understanding then that the existence of the limits is implied, we can 
write 

lim j Dn^x/Dn \ <= lim I 2),. 1^^” = a-o/e • (2.9) 

" '/3=lX) n=U3 ' 

For example, from the expansion cos = 1 — a:/2! ! — 

and the fact that l/(cos x*) has its nearest singularity at x = 
7iV 4, we are able to infer that 

A^/4i=lim I dn-i/5n I = lim | d„ , 

where we abbreviate 

d,x = D„[l, —1/2!, 1/4!, —1/6, 1/ {2n) !] . 

Similarly, since the Bernoulli numbers Bn are defined by the se¬ 
ries 

x/{e^ — l)^l—x/2 + BxX^/2l — B,x*/4:l 

+ BsX^/Gl - (2.10) 
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and since 

(e* —l)/«^l + x/2! + a:V3! + --- , 

we see that 

B„ = (—1) (2n )! D,n [1,1/2!, 1/3!, 1/4!, • • •, 1/ (2^^4-l) !] . 

(C) The third kind of array with which we shall be concerned 
is the Laurent matrix, defined as the extension to infinity of the fol¬ 
lowing: 



n„3_2 

d-s-i 

n_3o 

a-3l 

0..22 

0-33 

^-2-3 

n_2-2 

a_2-i 

(X-20 

O'—21 

0/—22 

0-23 

d-i-s 

Oj-1-2 

a-i-i 

U-_io 

0-11 

0.-12 

0-12 

^0-3 

O/Q -2 

^^0-1 

Ctoo 

1 ^01 

Oq2 

Oq3 

U-l-s 

a^.2 

^1-1 

CtlQ 

Oil 

Oi2 

<Xl3 

C^"2-3 

^2-2 

n2-i 

U*20 

0-21 

CC’22 


^3-3 

Ojz-2 

^3-1 

0/2 

Ozi 

Os 

o?„ 


This matrix is closely related to the theory of Laurent series in 
the theory of functions of a complex variable as will be later pointed 
out, and its name is due to this fact.* Historically it was one of the 
first matrices to be employed in the solution of infinite systems of 
equations, a special matrix of this type being used by G. W. Hill 
(1838-1914) in his theory of the motion of the moon.f 

If we make the particular specialization 

Oapq - Gq-p y 

tlien we have what is called the matrix of an L-forniy that is to say, 
the bilinear form 


2 • ( 2 . 12 ) 

p(/=i 

The elements of the matrix are obviously the coefficients of the 
Laurent series 


/(0) = 2 (2.13) 

71--QO 


*See 0. Toeplitz: Analytische Theorie der L-Formen. Mathematische An- 
malen, vol. 70 (1011), pp. 351-376. 

fOn the Part of the Motion of the Lunar Perigee which is a Function of the 
Mean Motions of the Sun and Moon. Acta Mathematiea, vol. 8 (1886), pp, 1-36. 
First published at Cambridge, Mass, in 1877. See sections 7 and 8, chapter 9. 
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(D) A fourth array associated with a number of interesting 
applications is what is called the Jacobi Tnairix, namely, 


a 

^12 

0 

0 

0 

0 

0/2X 

(^22 

^3 

0 

0 

0 

0 

U32 

U'ss 


0 

0 

0 

0 

U43 

0^44 

^45 

0 

0 

0 

0 

OE -54 

a=5 

a. 


(2.14) 


This matrix is the matrix of the Jacobi bilinear forin, 


00 CTj 

J (^x,y ) ^ (Lpp Xp yp —[- ^ ( 

^p,p+i Vp+i -j- Clp+i^p Xp+i Vp) ’ 

P=i p=i 

(2.15) 

which has been especially studied by 0. Toeplitz.* 

An interesting connection is established between this matrix and 
certain expansions in continued fractions as follows; 

Let us specialize the elements by writing cipp ,— O/.p, (X'py i— cifip — hp» 
Then consider the following associated system of linear equations: 


“j” ^ 1 X 2 '— 1. 9 

hlXi (X2X2 ”(~ 0 f 

1^2X2 “f” ^3^3 '"I" ^'dXi 0 f 

& 3 X 3 + — 0 , 


(2.16) 


We then easily derive the following equations: 


_-j-_ (X 2 / 


(Xji/ 


— &«-i 




n > 1 


Employing these ratios successively, we obtain the following con¬ 
tinued fraction as a formal evaluation of Xii 


(I 2 - &2“ 

— &3^ 
^4- 


(2.17) 


*Zur Theorie der quadratischen Formen von unendlichvielen Veranderiiclien, 
Gottinger Nachrichten (1910) ^ pp. 489-506. 
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3. The Convergence of an Infinite Determinant. The theory of 
infinite determinants, initiated by the researches of G. W. Hill men¬ 
tioned in section 2, was essentially founded in 1886 by H. Poincare, 
who succeeded in giving an analytical justification to the methods 
which Hill had so successfully applied. It is to H. von Koch (1870- 
1924), however, that the theory owes most of its development. In a 
long series of papers, the first published in 1892 and the last in 1922, 
the significance of infinite determinants and their varied applications 
to the problems of modern analysis were thoroughly explored. These 
papers are notable both for the clarity of their style and for their in¬ 
genuity of attack upon the complexities of the problem. A bibliog¬ 
raphy of the contributions of von Koch will be found in Acta Mathe- 
matica, vol. 45 (1925), pp. 345-347. 

The theorem which is the subject of this section, was first proved 
by Poincare;* we follow here, however, the exposition of von Koch.t 

Theorem 1. The infinite determinant D = lim D{n) will exist 

n=oo 

provided both the product of the diagonal elements and the sum of 
the norir-diagonal elements converge absolutely.% 

00 

Proof: Since the hypothesis that 2 ! (’'U \ converges carries with 

ij-1 

it the convergence of the infinite product 

00 GO 

Q = 77 (l + 2l«-o-|) - 

?-i y=i 

we conclude that the product 

0C‘ 00 

P = n (l-f Ettiy) 

i=i j-i 

also converges. 

Now consider the two products 

= H (1-f 2ai,) , Q„ = 7T(l-fila.-, l) . 

i=l i=l i=l ?=1 

If in Pn we set certain values of aij equal to zero and alter the 
signs of others it is clear that we shall have the expansion of D {%). 
Hence to each term in the development of D {n) there occurs a term 

ies determinants d^ordre infini. Bulletin de la Soc. Mathematique de 
FrancBy vol. 14 (1886), pp. 77-90. 

tSur les determinants infinis et les equations differentielles lineaires. Acta 
Mathematical vol. 16 (1892), pp. 217-295; in particular, pp. 219-221. 

tA useful sufficiency condition for this convergence is the existence of the 
double integral 
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in the development of Q„, but the correspondence is such that no 
term in D {%) is superior in value to its corresponding term in Qn^ We 
thus see that \D{n)\ < Furthermore, we notice that D(n-j-p) 
— D (n) represents the sum of those terms in the development of 
D(n-{-p) which vanish when the terms a a* = ('^^+ 1 ) *•* 

are replaced by zero. But to each of these terms there corresponds in 
the development of — Q,i, a term of equal or greater absolute 
value. 

Hence we attain the inequality 

I D (%+p) — D (n) 1 ^ I — Q, I . 

We are thus able to conclude, since Qn converges, that there ex¬ 
ists for each positive e a positive integer n' such that | D{n-\-p) — 
D {n) I < fi when n > n' and p is any positive integer. The theorem is 
thus established. 

Determinants which satisfy the conditions of the theorem are 
said to be of no7'mal form. 

The following corollary is of great importance in the applica¬ 
tions of infinite determinants. 

Corollary. A determinant of normal form remains convergent if 
the elements of any 7 VW' {or cohtmn) are replaced by a series of qvxin- 
tities which are all smaller in absolute value than a given positive 
number. 

Proof: For simplicity of exposition let us replace the elements of 
the first row 

1 U-ii, ax2) ? * * * > > * ■ * 

by the elements mi, mo, m 3 , • • • , • • • , which satisfy the inequality 

I m ,-1 < m . 

Let the new values of D{n) and D be denoted by D^{yi) and 
respectively. Moreover, denote by and Q'n the products obtained 
by suppressing in Pn and Qn the factors which correspond to the in¬ 
dex one. We see that no term of D'{n) can have a greater modulus 
than that of the corresponding term in the expansion of m Q'n- Hence, 
reasoning as before, we have 

I D' ('?^+p) — D' (n) I < m QVp — . 

This establishes the corollary. 

We also note the following propositions, useful in application, 
which are easily established on the basis of the preceding arguments: 

(1) Theorem 1 and the corollary apply with equal validity to 
the determinant of Laurent type, 

D c= I I , i:/ == — 00 to -f- 00 . 
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(2) If in a determinant of normal form two rows or two col¬ 
umns are interchanged, then the determinant changes sign; the de¬ 
terminant is zero if two rotos or two columns are identical. 

(3) A determinant of normal form can be developed according 
to the elements of any rotv or of any column. 

PROBLEMS 

1. Compute the first five Bernoulli numbers from the determinant 

(!2n)!R2„[l,l/2!,l/3!,l/4!,---,l/(2w + l)!] . 

2. Given 

= 1/2!, 1/41, •••, 1/(2u)!] , 

show that 

lim I 1 = lim 1 |-V« = % •tts . 

^CXD n=x» 

3. Prove that if the determinant 


1 


0 

0 

0 • 

.. O' 

0 

h 

1 

“2 

0 

0 • 

.. 0 

0 

0 

62 

1 


0 • 

•• 0 

O' 

0 

0 

0 

0 

0 • 


1 


is to converge absolutely as m oo, then it is both necessary and sufficient that 
the series 

00 

i=l 

converge absolutely, (von Koch). 

4. Show that the following determinant is convergent and compute its nu¬ 
merical value approximately, (L. L. Smail: Theory of Infinite Processes). 


1 

1/22 

1 / 2 * 

1/28 

1/2 

1 + 1/21 

1/2’' 

1/211 

1/23 

1/26 

1 + 1/3! 

1/21S 

1/25 

1/210 

1/2’= 

1 + 1/4! 


U. The Upper Bound of a Determinant {Hadamard^s Theorem ). 
Many proofs have been given of the celebrated theorem first proved 
by J. Hadamard which gives an upper bound to the value of a deter¬ 
minant. Because of the fundamentally different ideas involved we 
shall reproduce four of these proofs. 

The theorem of Hadamard is one of the most thoroughly proved theorems in 
mathematics, its truth having been established in many ingenious ways. The first 
general proof of the theorem for complex elements was given by J. Hadamard: 
Resolution d’une questio-n relative aux determinants. Bull, des Sciences Math, 
vol. 17 (2nd series) (1893), pp. 240-246. See also: Comptes Rendus, vol. 116 
(1893), pp. 1500-1501. It appears, however, that as early as 1867 J. J. Sylvester, 
in connection with inverse orthogonal matrices, had constructed matrices whose 
determinants yielded the maximum value case of Hadamard’s theorem. Thus 
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O^rthogonal Matrices, PhU. Mag., vol. 34 (series 4). 
(l5b7), pp. 461-475. Also Hadaimard s theorem was known apparently to LoM 
Kelvin m 1885 and a proof was communicated to him in 1886 by T. Muir. Pro¬ 
posed as_ a probleni in the Educational Times, the theorem was proved by E. J. 

Va E^t^rminant Inequality, Messeyiger of Mathematics, vol. 31 
(1901), pp. 48-50. In his Geometric der Zahlen, Leipzig (1896), p. 183, H. Min¬ 
kowski found the theorem as a consequence of the Jacobi transformation of quad- 
ratic forms. The literature of this theorem, proofs other than those already men¬ 
tioned, discussions of the maximum value, etc., include the following items: 


L. Amoroso: Sul valore massimo di speciali determinant!. Giornale di Mat, 
vol. 48, (1910), pp. 305-315. 

G. Barba: Intorno al teorema di Hadamard sui determinanti a valore mas¬ 
simo. Giornale di Mat, vol. 71 (1933), pp. 70-86. 

W. Blaschke : Ein Beweis fiir den Determinantensatz Hadamards. Archiv der 
Math, und Physik, vol. 201 (Srd series ) (1913), pp, 277-279. 

demonstration du theoreme de M. Hadamard sur les 
determinants. Bull des Sciences Math., vol. 35 (!2nd series) ( 1911), pp. 113-116. 

M. Cipolla: Sul teorema di Hadamard relative al modulo massimo di un de- 
terminante. Giornale di Mat, vol. 50 (1912), pp. 355-359. 

A. Colucci: Sui valori massimi dei determinanti ad element! + 1 e —1. 
Giornale di Mat, vol. 64 (1926), pp. 217-221. 

R. Courant and D. Hilbert: Methoden der mathematischen Physik, vol. 1, 
(1924), p. 24. 

E. W. Davis: The Maximum Value of a Determinant. Johns Hopkins Cir- 
cula/r, vol. 2 (1882), pp. 22-23; Bulletin of the American Math. Soc., vol. 14 
(1907), pp. 17-18. 

A. C. Dixon: On the greatest Value of a Determinant whose Constituents are 
Limited. Proc. of the Cambridge Phil. Soc., vol. 17 (1913), pp. 242-243. 

A. L. Dixon: A Proof of Hadamard’s Theorem as to the Maximum Value of 
the Modulus of a Determinant. Quarterly Journal of Math. (Oxford series), vol. 
3 (1932), pp. 224^225. 

E. Fischer: Tiber den Hadamardschen Determinantensatz. Archiv der Math, 
und Physik, vol. 13 (Srd series) (1908), pp. 32-40. 

T. Hayashi: Hadamard’s Theorem on the maximum Value of a Determinant. 
Proceedings of the Tokyo Math. Soc., vol. 5 (2nd series) (1909), pp. 104-109; 
Demonstration elementaire du theoreme de M. Hadamard sur la valeur maximum 
du determinant. Giornale di Mat, vol. 48 (1910), pp. 253-258. 

A. Kneser: Die Integralgleichungen und ihre Anwendungen in der mathe- 
matische Physik. Braunschweig (1911); 2nd ed. (1922) ; § 55 ls,t ed., § 61 
2nd ed. 

G. Kowalewski: Einfithrung in die Determinantentheorie. Leipzig (1909), 
p. 460; Die klassischen Prohleme der Analysis des Unendlichen, Leipzig (1910), 
p. 378 et seq.; Integralgleichungen. Berlin and Leipzig (1930), pp. 106-109. 

T. Kubota: Hadamard's Theorem on the maximum Value of a Determinant, 
Tohoku Math. Journal, vol. 2 (1912), pp. 37-38. 

A. Molinari: Sul teorema di Hadamard. Atti dei Lincei, vol. 22 (5th series) 
(1913), pp. 11-12. 

E. Pascal: Die Determinanten. Leipzig (1900), §53, pp. 180-184. 

T. Peyovitch: Sur la valeur maxima d'un determinant. Bull, de la Societe 
vol. 55 (1927), pp. 1218-221. 

U. Scarpis: Sui determinanti di valore massimo. Rendiconti Istituto Lom^ 
hardo, vol. 31 (2nd series) (1898), pp. 1441-1446. 

I. Schur*. Tiber die characteristischen Wurzeln einer linearen Substitution 
mit einer Andwendung auf die Theorie der Integralgleichungen. Mathematisdhe 
Annalen, vol. 66 (1909), pp. 488r-510, in particular, p. 496; ti.ber eine Klasse von 
Mittelbildungen mit Anwendungen auf die Determinantentheorie. Sitzungshe- 
richte der Berliner Math. Gesellschaft, vol. 22 (1923), pp. 9-20. 

F. R. Sharpe: The Maximum Value of a Determinant. Bull, of the American 
Math. Soc., vol. 14 (1907), pp. 121-123. 

0. Szdsz: Ein elementarer Beweis des Hadamardschen Determinantensatz. 
Math.-naturw. Berichte aus Ungarn, vol. 27 (1913), pp. 172-180 (translation of 
original paper in Math, es phys. Lapok (Budapest), vol. 19 (1910), pp. 221-227; 
tiber eine Verallgemeinerung des Hadamardschen Determinantensatzes. Monats- 
hefte fur Math, und Physik, vol. 28 (19'17), pp. 253-257. 



118 


THE THEOKY OF LINEAR OPERATORS 


L. Tonelii: Sul teorema di Hadamard relative al valor mag*g'iorante di un 
determinante. Giornale di Mat,, vol. 47 (1909), pp. 212-218. 

W. Wirtinger: Sur le theoreme de M. Hadamard relatif aux determinants. 
Bull, des Sciences Math., vol. 31 (2iid series) (1907), pp. 175-179. A German 
translation of this article is found in Monatshefte fur Math, und Physik, vol. 18 
(1907), pp. 158-160. 

Proofs of the Hadamard theorem will also be found in any standard text on 
integral equations. Historical references to the theorem are given by T. Muir: 
An Upper Limit for the Value of a Determinant. Trans, of the Royal Soc. of 
South Africa, vol. 1 (1908), pp. 323-334, and also by E. Hellinger and 0. Toeplitz: 
(see Bibliography) , pp. 1356-1357. Bibliographies are found in the last reference 
and also in T. Muir: The History of Determinants (1900-1920), London and Glas¬ 
gow (1930), chap. 1(a), pp. 90-101. 

Theorem 2. If the elements of the determinant D [a,:/], if ^ n, 
satisfy the condition | a,-; ] ^ A, then the following inequality holds: 

D 1 ^ 

First Proof (Hadamard): Employing the symbol D [a^;] for 
the determinant in order to avoid confusion with the symbol for the 
absolute value of the elements, | |, we replace each element by its 

conjugate imaginary value and thus attain the new determinant 

n = [Sij. 

From the elements of the determinant D, let us now construct a 
matrix of any p rows (T) and from the corresponding elements of 
ID, a second matrix (T). Forming the product of these two matrices 
we then obtain a determinant Pp, where 

Pp ~ (T) {T) = [sj;] , i,j 1, 2, • • •, p , 
the elements of which are 


Sij ’ — fl'ji -j- (X-i2 ^,2 “{“ * ■ * “j“ ^jn • * 

But the determinant Pp can be written in the form 

■ ^PP Pp-l “ 1 “ Qp y ( 4 . 1 ) 


where 




Qp — 

We now fix our attention upon the adjoint determinant of 
Qp, the elements of which we shall designate by Sij. From the defini- 

.. convenient in this section to adopt the convention that the product 

of two matrices is a determinant the elements of which are obtained by the com¬ 
bination of row with row rather than row with column as assumed in the defini¬ 
tion of section 1. 
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tion of the adjoint we can immediately write* 

= and Sw, = , h = l, 2 ,---,p—l , 

where is a determinant of order p —1 formed by omitting the 
Mh row and hth column from Q,,. 

If we now consider the minor 

g _ Sh!t Skp 

^lih ^pp 

and recall the theorem stated in the note, specialized for 7 n = 2 , we 
have 


where Pp- 2 ^'‘' is the complement of in Qp. From this it follows that 

Qp = Sp„ Spp — S„„ S,,, = P„-xQ,— I (4.2) 

where | Spu | is the modulus of the last terra appearing because 
the two determinants Spu and Shp are conjugate. 

We now proceed by induction to prove that Qp is essentially a 
negative quantity or zero. Since Q 2 = — | S 12 is negative and Pp is 
always positive, it follows from ( 4 . 2 ), namely, QsPi^PzQa — 
I S 3 H 1^, that Qs is also negative or zero. By similar reasoning, Qi, Qs, 
• • • , and finally Qp are also negative or zero. 

Returning now to (4.1) we see that for p = 2 we shall have 

P2 ^22 1 ^12 I ^ , 

from which we get P 2 ^ Sn S 22 . 

Similarly, for P 3 we have 


P3 = ^33 P2 -|- Qs , 


*The adjoint of a = [ 0 . 4 ,] is the determinant A = -where the A^y are 

the cofactors or algebraic complements of The fundamental relation bet-ween 
A and a is given by A = a»-i. More generally if we define 


M = 


•A 


Itr 


A 


wi ■ 


and if N is the determinant 


^m+l,m+l ‘ ’ * ^n,m+l 


we shall then have M = N . 
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P’i Sss P2 = ^11 ^22 ^33 j 

and hence in general, 

P3 ^ Sll Sjo S33 • ■ • S„n . (4.0) 

Making use of this fundamental inequality and assuming the 
existence of a value A such that | | ^ we have finally 

D^==Pn^ n” , 1 Z) A™ • n”'- . 

It is interesting to note that this theorem gives the best upper 
bound in particular instances since the equality sign may actually 
hold. This we observe is true only when Q„ c= 0 and this is the case 
only when Sij = 0, i ^ j. Hadamard cites an example due to J. J. 
Sylvester:* 

1111 



1 — 1—1 1 


Similar determinants of maximum value can also be constructed 
for n = 12 and n <= 20. 

Second Proof (Wirtinger) : Making use of the symbol 
Si = + ••• + *»,««. 

we divide the elements of the ith row of D as well as of the determinant ^ by 
(S|)h Adopting the convenient abbreviations aij/(s^)^ = b.-j and a^i/(s^)i = 
bii, so that 

^ii^ii+ ••• +6,1 , (4.4) 

we replace D and D by the two new determinants 

[Sij] and ihji , 

where 

A = D/(a^S2...sJ^ , A = ^ (45) 

Let ns now consider the problem of finding the maximum value of the func¬ 
tion A A of the 2^2 variables subject to the conditions (4.4). This prob¬ 

lem is solved by the Lagrange rule as follows if 

*PhiL Mag,, vol. 34 (1867), pp. 461-475. See historical note at the beginning 
of this section. 

E, Goursat (Hedrick translation): Mathematical Analysis. Boston, 

rlQirtAi Ti 1QO 
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We differentiate partially 

i-i j-x 

with respect to the variables 6,-^, b^j and set each resulting expression equal to 
zero. We shall then obtain the 2n- equations 

A . = Xi , A . A,j = X, b,j , (4.6) 

where we have made the abbreviations 

3 A _ dT 

A^j A II ; 2 :;; , 

36.. 36.. 

These expressions are clearly the cofactors of the b.-^ and b-^j, elements in A 
and A respectively. 

By a simple combination we shall obtain 

;=1 .?=1 
n 

Then since A = 2 A,^ 6^^, we have, upon recalling (4.4), 

. 7=1 

AA = Xi = X . 

If we nov7 form the determinant [A^j] which is equal to A»^-i,* and recall 
(4.6), it is clear that we shall obtain the relation 

[A. . A] = An[Ai;] = A«A^-i = Xn\bi^.] = X« A , 
or 

(A A)«-i= Xw . 

Hence, since X^-^ = X^ and X 0 is obviously impossible, it follows that 
X = 1, and the desired inequality is established; that is, 

AA^I . 

It then follows from (4.5) that 

This inequality is seen to coincide with (4.3) and the theorem follows as 
before. 

Third Proof (Boggio) : This proof is based upon the possibility of determin¬ 
ing a transformation of the elements D and D by means of which they will go 
into determinants of the same value, 

D^B=ih,i2 , D = B=lb,i} , 
but with elements so related that 

= 0 ,r^s ,r,s=l,2,---,n . (4.7) 

i=:l 

Let us write the desired transformation in the form 


*M. Bocher: Higher Algebra, (1907), p. 33. 
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k=i 


■rk hi 


r,i = 1, 2, • 


(4.8) 


For the determination of the w„ we multiply (4.8) by and sum, obtain¬ 
ing 


2 “ri ^si = 2 ^ri + 2 2 ‘^rk hi , 

i^l i=:l ?C=1 i=l 

which, imposing condition (4.7), gives 


i=l 

We notice from (4.8) that D and B have the same value since each line of 
B differs from the corresponding line of D by a linearj:ombination of the ele¬ 
ments of the preceding line. The same applies to D and B. 

Hence by virtue of (4.7) we can write 




2 hi hi 

1 

o 

0 

4 = 1 

0 

2hihi • 

4--1 

0 

n _ 

0 

0 

2 

4=1 


=n (-2 hi hi)- (4-9) 

r=i i=i 

But from (4.8) and its companion formula associated with we have 

_ T'-l __ — — _ 

= ®ri ®ri — 2 '^rs °-H ^si — 2 '^rs <^ri ^si +22 '"^rt ^si • 

8=1 S =1 8=1 t = l 

Summing and noting formulas (4.7) and (4.8) we get 

2hihi = 2°'rihi~ 22 ^rs hiihi+2'^rk hi) 

4=1 i=l 4=1 8=1 fc=l 

n r-l _ r-i n r-l _ _ 

2 2 ^84 2 2 2 ^si^si 

4=1 s=i Tfcl i=i s=i 


» _ n r-l _ __ 

= 2“«“h —2 2’»^rsW-,.5 6si^i 

4=1 4=1 S=1 


(4.10) 


Since the second term of the right-hand member is positive or zero, it follows 
that we shall have 


2 hi bri § 2 a-ri 0-ri . 

4=1 i=l 

and consequently by (4.0), 

i=i 

which is once more the inequality (4.3). 
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Formula (4.10) itself is of interest since it shows that the equal sign holds 
only when m^s = 0; that is to say, when D is an orthogonal determinant.* 

Fourth Proof (Molinari): The following proof is interesting in that it de¬ 
pends entirely upon geometrical intuitions. 

Limiting ourselves first to the case = let us write 

^2 ^3 

y± V2 Vz 

Zi 

and observe the fact that this is the volume of a tetrahedron with vertices at the 
points ^ {x^yy^,z^), (O',0,0). Since this determinant is in¬ 

variant with respect to any orthogonal transformation, let us pass the X-axis 
through the point (x^,y^,z^) and the XF-plane through the point {x^,y^,z^), 
then becomes 





1 

6 


0 

0 


x, 

y. 
0 


^3 


= lx,Y^Z, , 


which is the volume of a tetrahedron with vertices at the points 
(X,,0v0,), (X, 2 , 72 , 0 ), (X 3 , 73 ,^ 3 ), (0,0,0) . 

But these elements cannot have a value greater than the longest edge of the 
tetrahedron extending from the origin. If these elements do not exceed A in 
absolute value, this edge is not larger than A Therefore we have 

11)3 I g AS 33/2 . 

This argument is generalized without difficulty to the determinant = 
[®i;] passing the X-axis through the point {a^^, a^^, ■ • ■ , , the X7-plane 

through (a, 21 , , a 2 „,), and the hyperplane (a:, y, ...,t) through the point 

^n-i;2> ■ ’ * > ®n-l,n) * 

The determinant then becomes 

= [A^^.] ,where A^j = 0 for i<j. 

If the elements do not exceed A in absolute value then \ A,^y | g An^ and 
hence we get | | ^ A’^ . 

5. Determinants Which Do Not Vanish. It will be useful for us 
in another place to have the following two theorems relating to de¬ 
terminants with positive lower bounds. The proofs given are due to 
H. von Kochf although the results were known to L. Levy in 1881, to 
Desplanques in 1887 and to J. Hadamard in 1903.$ 


*See G. KowBilewski, Determinantentheorie. Leipzig (1909). 
fjahresberidht der Deutschen Mathematiker-Vereinigungj vol. 22 (1913), 
pp. 285-291. 

tLevy, Sur la possibilite de T^quilibre electrique. Comptes Rendus, vol. 
93 (1881), pp. 706-708; Desplanques: Theoreme d^algebre. Journal de Math. 
Spec., vol. 11 (1887), pp. 12-13; J. Hadamard: Logons sur la propagation des 
ondes. Paris (1903), pp. 13-14. See also T. Muir: The History of Determinants 
(1900-19120). London and Glasgow (1930), pp. 68-69. 
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Theorem 3. The determinant A == [»«,] is different from zero 
if for each i the diagonal elemeyit is in oJbsolute value larger than the 
mm of the ahsolnte values of all the non-diagonal elements in the 
same row; namely, 

i-i w 

1 an 1 > 2 1 1 ~h 2 1 ! * 

fc=i /c=i+i 

Proof: By assumption, since an ^ 0, we can set aik/on <= — bn,, 
k=^i. If we then adopt the abbreviations 

bu = 0,D(b) <= [dik — bi{\ , 

1 , i=:fc 
Q , ’ 

we can write A in the form 

A' — 0^11 cE'22 * * * H (,b} • 

If we make the further abbreviations 

2 bi,n b,nk .= 2 »’ •' • 

,teL 

we then have by the ordinary properties of determinants,* 

D{b) D{—b) , 

X>[—• 

Multiplying these equations together and removing the factor 
common to both sides, we obtain 

D(b)D{—b)Dl—¥^^} • 

(5.1) 

But by hypothesis Si^2 \ biu \ ^ s < 1, and hence wie get 

?C =1 

2 1 \^s2\bik\^ssi , 

&=:1 fc—1 

or more generally, 

i 1 I ^ 2 1 1 = Si • (5-2) 

We thus reach the result that lim 61 ^“'’ = 0 and from this and 

v=00 

the definition of D (b'”^) we conclude that 

lim D (&'’•)) =1 . 


*See Kowalewski: Beterminmtentheorie, pp. 126-7. 
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Making use of this fact we see from (5.1) that if p be chosen 
sufficiently large the right member of ( 5 . 1 ) does not vanish and con¬ 
sequently none of the factors of the left member is zero. From this 
conclusion the non-vanishing of B{b) in particular is proved and 
with it the non-vanishing of the original determinant A.* 


Theorem U- Under the assumptions of theorem 3 the following 
inequality holds: 

I A I ^ I 022 I e®(l—e)®^^ , 


n n 

where S cr= 2 s-i > S; = 2 1 1 j and e < 1. 

i=i J:=l 

Proof: To prove this we start with the expansion 

logZ)(6)= —2 ihid'Vv . 

v=i i=i 

The proof of this essential formula ab initio wouM require a considerable 
amount of algebraic manipulation which would be equivalent to developing the 
well-known formula of Fredholm for the case where the integrals are replaced 
by sums: 

logD(X) A^/v , 

V =1 


where we abbreviate 


j: 


K(s^,s^)K(s^,s^) ■■■ K (s„,s^) ds^ds^ ■ ■ ■ ds„ , 


I)(X)=:1 —xj K(s^,s,) ds^ +■■■ 

Ja \®iS2-- Sn/ 


dSj^ ds^ • • • < + • • 


in which we use the customary notation 

kI 


A v^y^---yn} 




If we replace this transcendental expansion by the expanded form of the 
determinant 


* Theorem 3 is also true if there exists an index p so that we have for every 
value of % the inequality 

Without essential extension of the argument already given, this follows from 
the formula 


D{h)B(,ql)D(<pb) =D(6W) , 


where q = . 
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according to (2.2), we see the essential equivalence between the algebraic series 
and D{\)‘ In this situation the integrals defining Ay are replaced by 

A^ = '^K(Xi,yi) 2 K(xpyj) K(Xj,yi)='2K<^H^i,yi) , 

i=l il=l »=i 


■^3= 2 ^(.^3>yk) = 2 K{x^,yi) 

i=i 

Setting X = 1 and replacing K(Xi,yf) by hjy, we obtain the desired formula. 

Making use of (5.2) we reach the inequality 

log!D(&)| (£ 2Si/2+£=2^h/3 + ---) 

i=i i~i 

= 2 Si{l + log (1 — s) /£} 

i=l 

= S(l + l0g(l —. 

Hence we attain the inequality 

\Dib)\ ^es(l—£)®/S 

from which the general theorem follows as an immediate consequence. 

The application of these results is made to infinite determinants 

CO <co 

if we assume that both il \an \ and 2 ! «•</ 1 converge. 

i=i ij=i 

6. The Method of the Liouville-Neiimann Senes. We proceed 
now to a discussion of methods for solving the set of equations (1.1). 
Three essentially distinct procedures have been developed for this 
purpose. The first one is based upon the convergence properties of the 
Liouville-Neumann series; the second, which we shall call the method 
of segments {methode des reduites), considers the limiting form of 
the solution of a finite set of equations when the number of variables 
becomes infinite; the third is based on the theory of infinite bilinear 
forms. Historically the first method was suggested by the solutions 
achieved by J. Liouville (1809-1882) and C. Neumann (1832-1925) 
in the theory of integral equations; the second was essentially em¬ 
ployed by J. Fourier (1768-1830) in the celebrated problem treated 
in section 8; the third was inaugurated by D. Hilbert in connection 
with his treatment of integral equations. 

The following theorem is due to H. von Koch and is fundamen¬ 
tal in all applications of the Liouville-Neumann series: 
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Theorem 5. If in system (1.1) the quantities Xi and bi satisfy the 
conditions 

I .Ti I < Z , \ hi\<B\aii \ , 

where X and B are finite positive magnitudes, and if, further, we 
have 

2 I I ^ e 1 o-ii ! , 0 < a < 1 , 

j:jLi 

then there exists one and only one solution of system (1.1) and this 
solution can he developed in the Liouville-Neumann series, 

+ , (6.1) 

i 3 

where we employ the abbreviation 

Proof: In order to prove this we write 

00 

b ■— bi/aii , bij ■— aij/aii > b]ij , bn 0 . 

k=i 

ti = 6/-|- 2 &/+ 2 &/H— » 

J 3 

[t,] = 16/1 + 21 hf bf 1 + 21 V 1 +••• • 

3 3 

Employing the inequality (5.2) and the assumption 

00 

Q. 'V IT)-* F 

€}% -- ^ I — o 

3=1 

we get \ti\ B/{1 —fi). The convergence of 2 1 l[^i] enables us 

i 

to write 

2 bii tj r= 2 b/ + 2 &/ + ••• = fi — bi' ; 

that is to say, 

2 ^ i * 

In order to prove that this solution is unique we designate by 
«!, X,, any arbitrary solution of the original equations and then 

form the sum 

(Xi) =Xi-\-'Zbij X}-\ -[-2 • 

3 ^ 

Substituting bi' for Xi we get 

3 

(^Xi) — (2 hi Xj)=Xi — '2 Xi ■ 

Making use of (5.2) we reach the inequality 
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I Xi —(6/) \Si X , 
and hence, since ti = lim (&»'), we get 

?fc=00 

Xi ii • 

J. L. Walsh has applied the method of successive approximations 
to the Liouville-Neumann series for the triangular system^’’ 

Xx -j- Cii 2 Xo —}— (X.13 X 3 -|- • • • = bi y 

^2 -"I" 0^23 ^3 ‘ ^2 > (6.2) 

— ^3 , 

The resulting theorem cannot be derived as a special case under the 
conditions stated by von Koch, since limitations imposed upon the 
constants hi are essential to the convergence of the series defining Xi, 
The results of Walsh are stated in the following theorem: t 

Theorem 6 , If there exist positive constants h, M, and P such 
that the coefficients of (6.2) satisfy the conditions 

00 

2 = h< l/P y , 

;=fc+i 

then system (6.2) has one and only one solution for which \Xk\ ^ m g'% 
9 < l/P> 9 g 14 . 

*It should be observed that the general system (1.1) can be reduced to a 
diagonal system by means of the following transformation provided the principal 
^diagonal) minors of | | do not vanish: 

^Ik J » 

^11 ^12 * ■ ■ ^1?: 

In this manner we obtain the diagonal system 

^11 + ^12 ^2 + ^13 “^^3 + • • • + ^in + • • . = (f ^ , 

^22 ^2 + ^23 ^3 '^n +■••• = do , 

^33 ^^3 + *‘- = d3 , 

This transformation is due to Th. Kotteritzsch: Zeitschrift fur Math, und Physik, 
vol. 15 (1870), pp. 1-15, 2)29-268, See also, F. Riesz: Les systemea d’equaiions 
Imeaires, (1913), Paris, pp. 11-12. 

fOn the Solution of Linear Equations in Infinitely Many Variables by Suc¬ 
cessive Approximations. Amer. Journal of MatJuy vol. 42 (1920), pp. 91-96. 

fThis theorem may be slightly generalized by replacing the second condition 

with 2 \ ^j \ = T for every k greater than a fixed Ky assuming, however, the 

/=*+! 

convergence of the series for all values of k. 


^11 ^12 



Ki % 2 ' ■ 


K 
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Proof : Let us consider the following set of approximations: 

— , fc = l,2,--- , 

-f + • •. ] , 

i = . 

From this set we form the expressions 

t= hk , 

= [®fc,fc+i —|- (lk,k+i —j— •• • 3 > 

= [<!'/£,fc+l (ir^Tl e^S;,I:+2 (^7.-+2*^' 

- ^A+2^^0 ~1~ ■ ■ ■ 3 • (6.3) 

Making use of the conditions imposed by the theorem we obtain 
the majorant 

Xk = Xk^^^ -j- {Xk^-^ —_j- 

^Mb’Vil—Pb) , (6.4) 

where the symbol < < has its customary meaning “is term by term 
less than in absolute value.” 

The set of values {Xk) is easily seen to furnish a solution of the 
original system since, if we add the equations of (6.3) and sum the 
absolutely convergent double series by columns, we get 

OO 

Xk = bk- - 2 akj xj . 

;=/c+l 

The bound for Xk stated in the theorem is obvious from (6.4). 

The uniqueness of the solution is obtained from a consideration 
of the differences Uk = x/ — Xk", where Xk' and Xk" are solutions of 
(6.2) under the conditions of the theorem. Obviously the set {Vk} 
furnishes a solution of the homogeneous system: 

Vi “H 2/2")“ ®is 2/3 H-= 0 , 

2 / 2 -f- 0^3 2/3 ~1~ ■ ■ ■ = 6 , (6.5) 

2 /i ~j“ ■ ■■ 6 > 

We employ successive approximation to solve this system, thus 
obtaining 

2 /)c'^' = 2 /ie > kt=l,2,"- , 

2/ifc«*«)i= — 2 > zi==t, 1, 2, ••• . 
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Noting the inequality | i/s | ^ N X’‘, X < 1/P, X ^ 1, we con¬ 
clude that 


1 I ^N{PZ)‘Z'' , 

which converges to zero as i approaches infinity. But fi’om (6.5) we 
have £= c= y^, and hence we see that tji, = 0. This result 
establishes the uniqueness of the solution obtained for (6.2). 

The actual solution obtained by this method is the Liouville-Neu- 
mann series previously stated in (6.1). 

The following generalization of the theorem just proved is use¬ 
ful in application and may be established by arguments essentially 
similar to those employed above: 

OO 

Theorem 7. If system (6.2) is such that 2 ^ P” for every 

value of ky bj: h^yb < 1/[1 + then system (6.2) has 

a unique solution for which \ Xk \ ^ M g < 1/[1 + pp/iv-D'] (p-^y/p . 

As in the 'previous case the actual solution is obtained as a Liou- 
ville-Neumann series. 

7. The Method of Segments, The following method may be de¬ 
scribed as one which defines regions of validity for 

= Xi y 1, 2, 3, •••, m , 

m=Qo 

where the values {a;i} are the solutions of a set of m linear equations 
in m unknowns. 

The following theorem was discovered by A. Pellet in 1914* and 
independently by A. Wintner in 1925,t although the fundamental idea 
was developed in 1899 by E. LindelofJ in discussing the problem of 
the existence of implicit functions: 

Theorem 8. If in the system Zi — Vi = C;, i = 1, 2, • • •, oo, tvhere 

H'i ' -2 9 

k=-i 

the constants Ci are hounded and the coefficients wuc are subject to the 
condition 


|aa! < 1, -1 = 1,2, •••, « (7.1) 


*Sur la methode des reduites. Bulletin de la Soeiete MathSmatique, vol. 42 
(1914), pp. 48-63. 

fEin Satz tiber unendliche Systeme von linearen Gleiclmngen. Maihema- 
tec/ie Zeitsehrift, vol. 24 (1925-1926), p. 266. See also: Zur Hillschen Theorie 
der Variation des Mondes. Ibid., pp. 267-266; in particular, p. 265 et. seq. 

fDemonstration elementaire de I’existence des fonctions implicites. Bulletin 
des Sciences Math&rmtiques, vol. 23, 2nd ser., (1899), pp. 6&-75. 
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then th& Xi exist (i7id ave equal to the limiting fovni as m —co of 
determined by solving the reduced system 

a'i""’ — 2 — Ci , i = 1, 2, 3, • • •, m (7.2) 

Moreover, if C is the largest of the numbers ] Ci |, and S the largest of 
the sums Si, then the solutions Xi are subject to the limiting cofidition 

I a;; |^C/(1 —5) . 

Proof: The proof of this theorem depends upon the fact that if 
the system 

sCi — fi (.T„ .T.,, ■ • ■, X,.) = 0 , f = 1, 2, • • •, n , (7.3) 

where the fiix,, x-,, ■■■ , x„) are analytic functions of the n variables, 
has a majorant system Xi — Fi(X„ X-,,---, Z„) 0, where the func¬ 

tions Fi(Xu Xo, , X,t) are positive dominants of fiiXi, ■■■ , .r„), 
and if there exists a set of positive values , X,j’‘> for 

which Xi — Fi{Xi, X.., ••• , X,,) are all positive or zero, then there 
exists a set of solutions aY*"', x.l°\ •••, .r,/®’ of (7.3) for which 

Xi“» ^ I i=l,2, 

In order to make application to the system Xi — i/>i = Cj, we con¬ 
sider the majorant system, 

GO 

X, — = Ci, where =2 Aj, X,, Aa- ^ la,,l , 

and Cl 1 1 * Now let us assume the restrictive inequality 

CX) 

2 < 1 • 

fc=i 

Then if C' is the largest of the numbers lCi|, and S' the largest of 

crj 

the sums 2 it is clear that the set of values X^^^^ = — ... 

7 c=i 

= Xi<“> = •■■ = C'/(l — S') will satisfy the inequality 

Xi — !Pi — Ci > 0 . 

Hence we are able to infer the existence of a set of solutions of 
the original system. 

It is also clear that the same reasoning applies to the reduced 
system (7.2) and hence the method of segments may be employed in 
obtaining the solution of the original set of equations. 

The method of segments is closely related to the well known rule 
of Cramer, which applies in the ordinary finite case. This rule is gen- 


*The paper by Lindelof gives essentially this theorem. It is also given by 
Pellet; Des ^nations majorantes. Bulletin de la Societe MathemaUque, vol. 37 
(1909), pp. 98-101. 
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erally employed to obtain the solutions of the successive segments of 
the infinite system. 

8. ApplicaUo7is of the Method of Segments. The efficacy of the 
method of segments in attaining results in the transcendental case 
from the algebraic case may be illustrated bj’’ the following elegant so¬ 
lution of the problem of the elastic plate. This solution is due to H. 
W. March.* 

The problem of the elastic plate is concerned with the determina¬ 
tion of a function V(x,y) representing the deflection of a uniformly 
loaded rectangular plate of dimensions (a,b). In the theory of elas- 
ticityf it is shown that V (x,y) satisfies the differential equation 


v*V(x,y) =A , 


( 8 . 1 ) 



dx^dy^ 


0* 

dy^ 


A = 3p/[2fi feVd—w)l . 


where p is the uniform load, h is half the thickness of the plate, and 
E and a are elastic constants determined from the material of the 
plate. 

When the plate is clamped at the edges, V ix,y) is subject to the 
following conditions: 


V = 0 , x — 0 , x^a ; y = 0 , y = b ; 


dV 

dx 


0 


x — 0,x = a ; — = 0 
dy 


y — 0 , y-=b 


(8.2,a) 

( 8 . 2 ,&) 


Let us now consider the function 


V{x,y) = {x,y) -j- (x,y) , 

where we abbreviate 

V:^{x,y) =Pxix — a) y(y — b) , P^A/8 , 

V 2 {x,y) = P{2 [a„/ (IJ) -f sinh ] [ (y — b) sinh hy 

n 

4- y sinh h iv—b) ] sin -f 2 [K/ {yma + sinh ] 

m 

X — d) sinh X smh. /iiniix —a)] sin fi^y} , 

Xn — nn/w , j.im = mn/b . 

It is seen that the function thus defined satisfies both the differen¬ 
tial equation and the boundary conditions (8.2,a). The problem, then, 

♦The Deflection of a Rectangular Plate Fixed at the Edges. Trans, of the 
American Math, Soc,, vol. 27 (19j25), pp. 307-31S. 

fA. E. H, Love: Theory of Elcbstieity, 3rd ed. (1920), p. 496. 
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is to determine the coefficients so that the conditions (8.2,&) are also 
satisfied; we have 

(dV/dx) U=o = P{—a y (y—b) + 2 U„av./ Unb + sinh ;.„&)] 

n 

X [(y— b) sinh - 1 - 2 /sinh l„(i/—5)] 

— 2 sin/<,„ 2 /} 1 = 0 ; (8.3) 

■m 

{dV/dy) |y=o = P{—b X {x—a) — 2 sin 1 „.t -|- 2 [ymbm/iixma 

■n m 

4- sinh AmO-) ] [ {x — a) sinh fi,nX + x sinh (Xm {x —a) ]} ■= 0. 

(8.4) 

It will be seen that these equations are also those which hold on 
the edges x — a and y <=b. 

Equation (8.3) will be found to have the solution 


b„, = (2/b) r {—a y {y — b) -f 2 [A.A./ (Lb -f- sinh A„6) ] 

Jo n 

X [ (y — ^ ) sinh XnV + y sinh Xn {y — h ) ] } sin Uny dy . 

Considerations of uniform convergence show that it is possible 
to interchange the order of integration and summation signs in this 
equation. We thus obtain the system 

brn^ - (Sflni/b) ^ Xn^CLn li (Xrib) / (Xn^ ^ ^7^)^ , 

n 

(8.5) 


where we employ the abbreviation 

R {Xnb ) = (1 + cosh Lb) / (Lb -f sinh Lb) . 

Similarly, wb obtain from (8.4) by symmetry the system 

0^1= (Sb/aL^) — (8A»/ft) ^fim~bm P(ymO') / (l»‘~t“ ync)" • 

( 8 . 6 ) 

It we set & = j/ a, 0 ^ jj ^ 1, that is to say, if we consider the 
case of a rectangular plate, equations (8.5) and (8.6) take the fol¬ 
lowing forms: 

bn= {8fi^ ay'n? j^) 

_ (8n yf/n) 2 a^RimuT])/ (mP- -{-nP) , 


a„ = (Sy a^/'nP pf) 

— (8n n^/n) 2 -K (w n/y) / (wP -[- 'nP y^ 
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For the square plate, i.e., j? = l,'bn = , the two systems just 

written down become 

^- 21 -^nm j '— Ij b, • • * 

m 

where we abbreviate K = SaVji®, Anm = {8/n)'nm^ R {mm) / 

The first four equations of this system reduce explicitly to the 


following; 



1.546bi 

-f 0.22963 -f 0.09465 + 0.0506, -1- • ■ 

.= K , 

0.065bi 

4 - 1.21263 4 0.16565 -f 0 . 1116 , 4 - • ■ 

• = .03705A , 



(8.7) 

0.016b, 

-f 0.09963 4- 1.12865 4 0.1146, 4 • • 

• = .008 K , 

0.00616, 

-f 0.04863 + O.O 8 I 65 4 1.0916, 4 • • 

• = .002921? . 



From the explicit formula for A„m we have the inequality 
Arm. < \8nm?/n {v? m^) , 

and hence, summing over the odd integers, 

2 Arm < 2 8 M w?ln(n- 4- m?) ^ 


< 



[_8nin^/7i(n^~\-m,^)^J dm . 


Since the value of the integral is exactly unity, it follows at once 
that we may apply theorem 8 to obtain a numerical solution of system 
(8.7). Since the right-hand members are obviously bounded, the solu¬ 
tion will also be bounded. 

Applying the method of segments we find the values 
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&ie=0.6475K, 63 = —0.0040is:, 6 g = —O-OOlTiiT, 6 r = —0.006E:, 

b,^—0.Q00SK, b^,=—QM01K, 613 = —0.00006K, • • • . 

When these values are properly substituted and a computation 
made of the displacements of the elastic surface 

V (,x,y) 1 =: Viix, y) y) , 

for Pi : 1, (ic=b = l, the following table is obtained: 


X 

y = .1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

.1 

.0001 

.0006 

.0010 

.0013 

.0014 

.0013 

.0010 

.0006 

.0001 

.2 1 

.0006 

.0019 

.0032 

.0040 

.0043 

.0040 

.0032 

.0019 

.0006 

.3 

.0010 

.0032 

.0052 

.0066 

.0071 

.0066 

.0052 

.0032 

.0010 

.4 : 

.0013 

.0040 

.0066 

.0084 

.0091 

.0084 

.0066 

.0040 

.0013 

.5 

.0014 

.0043 

.0071 

.0091 

.0097 

.0091 

.0071 

.0043 

.0014 

.6 

.0018 

.0040 

.0066 

.0084 

.0091 

.0084 

.0066 

.0040 

.0013 

.7 

.0010 

. 003 i 2 . 

0052 

.0066 

.0071 

.0066 

,0052 

.0032 

.0010 

.8 

.0006 

.0019 

.0032 

.0040 

,0043 

.0040 

.0032 

.0019 

.0006 

.9 

.0001 

.0006 

.0010 

.0013 

.0014 

.0013 

.0010 

.0006 

.0001 


A graphical representation of these values is found in figure 1. 

In the example just discussed, the conditions assuring a conver¬ 
gent solution of the infinite system of equations were fulfilled. It is 
interesting to observe that solutions can be obtained by the method 
of segments in certain special cases where the solutions fail to con¬ 
verge. The following example, originally due to J. Fourier (1768- 
1830), illustrates this’point.’" We follow a modification due to F. 
Riesz.t 

Let us solve Laplace’s equation 

32 y d^V _ 

for the case where V(x,y) is subject to the conditions 

7(0,2/) =1 > V{x,±'Vzn)<=0 , lim F(a;, 2 /) t= 0 • 

X-CO 

Obviously we can write Vix,y) as the series 

V {x,y) = 2 cos (2m—1) y , 

the constants Xm, to be determined from the conditions 


*See his ThSorie analytique de la ckdleur. (1822), arts. 171-178. 

tLes sysUmes d'e^tions linemres aune infinite d’inconnues (1913), pp- 2-6. 
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2!a;„cos(2w— l)y — l . 

m-1 

We now proceed formally. Differentiating this equation an in¬ 
finite number of times and setting y = 0 in each equation, we obtain 
the following system: 


'— 1 , 

2 (2m— l)^Xm = 0 , 
2 (2m——0 , 


Clearly the conditions of theorem 8 are violated. Applying the 
method of segments, however, we find 


(fc) , 


2^1^ 3 ^—Zy' “ "1 


’ 2m —1 m — k -—1 


. (!;) , 


3 '^. 52 . 72 ... (2fc-l)2 _ 4 
8-24 (4A;^—4A:) ^ ' 


It thus follows that 


a, I- 14 

oo__a;i = __-, 

O 6 71 

00--a: 2 =r—-, 

5 O 71 


(S) 


2m- 


2m--|- 1 


x,,^= (—1)™-’ 


2m— 1 


and we obtain the well-known solution 


V(x,y) = (4/yi) 2 (—1)”^^ 6-'=“-'^'® cos(2m— l)y/{2m —1) . 

»?l=l 

If we now substitute the values of a;,,, in the original system, it 
is clear that we obtain divergent series in all but the first instance. 
However, if we employ Borel’s method of summation* it is possible 
to show that all these divergent series are summable to zero. 

For example, we shall have 

2(2m—(4/ji) (1 —3+5 —7-f-•) 

= (4A) rV*(!^fV2!-f tV4! — tV 6 ! + •••) 


*See section 4. Chanter 5. 
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2 (2to—1) ~Xa t= (4/ji) J er* t cos t dt = Q ; 

2 i2m—l)^x,n — (4/ji) (1 _ 3-’ 4- 5^ — 7= H-) 

/ * GO 

[ (i—i®)cos t — sin f] dt = 0 . 

0 

If we admit the validity of Borel summability in the present sit¬ 
uation, we see how it is possible to give at least a rationale to the 
application which we have discussed here. 

9. The Hilbert Theory of Lvmcvr Equations in an Infinite Ehim- 
ber of Variables, The theory sketched in this section was initiated by 
D. Hilbert in his classical papers on the theoiy of integral equations 
published between 1904 and 1910 (See Bibliograq)hy). These fruitful 
ideas led immediately to an extensive development by E. Schmidt, 0. 
Toeplitz, E. Hellinger, I. Schur, and numerous others. A short bib¬ 
liography of some of the important memoirs will be found in chap¬ 
ter 12. 

We shall begin by introducing the concept of Hilbert space. By 
such a space is meant an infinite array of numbers rCj, x.,, Xs, , Xn, 
••• , which obey ordinary associative and commutative laws and sat¬ 
isfy the condition 

00 

n=i 

where M is finite. It is obvious that no essential restriction is imposed 
by assuming that M = 1. 

This concept has been broadened by a number of writers prominent among 
whom are J. von Neumann, M. H, Stone, S. Banach, and T. H. Hildebrandt. A 
complete account of these recent developments will be found in the treatise of 
Stone: Linear Transformations in Hilbert Space (American Math. Soc. Colloquium 
Publications, 1932), viii + 622 p. The following postulates are due to von Neu¬ 
mann [See Bibliography: von Neumann (1), p. 14 et seq.] 

A class, Hf of elements f,g,--is called a Hilbert space provided: 

1. The elements form a linear space; i. e., there exist commutative and 
associative operations for the elements and a null element with the properties 
/-+ 0 = /, /• 0 = 0 , 0 */ = 0 . 

II. There exists a numerically-valued function {f,g) defined for every pair 
of elements with the properties: (1) (cif,g) — a(f,g), where u is a complex num¬ 
ber; (2) (/^ + U ff) = iUo) + (fvO) J (S) 
equal sign holding only if / = 0. 

III. For every value of n there exists a set of n linearly independent ele¬ 
ments of iJ* 

IV. H is separable; i. e., there exists a denumerable, infinite set of elements 
ifi), such that for every g in H and every positive s there exists an n for which 
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V. H is complete; i. e., if a sequence {/J of H satisfies the condition |/,„ — 

0, m,n —> CO, then there exists an element / such that [/ — 0, w. —> oo . 

The Hilbert theory of the inversion of a system of linear equa¬ 
tions takes its departure from the related problem of the definition 
and inversion of the bilinear form 

00 

A {x,y) ^ S aij Xi Vj . 

ij=l 

Definition: The bilinear form A(x,y) is called limited if there 
exists a positive number M, independent of n, x, and y, such that if 
X and y both belong to Hilbert space, we have 

2 «i; aJi t/; 1 g M . 

ij=i 

The form 


'— 2 a-i t/; 

i;=l 

is called the nth segment (Abschnitt) of A {x,y). 

Although for convenience much of the following discussion will 
assume that the coefficients and variables in A (x,y) are real, most of 
the theorems will apply with equal validity to the Hermitian form 

_ CO __ 

H (x,x) == 2 Xi Xj , 

ii-\ 

where we assume Ohj = aji. The bars over the a, and the x denote the 
complex conjugates of aji and xj respectively. 

In general we shall designate a bilinear form by the symbol 
A{x,y), the corresponding quadratic form by A(x,x) and the matrix 
of the form, namely || a.i; ||, by A. In some cases, however, where no 
ambiguity results, it will be convenient to represent bilinear and 
quadratic forms by A. The form conjugate to A ix,y) , that is to say, 
with matrix equal to A', will be designated hyA'{x,y). The unit form, 
that is to say, the form with matrix I, will be represented by I {x,y ). 

The following theorem is fundamental in the theory of limited 
bilinear forms: 

00 n 

Theorem 9. If A {x,y) •= 2 aij Vj xnd B {x,y) — 2 Vi ome 

ij-l 

limited forms, then the 'product form 

00 

C{,x,y) =2 CiiXiy.} , 


where C ~AB, that is^ where 
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II j| ^ II ^ij II * |] bij II,— II a,'! (I22 ?> 2 / '-]-••• II , 

is also a limited form. 

Proof : In order to show this it is necessary to prove that 

71 00 

i 2 [2«iitM Vil^M , 

1 j=i 7 c=i 

where M is a number independent of n, Xi, and Vj. 

This sum may be written in the form 

2 (I^a-iicXi) {'thkjVi) . (9.1) 

li-l i=i ^-=1 

Lemma, {The Schtvarz inequality). If Ui, ••• and Vn, 
are two sets of real numbers, and if 

Ui“ ■*“!“ 'W.' 2 “ ~|~ * * * ■“!“ Uji^ ~|~ • •" and v-i" '~f” * * * 

converge, then 

'^1 “i" '^^2 '^2 * * ‘ “f” “f" * ' * 

also converges and satisfies the inequality 

00 / 00 / 00 

I ^ I \l \l 

p=i \ jtei \ p=i 

n 

Proof: Since 2 Unp-{- ,uVp)^ = 


P 2 '^p" “f" 21^2 2 Xp ''0 j 

Pz=l P=1 P=1 

it follows that the discriminant must be either negative or zero; i.e., 


(2«pVp)" —2 m3>"2, 
p=i p=i p=i 


from which we derive 


SUpVp 




From the assumption made as to the convergence of the left- 
hand member the lemma at once follows. 


The Schwarz inequality was given hy H. A. Schwarz m his memoir : Uber 
ein die Flachen kleinsten Flacheninhalts betreffen des Problem der Variajions- 
rechnung. Acta soc, sc. Fennicae, vol. 15 (1885), pp. 315-362. This inequality for 
finite summation, however, was given by J. L. Lagrange for three teri^: Nouv. 
Mem. Acad. Berlin {Oeuvres, vol. 3, p. 662 et seq.) and by A. L. Cauchy: Oours 
analyse de Vecole polytech., Analyse edgehrique (1812), ^te 2, theorem 16 
{Oeuvres, vol. 3, 2nd ser., p. 373 et seq.) for the general case. The theorem is thus 
often referred to as the Lagrange-Cauchy rmqualiiy. 
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We note that the Schwarz inequality holds mutatis mutandis for integrals. 
Thus, if u(t) and v(t) are real, continuous functions of t in the interval (ab), 
then the following inequality holds: 

I r u{t) V (t) dt[^ ^ C r \v(t)\2dt, 

Ja Ja Ja 

This inequality can be generalized from the criteria that a real quadratic 
form be positive definite, that is to say, that the quadratic form 

n 

ij=l 

shall assume no negative values for any values of the variables Xj, In order 
for the quadratic form A to be positive definite, it is both necessary and sufficient 
that the n principal minors 


A„ = l , = , A,.: 


. Ki;l . 


shall be positive or zero. 

Let us now employ the abbreviation 


{u v) r= 



u{t) v(t) dt . 


From the obvious inequality 





where UoWt *** ? ^^(0 form a set of real continuous functions in the 

interval (ah), we derive the positive definite quadratic form 


(U,j = Uj,) 

ij=i 

where we abbreviate 


Hence the sequence of determinants 


1, Uj (‘W'j , Ug 


(Uj^uJ (u^u^) 


•^^n=l (^i Wy) 1 » 


must be positive or zero. The Schwarz inequality is clearly the special case 

The determinants U^, • • • , I7„ are called Gram determinants after J. P. 
Gram who first employed them in his notable paper: tiber die Entwickelung reel- 
er Funktionen in Reihen mittelst der Methode der kleinsten Quadrate. Journal 
fur Math., vol. 94 (1883), pp. 41-73. 

The Schwarz formula has also been extended in another direction by G. 
Holder, who established the following inequality:* 


^tlber einen Mittelwertsatz. Gdttinger Nachrichten (1889'), pp. 38-47. 
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I 2 I”* ^ { 2 I “p { 2 I 1“} . m > 1 . 

I'-l 11=1 p^l 

The Schwarz inequality is the special case m = 2. 

Closely related to the Holder inequality is the following: 

{21 «p + Vp g {21’S1"')’^"* + {2 I > 1 , 

P=i p=i 

which was established by H. Minkowski in 1907* and which is called the Mm- 
kowski mequality. 


For the case m — 2 it follows as an immediate consequence of the Schwarz 
inequality. Thus we have 

2!2^‘p^|g2{N:ivi^2ivi^r, 

p-i p=i p=i 

and hence 

2 I «-p-1 = + 212 «p I + 2 bp 1- ^ 21 «p!" + 2 (21 «p 1^21 ^p 1^)^ + 21 ^ 

from which it follows that 


2l'«p + ^l=s{ (2l«pl=)'+ (2bp. 

P=1 P=1 /tel 

Returning to (9.1) we see that the Schwarz inequality gives as 
an upper limit to the bilinear form the value 

J 2 (i(tikXi)\l 2 (ihiViy . 

V k=i i-i \ 7c=i j=i 

We must now show that the fact that 2 Xi yj is limited implies 

ij=l 

00 n 

that 2 ( 2 ctift a^i)" ^ M-, where M is the upper bound of the bilinear 

fc=i i=i 

form and independent of ti. 

By hypothesis 

! 2 2 (H'ij Xi //; I g M A / 2 Xi^ J 2 2// • 

' 4=1 i=l V 4=1 V 1=1 

Since we may write the left-hand member of this inequality as 

m n 

2 ( 2 di}- Xi)yj, we may think of it as an ordinary linear form which 

3=1 i-t 

becomes a linear form in an infinite number of variables as m oo. 
But if we assume that 


2 Ai Zi I ^ M 

i=l 


^Diophantische ApproximaMon. Leipzig, (1907), p. 95. 
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when + •** = 1, it follow’s that 2 because, by 

1=1 

the Schwarz inequality, 

OQ / 'X' /““oO 

1=1 V »=i V »=i 

Moreover, for Zi = A{/V + Ao^ -j-the equality sign pre¬ 

vails since the upper limit is actually attained. 

Hence we get 


OO W 
j=l i=l 

It then follows that if M is the upper bound of A, and N that of 
B, the upper bound of C will not exceed M N* 

The two following theorems are also essential in the theory of 
limited bilinear forms: 

Theorem 10. If || da || is the matrix of a limited form and if 

CO OO OO 

2 ^ 1, then 2 converges, where Xi = 2 cHi C; , 

3=1 i=i ;=i 

Proof'. By the Schwarz inequality We have 

OO 00 00 

2 = 2 (2 C;) = . 

i=l i=i j=i 

But we have just proved in the preceding theorem that this sum 
converges under the hypotheses assumed above. 


CO 00 

Theorem 11. The form 2 Xi yj is limited provided 2 <^ir con- 
verges. 

Proof: The proof follows from two applications of the Schwarz 
inequality: 


00 'jtj uu OO OQ GO 

{ 2 o,i3 aJi 2/i)^ [ 2 ( 2 C'ij g 2 ( 2 a:*) = 2 Vr 

i]=l . . 


CO CO 

2 ( 2 

y=i i=i 


00 00 

2(2 

y=i i=i 


00 CO • OO 

^ 2 0 , 13 ^ 2 ^ 2 a-i/ . 

i7=i i=i i ;=i 

We now turn to the problem of solving system (1.1), where we 

shall impose the conditions: (a) that the {&,} belong to Hilbert space; 

■00 

(b) that 2 l«ijj converges; (c) that the solution {a?;} shall also belong 
to Hilbert space 


H^hhiger and 0. Toeplitz: Grundlagen fur eine Theorie der unendlichen 
Matnzen. Math. Annalen. vol. 69 (1910), pp. 29S-301. 
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Let us now consider the infinite matrix 

■4- |j ci-ij jj « 

If it turns out that a second matrix ^ = [j <pi 3 1| exists such that 

^A = I , 

where I is the unit matrix ]| 6^ |1 in which 6^ = 1, i = j, and di/ ■= 0, 
i ^ j, then is called the fonvard inverse (or reciprocal) of A. Simi¬ 
larly, if = II v’i,' II is a matrix such that 

A !F = / , 

then W is the backward inverse (or reciprocal) of A. 

Theorem 12. If hackivard and forward inverse matrices both 
exist for A, then they are identical. 

Thus we have 


^AW = , 

Theorem 13. If there exists one and only one forward inverse 
matrix, then this is also the backward inverse. 

Proof: Let us assume the contrary; namely, that ^ is unique, but 
has the properties: 

^A = I , 

A<k==B^I . 

Then we have 

A0A = A{^A)=AI = A , 

= {A^)Ar=BA . 

Hence we obtain, A — IA = B A, and (5 — I)A = 0. It then 
follows, letting 1 be any parameter, that we have 

[^4-A(B —/)] 4=1 . 

Thus <I> is not unique and the theorem follows from the contra¬ 
diction. 

We next observe that if A has a unique inverse, then a unique 
solution of system (1.1) will be given formally by 

Xjt =2 Tii 

4=1 

It remains for us to see under what conditions this solution ac¬ 
tually exists and satisfies the restrictions imposed by the problem. 
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Tha following theorem due to 0. Toeplitz* supplies a set of sufficient 
conditions: 

Theorem H. Let A{x,x) be an infinite quadratic form with 
matrix A which satisfies the following conditions-. 

(1) A {x,x) is limited; 

(2) A(x,x) is positive definite; 

(3) The roots of the equation 

\l,I„ — An\ = 0, (9.3) 

where and A„ are the nth. principal minors of 1 1 and \ A \, do not 
have zero as a limit point. 

Then a unique inverse exists for A which is also limited. 

Proof: Before considering the details of the proof, it might be 
illuminating to discuss the following example: 

Consider the system 

1 1 o 

Xyi — Cn j 'il — 1, 2, * • • • 

n 

CO 

Since 2 t/n^ converges, the matrix of the associated form is lim- 

n=l 

ited, but the inverse matrix, |1 i da H, is clearly not limited. Hence the 

solutions, Xn = ncr,, do not necessarily belong to Hilbert space since 
00 00 
2 Cn is not necessarily bounded when 2 Cn = 1. 

Equation (9.3) reduces to 

(^4—1) (/<—1/2) ifi—l/S) ip—l/n) = 0 

and zero is seen to be a limit point for the roots as n ^ oo. Thus a 
limited inverse does not exist. 

The details of the proof consist in the explicit construction of 
the inverse of the limited bilinear form 

00 

A iX,X) ~ 2 > 

ij^i 

which we shall also assume to be positive definite and whose matrix 
satisfies condition (3) of the theorem. 

Let us designate by An(.x,x) the wth segment of A{x,x) and by 
An the matrix of the form. The variables Xi, belonging to Hilbert 
space, may, without loss of generality, be assumed to satisfy the con¬ 
ditions: 

+ + -+ = l • (9-4) 

*Die JacobiscRe Transformation der quadratischen Formen von unendlich- 
vielen Veranderlicben. Gottinger Nadhrichten, (1&07), pp. 101-109. 



LINEAR SYSTEMS OF EQUATIONS 


145 


Adopting the notation that is the determinant of the matrix 
of the rth segment of A (x,x) and is the cofactor of the element 
dij in 4.* we now construct the following transformation due origi¬ 
nally to C. G. J. Jacobi (1804-1851) 

Vr c=: -J- ... _j_ , 

r = l,2,3,---,n , (9.5) 

where we abbreviate 

. (9.6) 

It can then be proved that 


2 ■■ 

4=1 


"iui A*-*' 


Ui u. 


and since the matrix of this form is the reciprocal of A„, we see that 
the matrix B„ = || fijO) || jg related to A„ by the equation 


5'„S„c=A,-^ . (9.7) 

Similarly, if B,, is the reciprocal of B„, we have the equation 


BnHB'n)-^-^An . (9.8) 

It is now necessary to anticipate a theorem established in sec¬ 
tion 2, chapter 12. The roots of equation (9.3) we shall call the 
characteristic numbers associated with the matrix An. From (2.22) 
and (2.23) of chapter 12 we know that if A„(x,x) is a positive def¬ 
inite form we have 


Max A„(a;,x) =M„ , Min A»(x,x) = m,i ; (9.9) 

Max A„-^(a:,x) c=l/m„ , Min A„-^ (x,x) i=l/M„ , (9.10) 

where M„ and m„ are respectively the largest and the smallest of the 
roots of equation (9.3). 

This theorem applies equally well to the infinite form A(x,x). 
Employing this fact and noting condition (3) of the theorem, we are 
able to show' that A'") > 0 for all values of n. If this were not the 
case and if one determinant, let us say A‘’'k were zero, then j ^ I — Ar| 
wiould vanish‘for fi — 0. Hence a set of values, Xi, x^, ••• , Xr, would 
exist in Hilbert space for which we should have Ar{x,x) t= 0. Set¬ 
ting all other values of x equal to zero, we should then have 
A„„,(x,x)i t= 0, m t= 0, 1, 2, •••, 00 . Hence the equation \iil — An\ 
= 0 would have ;U = 0 as a limit point, contrary to the original 
assumption. 

*tjber eine elementare Transformation eines in Bezug auf jedes von zwei 
Variablen-Systemen linearen und homogenen Ausdrucks. Journal fur Math,, vol. 
53 (1857), pp. 265-270. Also Gesammelte Werke, vol. 3 (1884), pp. 583-590. 
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From this we conclude that the Jacobi transformation (9.5) 
exists and that the coefficients are real. Moreover from (9.10) 
we obtain 

B„{x,x) g }'^Z{-v,x) 1 = Max (x,*) =l/m„ . 

From this we conclude that B(,x,x) is limited, hence B'(x,x) is 
limited, and from theorem 9 above, their product is also limited. 

In similar manner, employing condition (1) of the theorem, it 
is easily proved that B-^ {x,x), [B-^ (x,x) ]' and their product are also 
limited forms. 

The following two equations 

A A-^ t=zB~'^{B')-'^B'B = I{x,x) , 

A-^A = B'BB-HB')~'^ = Iix,x) . 

complete the proof of the theorem. 

In the argument just set down it was shown that a unique lim¬ 
ited inverse existed for a quadratic form of a special type, namely, 
one that was positive definite. It is possible from this conclusion, 
however, to derive both necessary and sufficient conditions that a 
general quadratic form have a unique inverse. These conditions are 
set forth in the following theorem: 

Theorem 15. A real limited quadratic form A(x,x) possesses a 
limited forward inverse if and only if A' A does not have zero for the 
limit point of its characteristic numbers. The form also possesses a 
limited backward inverse if and only if A A' does not have zero for 
a limit point of its characteristic numbers. 

Proof'. We shall first show that the condition is necessary. If 
there exists a forward inverse X{x,x) with matrix || Xij ||, then we 
have X A == I(x,x), that is to say, 

00 00 00 00 

2 2(2 ^ij 2 ^?c) • 

1=1 i-i 7c=i 

Froni the Schwarz inequality and the fact that the variables be¬ 
long to Hilbert space, we then obtain 

00 00 00 00 00 

[2 (2Zi^xO^ 2 , 

i=l i=l 7c=i 

that is, 

[Max (XX')](A'A) . 

From the assumption that X exists, we know that Max (X X') 
is a positive number; hence it follows that A'A cannot be zero and 
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thus the spectrum of characteristic numbers cannot have zero for a 
limit point. 

To show that the condition is sufficient, we need merely observe 
that if A (x,x) is a given real, limited quadratic form, then the form 

00 00 
•i=i j=l 

is positive definite and limited. Hence it may be discussed under the 
conditions of theorem 14. If condition (3) of that theorem is ful¬ 
filled, then there must exist a unique inverse, Y, which is also limited. 
Hence we have 


Y A' A = I(x,x) , 

and from this observe that Y A' is the desired inverse of .4/'=^ 

We conclude by noting that theorem 15 is immediately extended 
to limited bilinear forms. It is also applicable to Hermitian forms 
provided we substitute A A' and A' A respectively for A A' and A' A 
in the theorem. 


PROBLEMSf 

1. Given the bilinear form 

A(ix,y) > 

pq=l 

where the variables belong to Hilbert space. If the series 

00 00 

^P = 2 I vl > = 

r^l r=i 

converge and if ^ /i, where k and ju are constants, then the upper 

bound of A (x,y) is at most equal to . 

2. Show that the form considered in problem 1 is not necessarily limited by 
examining the special case 

= (log p • log q)/(p + q) . 

3. If A {x,y) is a limited bilinear form, and if [a^^l < a-, then show that 

00 

PQ-l 

is also limited provided the power series 

f(x) =c^x + Cgfljs d- 

converges absolutely for x = a. 


* Another demonstration of theorem 15 has been given by E. Hilb: fiber die 
Auflosung von Gleichungen mit unendlichvielen Unbekannten. SitzungweTzchte 
der Phys,-Med, Sozietdt, Erlangen, voL 40, (1908), pp. 84-89. See also F. Eaesz: 
Les systemes d*equations linSaires. Paris (1913), pp. 89-94. 

tThe problems in this list are due to I. Schur: Bemerkungen zur Theorie der 
beschrankten Bilinearformen mit unendlichvielen Veranderlichen. Journal fur 
Mathematik, vol. 140 (1911), pp. 1-28. 
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4. Shaw that the two forms 




, 2 <. •) y" ’ 

p«=i * “ " 


pq=l ^ '^pq 

are limited provided the bilinear form A(x,ij) defined in problem 1 is limited and 
provided 1 1 1 > I “pg 1 • 

5. Let /p{t) and gp(t), p = 1, 2, 3, • • • , be a set of arbitrary functions of 
integrable square over the interval a ^ f ^ 6, such that 


„(t)|-4t 
Now compute the constants 
b 


pq ■ 


and construct the bilinear form 


r , C \gp(t)\^dt^v . 

Ja J a 

nts 

/■ 




B(x,g) =2®P4&p«»^p2/« • 

Pf/=1 

If the form A(x,y) = 2 Sa upper bound then the upper 

bound of B{x,y) is at most equal to V 2 oi(ii + v), 

6. If A(x,x) and B{x,x) are two positive definite Hermitian forms and if 
a, a' are respectively the largest and smallest characteristic numbers of A {XjX) 
and p, the largest and smallest characteristic numbers of i?(x,£c), prove that 
the characteristic numbers of the form 

_ CO __ 

C(»,«)= 2 

pq-^ 

lie between a' /3' and a p . 

7. Prove that the maximum value of the forms 

^-pVq 

7 p,q=lP A'Q 

where 2' means the term p = ^ is omitted from the sum, is at most equal to w. 

8. Prove that the maximum value of the forms 


00 X, 


■p yq ^ Va 

p,q:=l V — Q +\ p,q=iP + O' —,1 4- X 


is at most equal to ‘tt when X is an integer and is at most '^/\ sin X 'tt | when X is 
not an integer. 


9. Prove that the form 


CO 

A(x,y;fi)=Y -a, , /« S 1 , 

P^i — 


is limited and that its upper bound is at most equal to 
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10. Extension of the Foregoing Theory to Holder Space. Although 
the purple of the present volume will be served by limiting the vari¬ 
ables to Hilbert space, it is instructive to consider the more general 
problein of so ving system (1.1) where the unknown quantities are 
^sumed to belong to Holder space, that is to say, where they satisfy 
the condition 


2 Xil^^M , p > 1 (10.1) 

The positive constant M may be set equal to 1 without limiting 
the generality of the problem. The quantity p is called the exponent 
of the space. It will be convenient also to introduce the ratio q = 
V/ (P —1), from which we have 


Since p and q are separated by 2, except when p = q = 2, we 
may assume that 1 < p ^ 2, and hence that q ^ 2. 

The related problems of solving the set of equations (1.1) and 
of obtaining the reciprocal of the bilinear form 


00 

^(•T, 2/) ='Z(t>iiXiyi (10.3) 

i;=i 

under the assumption that the Xi and the Pi belong to Holder spaces 
of exponents p and q respectively, have been extensively studied by 
F. Riesz.* Further contributions to the theory have been made by 
St. Bobrt and L. W. Cohen.J 

The principal tools employed in these investigations have been 
the Holder and Minkowski inequalities, which we have defined in the 
preceding section. A typical application is found in the following the¬ 
orem due to E. Landau :§ 


Theorem 16. If an infinite set of variables {Xi} belongs to a Hold¬ 
er space of exponent p, then the linear form 

QO 

2 fti Xi 

i-1 

converges for all values of Xi if arid only if the set {ai} belongs to a 
Holder space of index q. 


*Les syst&mes equations lineaires, (loc, ciU), chapter 3. 
fEine Verallgemeinerung: des v. Kochschen Satzes iiber die absolute Konver-* 
genz der unendlichen Determinanten. Mathematische Zeitschrift, vol. 10, (1921), 
pp. 1-11. 

JA Note on a System of Equations with Infinitely Many Unlmowns. Bulle¬ 
tin of the American Math. Soc., voL 36 (1930), pp. 563-572, 

§tjber einen Konvergenzsatz. Gottinger Nachrichten, (1907), pp. 25-27. 
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The proof of this theorem is obtained as an obvious derivation 
from the Holder inequality. 

St. Bobr has extended von Koch’s theorem on the convergence 
of an infinite determinant (see section 3) as follows: 

Theorem 17. The determinant 

A. I aij I , 

together with all its minors, converges absolutely provided 

(1) the product U an converges: 

issi 

( 2 ) there exists a number q ^ 2, such that the double series 

00 00 

, (10.4) 

i=l J=1 

converges. 

The proof of this theorem is attained by an argument similar to 
that employed in section 3. The details will be omitted here. 

Cohen in his study considered the problem of solving system 
(1.1) in which the coefficients aij of that system are replaced by 
6ij -)- aij, that is to say, for a system, which has the following deter¬ 
minant: 

A = I 8ij aij ] . 

The quantities {bi} which comprise the right hand members of 
the system are assumed to belong to a Holder space of exponent p and 
the coefficients {ai,} are subject to the single condition: 

or, 00 

S [ 2 1 aij < m , 1 < p g 2 , (10.5) 

i=l i=l 

where m is finite. 

A system equivalent to (1.1) is first constructed as follows: 
From (10.5) it follows that lim ] aij | i= 0. Hence there exists a 

i=00 

integer io such that the following inequality holds: 

V 2 . < 1/(1+ ®ii) < 2 , when 4 > io . 

The original system is then replaced by the following equivalent 

one; 


2 ‘j 8ij -j- Cij 1 —^ di (^Sij -j— ®^i/) f dj, bi 

issl 


where we write 

(Zit= Ifori^ io , (ii'==l/(l-{-aii) fori > i, . 


( 10 . 6 ) 
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Since the d/i are bounded and the Cu = 0 for i > io, it follows 
that the infinite product U {da + cu) and the sum 

00 00 

2 {2 Icii , Q ^ 2 

i=l J=i 

both converge. Hence the determinant of the system fulfills the con¬ 
ditions of St. Bdbr’s theorem. 

The solution of the equivalent system is then attained by Cram¬ 
er’s rule, since the minors converge absolutely, and the condition that 
the {bi} are in a Holder space of exponent p is sufficient to establish 
the convergence of the solution thus found. 

The following theorem may then be stated: 

Theorem 18. If the determinant A does not vanish, if the quanti¬ 
ties {6i} of (1.1) belong to a Holder space of exponent p, and if the 
coefficients [an] satisfy the ineqmMty (10.5), then a solution of the 
original system may be found by solving by Cramer’s rule the equivor- 
lent system (10.6). The solution will belong to a Holder space of ex¬ 
ponent p. 

It is instructive to examine the situation with respect to the 
transposed system 

Xi2 «•/> » (10.7) 

j=i 

where the quantities {«.;;•} are subject to the inequality (10.5). 

The pertinent theorem is immediately derived from a considera¬ 
tion of the following inequality established by an obvious application 
of the Minkowski inequality: 

00 00 00 00 

2 { 2 i ^ 2 { 2 I ai; . 

y=i 1=1 1=1 /=i 

Noting that inequality (10.5) imposes upon the coefficients of the 
transposed system an identical inequality in which p is replaced by q, 
we immediately derive the following: 

Theorem 19. The statement of theorem 18 also applies to the 
transposed system (10.7) provided the {6i} are assumed to belong to 
a Holder space of exponent q. The solution will belong to a Holder 
space of exponent q. 

The theorems which have been given above afford sufficient con¬ 
ditions for the existence of a solution of system (1.1). We shall 
conclude with a statement of the theorem of Riesz which specifies 
both a necessary and a sufficient condition for the existence of'a so¬ 
lution: 



152 


THE THEOEY OF LINEAK OPERATORS 


Theorem 20. If in system (1.1) the coefficients are subject to the 
condition that the following series converge: 

00 

2 1 fto (i^l,2,.-.) 

5=1 

then in order for the system to have a solution belonging to a Holder 
space of exponent p > 1, it is both necessary and sufficient that there 
exists a positive quantity m such that 

n 00 n 

12 Wi Ci 1 ^ {2 12 Wi tti,- 

i=l i=l i=l 

for all positive integers n and for all values mi . 

For a proof of this theorem the reader is referred to chapter 3 of 
Les systemes equations lineaires of Riesz. 
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Operational; Multiplication and Inversion 

1. Algebra and Operators. Fundamental to any theory of opera¬ 
tors is the lo.w of composi tion or operational multiplica tion. The prob¬ 
lem that confronts us in the establishment of such a law is essentially 
different from the equivalent problem in linear algebi'a. It seems 
worth while to indicate briefly the nature of this difference. 

The construction of a linear algebra is based upon three concepts: 
( 1 ) the existence of a set of unitary elements, Ci, 62 , • ■ •, e,„ generally 
finite in number; (2) the existence of a field (A) of scalar multi¬ 
pliers, independent of the units, from which the general number is 
constructed by the addition of scalar products of the form i.e., 

n 

x<=]^Ai Ci 

i=i 

(3) the existence of a multiplication table for the unitary elements; 
that is to say, 


where the multipliers belong to (A). 

n n 

The product of two such numbers, x — Yj^AiCi and y = IB is 

i=i i=i 

then found through use of the linearity postulate to be 

n n n n 

A ^ jCiCj '^CjjC'h j * 

if ij ij ij 

The problem of operational multiplication, on the other hand, is 
based (1) upon an infinite set of primary elements, • • ■ • , 2"", , 

• • ■ • , 2 "^, 1, 2 , 2 ^ , — , which form a group, z”^ 2 ” = 2 ™+" , and (2) 
upon a class of functions, {Ai(x) }, the combination of which with the 
elementary operators is not independent of them. It is this depend¬ 
ence that so greatly complicates the problem of the multiplication of 
operators. 

In spite of these essential differences, however, there does exist 
in many cases, particularly where the class of functions {Ai (r)} is the 
class of constants, a formal analogy between operational symbols and 
the symbols of algebra. The source of tliis formal resemblance will be 
discussed in the ensuing pages. 


■153- 
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Let US for the sake of ready reference designate the differential 
operator of infinite order by the symbol 

A{x, z) =fto(x) -H ai(x)z + a 2 (-T)s^ +.* 


and the polar operator by the symbol 

B (x, 1/z) — (x) /z + hi (x) jz- -\-bsix) /z^ .. 

It will also be convenient to refer to these occasionally as genera¬ 
trix operators of first and second kind respectively. 

2. The Generalized Formula of Leibnitz. It was first proved by 
Leibnitz* that the nth derivative of a product is given by 

z" -^UV c= 71(71 - 1 ) ! + • ■ ■ • 

( 2 . 1 ) 

This formula is capable of an extraordinary generalization, be¬ 
ing but a special case of the following oneif 

F{x, z) ->uv — vF {x, z) -^u v'F'~{x, z) -> m/1 ! 

-1- v"F/ (x, s) m/2 ! + .. , (2.2) 

where we have used the abbreviation Ffi''^{x, z) -~ d^F{x, z) /dz'"" . 

Under proper convergence assumptions, formula (2.2) is ob¬ 
viously obtained from (2.1) if F(x,, z) is a generatrix operator of first 
kind. That it also applies to integral operators will be apparent from 
a consideration of the expansion 


• uv 


i ^ 71V df'= ( (x — t)”'-'^uv dt/ (n —1) 

Jo Jo Jo 

= (x — t)"'-'^ u(t) {■v(x) — (x—f)v'(x) 

4- (x—t) = x"(x)/2!-}dt/(jM—1)! 


= v{x)z-^ -^u — 7/ix)nz-”^^ -^u-\-n{nr^l)'w" z-'^^ -^ m / 2 ! 

— M(M-j-l) (m4-2)i;'" 2-”-®->m/3! “1-••• . (2.3) 

Since this is equivalent to formula (2.2) applied to the function 
Z'” , we see that it also applies, with proper convergence assumptions, 
to the general polar operator. 

Moreover it will be observed that formula (2.2) also holds when 
we specialize F (x, z) — s-a , u not an integer, and F (x, z) = Z‘A log z. 
The first case follows from a slight generalization of (2.3), (n —1)! 
being replaced by T (n). The second case is established as follows: 


*In a letter to Johann Bernoulli and later in his Synibolismus TnemorabUia 

etc. 

fFor tHs see Hargreave: London Phil Trans. (1848). 
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By definition we have 

z-nogz-^m = — 

•^0 

oc 

(x—t)P-^{\og{x—t)—xp{ii))%{t)[^vw(x){x—t)^ 

X (— dt/rifi) ■=— r {log(a:— t) — y)(fi)}u(t) 

•^0 

00 

X { S v^^Hx) dt/r(fi) . 

But since ipi/n) = l/'/i , r(jti) = r(u-]-l)/a , we can 

write 

cc 

z-^ log -^uv^v (x) logz — I 2 {log (r— t) — V (p-\-n) 

J 0 «=i 

-|- l//i + l/(/i-l-l) -1-— 1 )} v*”' {x){x ——1)” 

X (,"+^— l)/B(//+«) ■%] 

00 

'=v{x)z~i^\<igz-^u{x) -|-2 (—1)” v<’”(a:){//(,u4-l) ••• —1) 

X log z u{x) — ^ 


where we write 

Piifi) Ij Pnif^) ~ (/H~l) ■■■ -1) "f" 

iM(jU-)-2) ••• —1) X■ ■ ■ X■■■“1" (f-i-j-n — 2} . 

But it is seen, by explicit calculation that if F(,z) = z-i^log z, 
then F^”'> t= FF'> equals the coefficient of (x)/nl, which was the 
desired result. 

3. Bourlet’s Operational Produrd. Proceeding from the general¬ 
ized formula of Leibnitz we are now able to derive the product genera¬ 
trix obtained when an operator X{x,z) operates upon a second opera¬ 
tor, F{x, z). This formula is due to Bourlet and plays a fundamental 
role in much of the theory that follows. 

We shall designate the product of X(x,z) into F{x,z) by means 
of the symbol X{x,z) -» Fix,z), or occasionally by [X • F] {x,z). 

We first prove the following fundamental theorem: 

Theorem 1. If X(x,z) mdFix,z) are both operators of first 
kind {or both of second kind), then the. operational product, 

lX-F](.x,z)‘=Xix,z)-^F{x,z) , 
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can he expanded formally into 

X-^F==[X-F]=FX+ (dF/dx) (dX/dz) 

4- (d^F/dx^) (d^X/dz^)/2 ! 4- • • • 

-f (d^F/dx") (d’‘X/dz”)/nl-l -. (3.1) 

Proof: Let us assume fii'st that both X and F have Taylor’s ex¬ 
pansions in z about the origin and let us denote them by 

X{x,z) --^Xo(x) + X,{x)z + XAx)z^ + -- - , 

(3.2) 

F(x,z) =Foix) -^Fx{x)z-\-F 2 (^x)z‘^ -. 

It is then clear that we shall have 

[X-F] u{x) =X(r, 2 ) {Foix) u{x) Fiix) u'(x) 

F'zix) u" (x) -j" ■ ■ ■} > 

or making use of the generalized Leibnitz formula (2.2), we get 

00 

[X-F] -^u(x) = 21 (Fo<^^ (x)/fl}{d^X(x, z)/dz’) u(x) 

j = 0 

00 

+ Ti {Ft^^^ix)/fl}{d>Xix,z)/dz'‘]-^u'{x) 

;=o 

00 

+ Ti [F2‘-^'{x)/il}{djX(x,z)/dz'}-^u"{x) - 

/:=0 

CO 00 

=: £ 21 {Fd’Hx)/jl}{d’X{x,z)/dd}{x) . 

i=0 jzzQ 

Designating the differentiation of t 4 (a;) by placing s' on the left 
side of the arrow, we obtain 

OQ 00 

[X • F]-> zt(x) = 2] Ij (x)/ fl}{d’X{x,z)/dz’} u{x) 

i-0 3=0 

CO 00 

■ — Tdijl (x)}{d^X{x,z) /dz^}/j\-^ v,{x) 

;=0 

00 

= £ {d’F{x,z)/dx’){d^X{x,z)/dz>}/jl-^u{x) 

= F(x,s) X{x,z) + (dF/dx) (dX/dz) 

+ (a^F/0£C^) (02X/3s^)/2!-4--- • 

We have thus established (3.1) for operators of first kind. But 
the formula has equal validity for operators of second kind because 
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polar operators are similarly included under the Leibnitz formula 
(2.2). The proof just given may be used with suitable modifications 
provided X{x,z) and F(x,z) are assumed to have Taylor^s expan¬ 
sions in 1/^ instead of z. 

From the result of theorem 1 it is easily seen that, in general, 
the product of two operators is not commutative, since 

X^F^F . 

However, in the case of constant coefficients, that is to say, 
where Xn{x) and Fn{x) of (3.2) are constants, we have 

X^F = F -^X = X{z) F{z) , 

and hence w^e are able to conclude that two linear tmiform operators 
ivith cooistant coefficients are commutative. 

It will be found upon examination that the expansion (8.1) also 
holds when the functions contain terms of the foimi z-^ log z. An ex¬ 
plicit statement of this corollary follows: 

Corollary: If S{XyZ) and T(x,z) are operators the symbolic 
mnltiplication of which is given by the Bo^crlet product, then z-^ 
log"^ z S (Xy z) and z-^ log^ ^ T(x, z) are also S7ich operators. 

Proof: If we abbreviate q:'{z) = log” .t: and q {z) — z'P' log"” z, 
our problem is to show that 

q. iz)S Q T = qIST~{- (dT/dx) {d<pS/dz)/ii 

+ (d^T/dx^) (d^-(pS/dz^)/2 ! + •••] . 

To prove this we expand C{XyZ) and T{x,z) in the series 

O) CO 

S{x,z) = £ Sn{x)z\ and T{x,z) = £ 

n=-oo /i=-Xi 

We can then write 

CO 

Aix,z) = (<fS) -> £ QTn(x)Z'‘''= £ {<pS) -^QTn{x)Z”' . 

W =-00 «=-00 

But since we have shown in section 2 the validity of the Leibnitz 

CO 

rule for (p in particular, and hence formally for 2 j Sn(x)<pz^ , in 

n--co 

general, we are able to write 

00 00 

Aix,z)= £ £ 

71--U0 m~o 


*ror the generality of these expansions see section 14, chapter 2. 
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00 CjC' 

(*, 2 ) = E 0 ”Wa 2 »‘) 21 {d”'TJdx'")QZ^/m\ 

m-0 w=-ao 


GO 

7)l~0 


We thus attain the desired equation and the corollaiy is proved. 


PROBLEMS 


1 . HE 


X e-^f show that 

Ry^t=- 


r(a;+l) 


r(x—m-fl) 


2. Prove that for the operator of problem 1, 

Rwi —> n ^ Rm+7t ^ 


3. If P = a; (1 — e-“), show that 

pn Rm — Rm (p n ^ 


where E is the operator of problem 1, 

4. Prove that 

F(P) F (P + m) , 

where F(x) is a polynomial and P and P are the operators defined in the pre¬ 
ceding problems. 

5. If F{x) is a polynomial and if F^^ix) = (1 — F{x ), prove that 

FiP±E) =F(P) ± F,(P)R +^F^iP)R^ ± 1 F^iP)R-^ + ... . 

6. Prove that every linear difference equation with coefficients rational in 
X can be expressed in the form 

IU(P) +hiP)R+foAP)R^^ + -‘ + UP)m-^^H^')=f{^) , 

where f^{x), r = 0, 1, 2, • • • , are polynomials and f{x) is a known function. 

[The operators employed in the six problems just given are due to G, Boole, 
who designated them by p and ^ respectively. For a systematic account of these 
operators see L. M. Milne-Thomson: On Boole’s Operational Solution of Linear 
Finite Difference Equations. Proc. Cambridge Phil. Soc., vol. 38 (1932), pp. 311- 
318; also Milne-Thomson: The Calculus o/ Finite DifferenceSj (See Bibliography)^ 
chap. 14.] 

7. Express the difference equation 

x(x — 1) u(a;+l) — {x- —1) u(x-\-l) -j- xu(x) =1 , 

in the form suggested by problem 6. 

8. Prove the identity 




xn 

2 ^ir(n+%) r(i^) 


(l-|-j2:2)!^i -> (sin x/x) 


where J^ix) is the nth Bessel function. 
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9. Prove the identity 


-^-(“)-2n-zr(n+%) r(%) (1+*^)"-^-^ , 

where is the Bessel function of second kind defined by 

F^(a:) = [/^(o;) cos?z‘:r — J^(a;)]/sin n'Tr . 

{The identities given in problems 8 and 9 are due to J. C. Hargreave [See 
Bibliography: (Hargreave (2)] and to H. M. Macdonald: Note on Bessel Func¬ 
tions. Froc, London Math, Soc.y vol. 29 (1897-1898), pp. 110-115. See also G. N. 
Watson: Theory of Bessel Functions. Cambridge (1922), pp. 170-171.} 

4^. The Algebra of Functions of Composition. In the preceding 
section we found an expression of unusual generality for the com¬ 
position of two operators X and F. If we now specialize our field 
to include only the class of operators defined by Volterra and Fred¬ 
holm integrals we can construct an algebra of functions of composi¬ 
tion which is fundamental to the theory of integral equations. 

To exhibit the basis of this functional algebra let us define two 
operators by means of Volterra integrals: 


Fa u{x) = 


j: 


f(x,t) dt 


V^iXyZ) f g(x,t) u{t)dt . 

Forming the composition of these operators and employing the 
formula of Dirichlet* for the interchange of the order of integra¬ 
tion, we shall then have 


^ {V,{x,z) = rfix,t)dt r g{t,y)u{y) 

Ja 

=— . 

I fix, t) git, y) dt. 

X 


dy 


It is thus seen that the composition of two operators defined by 
Volterra integrals is characterized by a function of composition, 
tpix, y). A similar situation prevails for operators defined by Fred¬ 
holm integrals, namely, operators of the form 


X h 

fix,t) uit) dt. 


*See section 6, chapter 2. 
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In order to discover the analogies which this operational product 
possesses with the ordinary rules of algebra, Volterra was led to the 
development of an algebra of functions of composition, the main fea¬ 
tures of which we shall now present. 

It is clear that the operation 

tp{x,y)— f{x,t)g(^t,y)dt 

will, in general, de&re a new function y). Obvious limitations as 
to integrability and the region of definition must, of course, be im¬ 
posed. Since, however, we are now concerned only with the formal as¬ 
pects of composition, these important considerations will be disre¬ 
garded for the present. 

Volterra has called ip(x,y) a function of cow.position of first 
kind for the case Where a(y) = y, ^{x) — x, and a function of com¬ 
position of second kind when a{y) =a, S(x) =6, where a and b 
are both constants. 

The functions f{x, t) and git, y) are called permutable provided 
they satisfy the relation 

{*aiy) paiv) 

fix,t)git,y)dtc=\ g(x,t)fit,y) dt , 
dd(x) Je<x) 

permutability of first and second kinds being defined for the cases 
ct(y) — y , |d(r) = X , and aiy) — a , ^{x) = b respectively. 

It is with permutability of first kind that we shall be concerned here. 

Following the notation of Volterra, we employ the symbols 

xp{x,y) =fgix,y) . 

In cases where no ambiguity will result, this symbol will be modi¬ 
fied by placing the asterisk betwieen the two functions the composition 
of which is studied. In this capacity the asterisk plays a role analo¬ 
gous to multiplication. Thus we can represent the composition of / 
and g by the symbol 

y!ix,y) =/ t- g . 

It will be seen directly from the definition that the composition 
is associative; i.e., 

fig h) = ifg)h, or f ^ ig ^ h) if g) ^ h . 

Thus defining two new functions <pix,y) = p ^ k and y}ix,y) = 
f g , we have 
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py 

/*(sr>l</i)=J f(x,s)(p{s,y)ds 

ry nv 

= J ds J f{x,s) g{s,i) h{t,y) dt . 

Interchanging the order of integration by use of Dirichlet’s 
formula, we get 


f^{g>i<h)— r dt ^ f{x,s) g{s,t) hit,y) 
J X J X 


ds 


I 


\p{x, t) h{t, y) dt = if >1= g) h 


That composition is also distributive, 


/ ❖ (g-\-h) =/ * fir + / * , 

is immediately evident from the distributive nature of integration. 

In order to establish a formal analogy with the processes of 
algebra it is necessary to impose the limitation of permiitability upon 
the functions entering the domain of our calculations so that the com¬ 
mutative law may also hold, namely, 

/ * gt=g * / . 

We shall first prove the very important fact that functions 
formed by successive compositions of a function with itself will be 
members of a permutable set. This is seen to be a consequence of the 
next theorem. 

Theorem 2. If f(x,y) is a function integrable in the triangle 
a^t^x^b.md if h{x,y) is the hth iterated function, 

h(x,y)= jj(x,t) f^At,y) dt , 


then we shall have 


f%{x,y) = j fi(x,t) fh,-iit>y) dt , i- 


:1, 2, •••, h—1 . 


Proof: We see by definition that this is tone for i — 1- We 

assume that it istme fon and establish it tor s=h + l. 'Dm 

proof then follows by induction. 

Hence we have, by assumption. 
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h(x, y) = fVfc(«, t) r / it, s) {s,y) dsdt . 

J X J t 

Applying to this iterated integral the Dirichlet formula for the 
interchange of the order of integration, we have 


fhix, 1/) = r A-s-i (s, y) r h{x, t) f{t,s) 

J X 

= r/fc+i(a;, t) fh-k-i(t,y) dt , 

Jx 


dt ds 


which is seen to establish the theorem for the subscript fc + 1. 

We have assumed in this, however, that the theorem is also true 
fox i — h — 1 , and this fact must now be independently established. 
We again employ induction and consider the iterated integral 


dt 


f,(x,y) = {'fix, t) foit^y) 

Jx 

= ff(t,s)fis,y) 

Jx J t 


ds dt . 


Applying the Dirichlet formula to interchange the order of inte¬ 
gration, we have 


/: 


Xx,y)~ (/(s, ?/) [ f(x,t) f(t,s) dtds 
Jz Jx 


py 

f2ix,s) fis,y) ds. 

Jx 

It then follows that we can write 

ff(x,t) fi{t,y) dt= f{t,y) dt . 

Jz Jx 

By successive repetitions of this argument we establish the gen¬ 
eral result, 


fn{x,y) 


[fix, t) {t, y) dt— f/Vi ix, t) fit, y) dt . 

J X J X 


If we cast theorem 2 into the symbolism of permutable functions 
we see that it is equivalent to the index law 

* 

where m and n are integers and denote the number of iterations used 
in generating the functions. 
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Another step in building the algebra is to give meaning to the 
symbol f°. By this we mean an element which is defined by the equa¬ 
tions 

f"" f fo—fix,y) , f^ = g^c=lo , 

It is obvious that plays the role of unity in the algebra; its for¬ 
mal determination, however, is not possible. Thus the symbol cannot 
be regarded as a function of x and y since this would imply that it 
satisfied the two integral equations 

f{x,y)= jh(x,t) f(t,y) (It , 

(4.1) 

f («, y) = j}ix, t) /■= {t, y) dt . 

Regarding (4.1) as an integravl equation in y with fit, y) as the 
known kernal, we know from the theoiy of the inversion of a I’olterra 
integral that a solution of (4.1) is possible in general only when 
f(x,x) ^0 , fiy,y) #0,* But these conditions are incompatible 
with each other. 

In order to avoid this difficulty we shall regard f° — 1“ merely 
as an element which combines with any other function to produce that 
function. 

Another symbol, /-^, of similar nature, may be defined as an 
element which in composition with fix, y) plays the role of f . That 
is to say 

/ * /-I = . 


Following the model established by E. V. Huntington,! G. C. 
Evans has formulated these results into a set of postulates Avhich de¬ 
fine the algebra of permutable functions.^ Thus the postulates of 
addition may be stated as follows: 

A 1. / + g exists in the system. 

A 2. (f-h&)-j-h = f+ig+h) . 

A 3x. If / -f- g = / -f h , then we have g = h . 

A 3a. If g-\-f — h + f , then we have g = h . 

A 4. If aft=ag , a being a positive integer, we conclude that 
/ = g • 

*See: A Survey of Methods for the Inversion of Integrais of Volterra Type, 
Indiana University Study, Nos. 76, 77, p. 9. 

fThe Fundamental Law of Addition and Multiplication in Elementary Alge¬ 
bra. Annals of Mathematics, vol. 8 (1906), pp. 1-44. 

fSopra I’algebra delle funzioni permutabili. Memorie della reale accademia 
dei Lincei, vol. 8 (1911), pp. 695-710. 
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Similarly the postulates of multiplication (composition) become; 


Ml. 

f ^ g exists in 

the system. 




M2. 

(/ * p) * 

/ * (pH' h) 

• 



M3.. 

If / * P / 

h, where 

/ is 

a 

non-zero function, then 

h . 






M3,. 

If p / h 

❖ /, where 

/ is 

a 

non-zero function, then 

h. 






M4i. 

f * (p -f/i) = 

= /H=p + /^!< 

h . 



M4,. 

(gJf-h) >!< f = 

= P * / + ^ ^ 

■■f . 



M5 . 

/ * P = P * / 

. 





Since these postulates correspond to the postulates of ordinary 
algebra, it follows that the identities of the latter, in so far as they 
depend upon these postulates, are carried over to permutable func¬ 
tions. We thus have the index law, the binomial theorem for integral 
coefficients, the factorization law for polynomials, etc., holding in the 
algebra of permutable functions. 

5. Selected Problems In the Algebra of Perrmdable Functions. 

A few problems will illustrate the power inherent in the notation 
of the algebra of permutable functions. 

Example 1. Given that K{x,y) is a known function integrable 
and bounded in an interval (ab), let us solve the equation 

k{,x,y) =K{,x,y)Xk-x'K . 

Writing this in the symbolic form 

= -^Xk^^ K , 

we may proceed by algebraic methods. Thus we get 

k = Kt^ {1° — XK)-^ 

The function kix,y) is referred to as the resolvent kernel of K{x,y). 

Example 2. Given a function g (x, y) integrable and bounded in 
a region {ab), let us find the solution of the equation 

p(x,j/) =/(x, 2 /)+>/2!-f/V3!-f . . . . 
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This equation may be written in the form 

fir 1° z=/ 1 + /y2! /V3! + , 

or, in algebraic symbols, as 

g — — 1 . 

The solution from algebraic analogy will then be 

l<>^log(l»4-^) , 


or f(x,y) =g {x, y) — g-/2 -f g^/S -- • . 

The convergence of the right hand member of this equation, 
under the assumption that g{x, y) is integrable and bounded in the 
interval (ab), follows from the general inequality 


IfiT'i s G“{h — a)’‘/n\ , 
w'here ty(.r,a/)] ^ G in {db) . 

Example 3. If k-y{x,y) is the resolvent kernel of K(x,y) and 

k.^^x, y) is the resolvent of — K{x,v), prove that — K- is the resolv¬ 
ent of K ''' k-i .* 

Because of the relationship betw'een the kernels, we have 


ki — K K ki , 
k,^ — K — K =!'- h, . 


(5.1) 


Noting the permutability of the functions involved and making 
use of identities (5.1), we have 

(K ■!< k,) (K =1= k,)=K=i^ [*1 ^ (K * fe,)] 

.-K k, i—K — k,) r=—K =1- (k, ^ K)^K (k^ ^ h) 

= —if =1. (K * fex) — h (K * k,) 

c=. K. (E — A^i) —{“ k ^ (K —{— kd) E" — k^ ^ k^ . 

Since this result may be written in the form 

— = —, 
the truth of the theorem is demonstrated. 

♦This theorem, which is due ,to Evans, is stated in slightly different form hy 
him. His equation connecting the resolvent with its kernel is fc -f K = K*k , 
whereas the definition adopted in this study is k = K + K*k. Evans’ statement 

concludes that k*k is the resolvent of K\ See: Atti dei Lineei, vol. 20 (2) 
(1911), pp. 453-460. 



166 


THE THEOEY OP LINEAE OPEEATOES 


PEOBLEMS. 

1. If fcj is the resolvent kernel of K, and is the resolvent of —K, prove 

that (fci + fc,)/2 is the resolvent of KK [Evans: Atti dei Lincei, vol. 20 (2) 
(1911), pp. 688-694.] 

2. If kj^ + K^ = and k^ + K 2 — K^*K, and if and are permut- 

ahle vrith each other, prove that K -f fc = K*k , where K = + K 2 — K^K„ 

and k = k^ + — k/'k^. [Evans: Atti dei Lincei, vol. 20 (2) (1911), pp. 688- 

694.] 

3. Prove that the function V{}<.; x,y) = X/+ X^/2/2! -P • • •-1- \"p'Jn\ 
+ • • • is a solution of the equation 

y(X + a; cc, 2 /) = y (X; a, 2 /) + V(/t; a:, 2 /) -P j ViX; x, t) V(li-, t, y) dt . 

J X 

6. The Calculation of a Function Permutable uAth a Given 
Function. One of the principal problems in the algebra of permutable 
functions is that presented by the calculation of a function X{x,y) 
which is permutable with a given function F{x,y). 

In section 10, chapter 2, we have solved this problem for the case 
where F(x, y) — 1. We now turn to the general case, which may be 
stated as follows: 

We seek a function X(x,y) such that 
Z>KF = F*Z , 

where F{x, y) is assumed to satisfy the canonical conditions 

F{x,x)=l , idF/dx)y:,x = (dF/dx)ipxf=0 . (6.1) 

If F(x,y) is not in this form, the following transformation is 
sufficient to derive from F(a;, y) a function of the canonical type: 

Fi(ri,yi) ==a(a;i) 6(2/1) F[m(Xi),m(yi)] , (6.2) 

where we use the abbreviations 

b{x) •= ^ 

m{xi)=x, m(2 /i)= 2 /, TO'(a:i) = 1/F(a;, x) . 

For example, suppose that we have F(x,y) = x -f y. We then 
compute a (x) = x"^/% 6(x) =x-^''V2 . It follows from the fact 

that 

dm (xi) /dxi = dx/dxt = 1/F (x, x) , 

that we get 

Xi = J' F(x, x) dx , 

or in the present instance, Xi = x®. We thus obtain 
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, a(a;i) t= , b(a/i) = (i/i)-^^V2 , 

and the new function becomes 

F{x,y) = {x^'-^y^'^)/2ixy)^^^ , 

which is seen to be in canonical form. 

Since the composition of A(.Ti, 2 / 1 ) wnth 

Zi{Xi,2/i) —a(a;i)h(2/i)A'[m(a,’i), »!(2/i)] 


is equivalent to 

Ai(a’i, 2/1) 


n ih 

— a{x^)b{y,) F[m(a:i),m(t)] ( 2 / 1)3 dt 

J J?i 

=:a(a;i) &( 2 /i) ^-i'A[?n(3;i), m( 2 /i)] , 

we see that the transformation defined above conserves composition. 
Hence if Xi(a;i, 2 / 1 ) is determined we can compute X{x, y) by the 
transformation inverse to ( 6 . 2 ). 

Assuming that the function F {x, y) is canonical and that in addi¬ 
tion the derivative d^F/dx dy exists and is continuous, we now seek 
to determine the function X(x,y) pemutable with F{x,y) . 

We introduce the new function 

<p(x,y) =F ^X = X F . 

Taking derivatives with respe'ct to r and y we obtain the equa¬ 
tions 

^(f/dx == —X (x, y) -h 0 X(t, y) dt , 

J X 

(6.3) 

d<p/dy = X {x, y) + r X (X, t) F; (t, y) dt • 

X 

If we employ the abbreviations 

/i^F;+F;= + Ff-fF--f- . 

/, = F;-F- + n^-^r + - ' 

it is clear that the solution of the integral equations (6.3) may be 
written 

X (x, 2 /) = — 895 / 3 X — f’'fx (x ,) {093 if, y) /dt} dt 

af 


(6.4) 
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Xix,y) =d<p/dy — r {d(p(x,t)/at) f.(t,y) dt . 

J X 

Integrating the first of these equations by parts we obtain 


Xix,y) 


-d(p/dx — <p{t,y) fI {x, t) 


r 


fi 2 ix, t)<p{t,y) dt , 


where we use the abbreviation /,2 = —0/i/9y - 

Since cp{y,y) = 0 and ii.(x,x) = 0 by ( 6 . 1 ), this reduces to 


X{x,y)= — d(p/dx — r fi 2 ix,t)(pit,y)dt . (6.5) 

Jx 

Similarly, the second equation becomes 

X{x,y) — d(p/Zy — r <p(x,t) f 21 it,y) dt , ( 6 . 6 ) 

where we abbreviate /21 = — 3 / 2 /S.r . 

But we can demonstrate that /12 = /21 > a fact first proved by 
J. Peres in his notable exploration of this field.* If we make the ab¬ 
breviation H = d^F/dxdy, we see from ( 6 . 1 ) that 


Fx'ix,y) 


and 


j''H(x,t)dt = H ^ 1 


Fy'{x,y)=— rH{t, tj)dt =—1 H . 

J £ 

Consequently we have 

+ !? + •••] , 

[H ^ I ^ H + H 1 ^ E ^ 1 ^ H , 

from which it follows that 

If we substitute the value As — f 21 = f{x,y) in equations (6.5) 
and (6.6) and subtract the second equation from the first, wie obtain 
as the integro-differential equation for the determination of cp (x, y) : 

dcp/dx -f- cV/Sy = ( \cp ix,s) f (s, y) — (s, y) fix, s)}ds . 

(6J) 

If we recall that the solution of the partial differential equation 
dcp/dx + d(p/dy — p (x, y) 


*Sur les fonctkms permutables de premiere espece de M. Vito Volterra. Paris 
(1915). 
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may be written in the form 

Pv 

<p{x,y) =(pa{y —a:)-j- I p(t— u,t-\-u) dt , 

^ u 

where 2 m = y — x, 2v ■= y-\-x, and ipoCy— x) is an arbitrary func¬ 
tion, then equation (6.7) can be written as the following integral 
equation: 

Pv PUu 

(p(x, y) =(p,{y—x) -|- dt { (f {t — u, s) /(s, ds 

u i-u 

— ( <p(s,t-{-u) f{t —M, s)c?s} . (6.8) 

Making the transformation s = r -f ^ upon the first integral 
and s = —r t u upon the second, we may then write 

<p{x,y) =(po(y —x)-f j dt {<f {t—u, r-{-t—u) f t+u) 


— <pi — f{t — u,—dr . (6.9) 


Settin; 


P 2 U 

ing <po{y—x) = I q{s) ds, where q(s) is an arbitraiy func- 

‘^0 


tion, we solve (6.9) by successive approximations: 


P2U 

Poix,y) =<po{y—x) = q{s) ds , 

0 

nv P 2 U 

<pi(x,y) =<po(y —x)-j- I dt I q^oix) [/(r-f 


<Po (r) if t+u ) 

— f (t— u, —^'-j-t-pM) 3 dr 


J *2U pv P2U 

q{s) ds-\- j dt j 

— / ( t—u, ] dr j q (s) ds . 

Interchanging the order of integration in the last two integrals, 
we have 

P2U PO.V. 

<pAx,y)^ J «{s)ds+ J dt j<lis)ds J^{/(r+f—M,t-f-M) 

— f(t — u,—dr 

= J'q"(s) ds4- J^q(s) ds j j — u,t-\-u) 

— f {t—%t —r-j-t-J-tt)} dr . 
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Continuing this process we are able to put the solution of equa¬ 
tion (6.8) in the form 

J 2li 

q{s){Aois; x,y) -\-AAs;x,y) + A-i{s; x,y) 
-{-■■■} ds , (6.10) 

where 

Ao!=1 , x,y) — i dt \ \t t-j-?t) 

Ju J s 

— f (t—|—?t) )i77'* f 

and in general, 

An (s; s, y) = r df ( (s; t~u, rA-t—u)f{r+t—u, 

Ju J s 

—A„-i(s; t-\-u — r, t-f-n) / (t— u, f-j-rt— r )} dr . 


When this value oi q}(x,y) is introduced into equation (6.6) we 
obtain all the functions X {x,y) permutable with F{x,y) ; that is to 
say 

X (x, y) =q iy — x) -f r (s) A' (s; x, y) ds 


‘f{t,y)dt 

00 

where A (s; x, y) ~ J^Ai (s; x, y) . 

i=o 



i 


t-x 

q{s) A (s; a;, t) ds 


The second integral, by an interchange of the order of integra¬ 
tion, may be written in the form 


nij~x /*y 

q{s) ds A{s; x,t) f{t,y)dt . 

Jo J s+x 

Hence the desired function X(x,y) becomes 

X{x,y) =q iy—x) qix) [A'^ (s; x, y) 

•^0 

ry 

— j A (s; X, t) fit, y) df] ds . 

As an example let us indicate the method of calculating the func¬ 
tion permutable with Fix,y) =1 — {z^ — y'^) V8 . 

Since this is already in canonical form we calculate H t= 
d^F/dxdy £= zy. From this we find without excessive difficulty the 
sequence of functions: 

H 1^ H = zyix^ — y®) V4 • 2! , 
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H ^ 1 H ^ 1 H = xy{x^ — y-)^/4- ■ 4! , 

H * 1 * if ^ 1 5K U — y-) ■ 6! , 

Hence / ix,y) = —{xy + xy(x- — y-) ^/4 • 2! 

+ xy (x’- — y=) V4^. 4 ! + •••] = —A-ij cosh {(a-= — y-) /2} . 

The solution of equation (6.8) then proceeds by the method in¬ 
dicated above. The first two approximations ai*G 

^0 = 1 and A^ (s ;x,y) = 2xSyS,-,/ (s—2it) -f 2yS,S,^,j/ (s—2ti) 

~-4S,S,SJ(s—2u)"- , 

where we employ the abbreviation Sf = sinh{ (s — 2u) f/2}. 

7. The Transformation of Peres. In the last section we derived 
an equation of the form, 

Xix,y) =q{y —,r)-f f qit)Y{t;x,y)dt , 

which determined all functions permutable with a given function 
F(x,y). We shall abbreviate the right hand member of this equation 
by the symbol i){q) and shall seek to discover values of Y{t;x,y) such 
that the equation 

.Q(p) -=.0(p =-;= q) (7.1) 

is satisfied. 

Any transformation X{x,y) — 4i{q) which satisfies (7.1) is 
said to conserve composition and is called a tramfo^'mation of Peres 
since it was J.Peres who first indicated its important role in the the¬ 
ory of permutable functions. We shall prove the following theorem: 

Theorem 3. If n(x,y) is an arbitrary function finite and inte- 
grahle in a region (ab), and if m(x,y) is defined in terms of it by the 
series 


mix,y) t=— n{x,y) -f-nHa;,!/) — n^ix,y) -\ -, 

then the transformation Q{q) defined by the eqxiation 

Q{q) =(l“-fm) * q ❖ (l“-f «.) 

is a transformation of Pires. 

From the definition of m{x,y) and nix,y) it is clear that they 
satisfy the equation 

(l«-fm) * (P + ^t) = (F-t-») * (l° + m)=l<> , 
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Hence we have 

Qip) '1= Q{q)= (1° + * P * (1“ + * (1“ + ^) Q * (1° + n) 

= (1" + ^) * P * O'* (1° “f~ * 7 ) • 

Theorem U- If m{x,y) and n{x,y) are defined as in theorem 3, 
then \p{t\x,y) is given by the equation 


y)(t;x,y) —n(x-{-t,y) -\-mix,y — t) 


C'j-t 

+ J ^ 

V y; 


m{x, s) nt^st,y) ds . 

(7.2) 


In order to prove this theorem we first explicitly evaluate the 
terms in equation (7.1). After some rather long but straightforward 
transformations, equation (7.1) reduces to the form 

nu~T ry-x-r 

p{r)dr q{s){%pir-{-s;x,y) — yj(s;x-\-r,y) — y){r;x,y —s) 

y>{r;x,t) y}is;t,y)dt}ds<=0 . 

X+T 

From this we derive the relation 

v(r-fs;r, 2 /) = i/j(s;x+r, 2 /) -\-rpir-,x,y — s) 

J^V-s 

■*p{r-,x,t) ^){s]t,y)dt , (7.3) 

jp+r 

which defines the desired function yi(t-,x,y). 

Replacing x by 0 and r by x and employing the abbreviation 
= n.(x,y), we reduce this equation to 


n 


ry-8 

(x-\-s,y) = ip{s;x,y) -\-nix,y —s) -j- j n{x,t) rp{s;t,y)dt . 

•J X 


Since this is a Volterra equation of second kind in which the un¬ 
known function is y!(s;x,y), its solution is obtained by the ordinary 
methods and is found to be 

%p{8-,x,y) <=:n{x-\-s,y) — n{x,y — s) 

J 'y-s 

{n m-s,y) — n {t,y — s )} m (x,f) dt . 

X 

By means of the identity 

mix,y) -{-nix.y) -f ) mix,t) n(t,y) dt<=0 , 
this equation is immediately seen to be equivalent to (7.2), 
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8. The Pei'mutability of Functions Permutable With a Given 
Function. By means of the theory of the transformation of Peres we 
are able to prove the following useful theorem: 

Theorem 5. All functions permutable with a given function 
F (x,y) are permutable with each other. 

The proof of this theorem for functions defined by a transforma¬ 
tion of Peres is immediate. Thus let us suppose that we have 

X{x,y)=Q{p) , Y{x,y)=Q{q) . 

From the fact that p{y —.r) is permutable with q{y — x), since 
they belong to the group of the closed cycle, it follows that 

X * Y = Q{p) Qiq) = Q(p ^-q) =Oiq p) 

= .0 (q) -1? Q{p) —Y * X . 

Hence, in order to prove our theorem, it is necessary to show 
that all functions permutable with a given function can be defined by 
a transformation of Peres. As a matter of fact we shall prove that 
there exists a function y.>{t;x,y) which forms the nucleus of a trans¬ 
formation of Peres such that the function can be expressed in the 
form 


F{x,y} 1 = (1) t= 1 —{- r q> it‘,x,y) dt . 

^0 

It is then clear that all functions permutable with F{x,y) are 
given by the formula 

X(x,ij) = (p) . 

We first consider the equation 

F(x,y) =l-]-l^\^f*l-\-l^f^l^f^l + ---, 

whose solution is easily found in the form 

f{x,y) = — [H -}- H 1 H -f- H 1 1 i? -|- • • • ] , 

( 8 . 1 ) 


where we use the abbreviation H = c-F/ ox dy . 

In order that Fix,y) should be in the desired form it is neces¬ 
sary that we should have 



;x,y) (^^ = l*/*l-^-l^'/*l^/*l^- 
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r y-x r y~!^ r r 

yj{t;x,y)dt— dr fix-{-s,y-{-s — 7')ds 

Jo Jo Jo 

+ r dr ( ds ( 'B(,s;x,t) fis-\-t,y-\-s — r)dt , 

tJ Q 0 X 


where 


Bis;x,t) -1 J®” dsn.^ •••/'' ds, ❖ 


/«, * • • ■ =!= /«„ (x,y) . 


in which we use the abbreviation fs(x,y) — f ix-\-s,y-{-s) . 

But it is not difficulty to prove that Bis;x,y) thus defined is a 
solution of the equation 


Bis;x,y) ~ f {x-{-r,y-^r) dr 


f dr C B(r;x,t) f ('i'-\-t,y-Jf-r)dt . (8.2) 

^ 0 S 

We have thus established the relationship 

il>{t;x,y) =B{t;x,y — t) . (8.3) 

It remains for us to prove that the function \j’{t;x,y) thus de¬ 
fined is the nucleus of a transformation of Peres. 

Returning to equation (7.3) and making in it the change of 
variables x = § — r, y ■= y s, we have 

v('r+s; I—r, j?+s) =y>is; I, y-^-s) -f y'{r; S — r, i;) 

-f jv(r;S—r,t)y’{s,t,v-{-s)dt. (8.4) 

If we let r = s = 0, this reduces to, 

v(0;f,»?) + J y’(0;^,t)'^p{0;t,7])dt = 0 , 

which proves that yj(.0;x,y) = 0. 

If we abbreviate y)(r;^,r]) = B{r-,^,y —r) we can write (8.4) in 
the form 

B (r+s; ^— r, y — r) =B{s;S,ri) + R (r; | —r, j;—r) 

+ j: R(r; I— r, t — r) B{s;t, rj)dt . 

Forming the derivative of this equation with respect to s and 
then letting s = 0, we get 

B/ (r; f—r, ri—r) = R/ (0; f, jj) 

+ ^Bir; t—r) R/(0; t, v)dt , (8.5) 
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where we mean by Bs' the derivative with respect to the first variable. 
Let us now^ write S/(0; 7 ^) where /(I, is an arbi¬ 

trary function, and make the transformation x — ^ — r, y — rj — r, 
= s -j- r. Equation (8.5) then reduces to 

B/ (r ]Xyy ) ==z f {x-\-T,y-\-r) 4 - J B {r ;x,s) f ds . 

Integrating both sides of this equation with respect to the first 
variable we obtain finally 

B {t \x,y) = J / ( x~]-Tyy-\~T ) dr 

+ j B{r;x,s) f (s-\-r,y-\-r) ds . 

If f{x,y) is identified with (8.1), this equation with slight change in 
notation is seen to be equivalent to ( 8 . 2 ), which establishes the de¬ 
sired identification of in (8.3) with the nucleus of a trans¬ 

formation of Peres. 

It is interesting to note that the permutability of functions per- 
mutable with a given function was first conjectured by Volterra and 
later proved by E. Vessiot.* Volterra and Peres also established the 
theorem, the proof the the latter being reproduced above.f 

The proof of Vessiot is elegant because of its simplicity. It de¬ 
pends essentially upon the fact that the function 

X {x,y) =a,iF (Xyy) aoF^ -j- C!.?.F^ (8.6) 

where the a, are arbitrary constants subject only to the restriction 
that the series converges uniformly, is permutable with F(x,y) and 
with any other function of the same form. 

Since ( 8 . 6 ), because of the infinite number of arbitrary para¬ 
meters upon which it depends, has the same degree of generality as 
the closed form 

X(x,y) <=qiy — x) + f qit) > (8-7) 

0 

v/e conclude that ( 8 . 7 ) is also permutable with any other function 
similarly defined. 

*Sur les fonctions permutables et les groups continus de transformations 
fonctionnelles lineaires. Comptes Rendns, vol. 154 (1918), pp. 682-684. 

tVolterra; Teoria della po.tenze, dei logaritmi e delle funzioni di composi- 
zione. Memorie delV accaderma dei Lincei, vol. 11 (1916), pp. 167-269.^ Peres: 
Sur certaines transformations fonctionnelles et leur application a la theorie des 
fonctions permutables. Annales de Vecole normale superieure, vol. 36 (3) (1919), 
pp. 37-50. 
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9. Permutable Functions of Second Kind. The problem present¬ 
ed by permutability of second kind is essentially different from that 
of permutability of first kind and does not possess the intimate con¬ 
nection with the theory of operators, at least as developed in this 
book, which is exhibited by the latter. Permutability of second kind 
has aspects of a theory of linear substitutions and can be most ef¬ 
fectively discussed from its algebraic basis. For this reason we shall 
give only a casual resume of one or two results which are most di¬ 
rectly useful in the theory of operators. 

Let us first note that the operation of second kind is both asso¬ 
ciative and distributive. When we consider its comnmtativity, how¬ 
ever, we must, as in the case of composition of first kind, impose con¬ 
ditions. 

We shall first prove the theorem: 

Theorem 6. If F{x,y) is any function integrable in the square 
a £X sb, a s y s b, then the function 

0(x,y) !== F(x,y )—{f F{x,y) dx — f F{x,y)dy}/{b —a) 

a Ja 

is permutable vnth unity. 

Proof : The proof is immediate from the equation 

r ^ 

0{x,y)dx = — I F(x,y) dy dx/(b — a) = I 0(x,y)dy . 

a *Ja J a Ja 

The next theorem shows the connection of composition of second 
kind with the theory of linear substitutions. 

Theorem 7. If we define 

A{x,y) = 21 ct,ii fiix)gj{y) 

ij-1 

and 


B{x,y)= 21 bij fiix)gj{y) , 

where fi{x) and gj{y) are functions integrable over the interval 
{ab), and if 



6 

fi{oo)gj{y) dy dx 

a 




then in order that A ix,y) be permutable with B ix,y ), it is necessary 
and sufficient that we have 


ACB^BAC , 
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where we oibhreviate 

Proof: Foi’ming the composition of A ix,t) with B(t,y), we have 


r Aix,t) Bit,y)dt= aijbki f fiix) gj(t) fk{ 

•^o ijkl a 


it) giiy)dt 


— ^ Ojjc hjci ft (a') Qiiy) . 

ijkl 

Similarly the composition of Bix,t) with Ait,y) yields 
r B(x,t) A{t,y)dt= 21 flij Cit bki hix) gjiy) . 

^'' i Jkl 

If we form the matrix 


where 


M=\\liu 


^^ij ^jk j 

Jk 

we see that M is identically equal to the matrix* product, that is, 

M=ACB . 

Similarly, the matrix N = | [nvl i , where 

"^kj ^ ^kl ^il ^ij y 
il 

is equal to 

N=BCA. 

Since it is both necessarj'- and sufficient for the permutability of 
A{x,y) with Bix,y) that M = N, we derive the theorem. 

10. The Inversion of Operators {Bourlet’s Theory). We next con¬ 
sider Bourlet’s method of finding the inverse of an operator 

Siu)=fix) , (10.1) 

where fix) is an arbitrary function and S an operator of gen¬ 
eratrix Fix,z). This is formally equivalent to the problem of solving 
an arbitrary linear functional equation and it is wdth the formal as¬ 
pects that we shall mainly be concerned. That the inversion is not 
always possible is easily seen from the following examplb: 

Siu) =u — XU'/I ! -j- x-u"/2 ! — x^u"'/?> ! -i-= / (re) , 

where fix) is not a constant. 
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Since 5(^^) = ^^(0) = a constant, it is clear that no solutions 
will exist except for the special case f(x) = a constant. However, 
the equation 

S (u) 1 = a 

will obviously be satisfied with the function 

uix) =a-\-xg(x) , 

where g (x) is any function analytic in the neighborhood of a; ■= 0. 

The problem of inverting the equation (10.1) is clearly that of 
finding an operator of generatrix X(x,z) such that 

X (x,z) F (,x,z) — [X-F] ix,z) = 1 , 

because it is at once evident that 

u{x) ~Xix,z) -^f(x) 

will be a formal solution of the original equation. 

Definition: The function X{x,z) is called the resolvent genera,- 
trix of the original equation. 

As an elementary example, consider the integral equation 

r u(.x)dx = fix) , /(0)=0 . 

Jo 

Referring to section 6, chapter 2, we see that the generatrix 
function is 

F(x,z) = (1 — e ‘®-)/2 . 

Substituting this in (3.1) we immediately obtain 

+ (_1) -i_ 2.^-1 ^ +. 

^ n\ 02 ” 

= lXix,z) —e^‘Xix,0)-]/z , 

which, for the determination of Xix, z), must be set equal to 1. 

Choosing Z(a;,0) as some arbitrary function of x, i.e., gix), we 
solve for Xix,z) and thus obtain 

Xix,z) =z-\- gix) e-®® . 

Hence the desired solution of the integral equation will be 
«(a:) t==^/(a;)-j-fif(£c)e-*® fix) • 

Since by hypothesis / (0) 0, the last term vanishes. 
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We now consider the essential feature of the Bourlet theory, 
which is concerned with the number of zeros of the generatrix func¬ 
tion regarded as a function of z. This we shall state in the following 
theorem: 

Theorem 8. If the generatrix function associated with the lin¬ 
ear, uniform, and coni'plete operator S Juos exactly m zeros in z in the 
finite plane, where m is zero or a positive integer, then the equation 

S(it)=0 (10.2) 

mil have m solutions provided the generatrix function is not of the 
form F(x,z) = , 

Proof: Case 1. Suppose that F{:c,z) has no .■i-zero in the finite 
plane. Then, since F{x,z), by theorem 3, chapter 2, is at most of 
genus one, it must be of the form 

F (x,z) = a {.v) • . 

We can then write equation (10.2) as 

F (x,z) u = a (x) u = a (x) u {g -f- .r) = 0 . (10.3) 

It is now clear that if p(a:)-fA‘# constant, equation (10.2) 
will not have a solution other than ti{x) = 0. 

But if g(x) -I- X = c, where c is a constant, then any function 
u(x) which vanishes for x = e will be a solution. But this solution 
corresponds to the equation 

g-U-Oa =0 , 

which we have already excluded. 

Case 2. Suppose that F(a;, 2 )has m zeros in the finite plane. 
Since the generatrix is at most of genus one, it must be of the form 

F{x,z) P{x,z) , 

where P {,x,z) is a poljmomial in z of degree m. 

But from (3.1) we know that 

gsrd)* X {x,z) X{x -\-g,z) . 

Hence we can choose the function X {x,z) so that 

X{x-{-g,z) ■=P{.x,z) , 

from which we derive 


X{x,z) =Pih{x),z'\ 
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where h{x) is the inverse function of a; + gix) ; i.e., hix) satisfies 
the equation 

h{x)g\h(x)'\ t= X . 

It follows from this that F{x,z) is the generatrix of the sym¬ 
bolic product of the operators with generatrices and Plh(x,),z']. 

Thus wte see that the solution of equation (10.2) is reduced to 
finding the solutions of the ordinary equation of infinite order m. 

P[h{x),z'] -^uix) =0 . 

In this manner we establish the theorem. 

It will be noticed that we have not treated the case where the 
generatrix function has an infinite number of zeros in the g-plane. 
This problem was studied by Bourlet who made the following obser¬ 
vation:* 

“H resterait a le prouver pour le cas ou le nombre des zeros est 
infini, en montrant que, dans ce cas (en supposant, bien entendu, la 
transmutation inverse complete), le nombre des constantes arbi- 
traires est aussi infini. La chose parait vraisemblable et il serait tres 
interessant de la prouver, car elle montrerait que les transformations 
(ou substitutions) sont les seules transmutations additives, uni¬ 
formes, completes, telles que la transmutation inverse soit de meme 
nature. 

“Je n’ai, malheureusement, pas encore pu prouver cette proposi¬ 
tion dahs toute sa generalite. Elle est evident dans le cas des co¬ 
efficients constants.” 

The theorem thus conjectured by Bourlet is unfortunately not 
true, as he himself pointed out in a subsequent paper by means of an 
explicit example furnished to him by S. Pincherle.f What some of 
these difficulties are will appear in subsequent chapters of this book. 

As an example illustrating theorem 8 let us consider the integral 
equation 

u(x)=X j (x-\-1) ^^it) dt . 

By a simple calculation we compute the generatrix function 

F(x,z;A)=l — 1 r (a:1)dt 
J Q 

— g-j* (g®5 — Xxe~/z — Xe’=/z Xe’‘/z^ -}-Xx/z — A/z^) . 

Expanding the function in parentheses as a power series in z, 
we obtain 


*See Bibliography: Bourlet (1), p. 184. 
fSee Bibliography: Bourlet (2), p. 337. 



OPERATIONAL MULTIPLICATION AND INVERSION 


181 


F{x,z ;1) = [(1— 11 — Xx) + (a: — ^ 2 :H-]e-®=' . 

For the determination of the principal numbers, the first two 
coefficients are set equal to zero, that is, 

(1 —il) —;.a: = 0 , 

-U+a-b)^=o . 

D ^ 

In order that these equations may be consistent, we equate the 
determinant 




to zero, and hence define the principal numbers as the roots of the 
equation 


^(1) ^1 ——;.V12 = 0 . 

The generatrix function may then be written 
F{x,z) = e®*’'- z- . 

Since the second factor is independent of x, the solution of the 
integral equation is reduced to the solution of the differential equa¬ 
tion 



that is to say, u (x) = ax -\- b. 

Another example showing the general efficacy of this theorem in 
application will be found in section 6 of chapter 9 where the Euler 
differential equation of infinite order is discussed. 

11. The Method of Successive S2ibstitutio7is. A number of im¬ 
portant applications, notably in the theory of integral equations, have 
been made of the method of successive stibstitutions. In order to de¬ 
scribe its formal aspects, let us discuss the inversion of the linear 
functional equation 

S{ii)-{- fp{x)u{x) =fix) , (11-1) 

where S is a general linear operator and q}{x) and f{x) are known 
functions. If we indicate by S'^ the reciprocal of S, that is to say, 
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S'i -» s = 1, then the solution of (11.1) can be expressed formally in 
two ways; 

uix) {X) — S-^ [cpS-^ ^ /] 

-f S-^ -> ^ /) ]-, (11.2) 

u{x) z= fix)/(fix) - il/<p) [S -» if/(p)} 

+ (1/9=) [S (1/V) { S ^ if/<p )}]-. (11.3) 

The proof that both of these expansions furnish formal solutions 
of eq,uation (11.1) is immediately obtained by operating on both 
members with S'. Thus we get in the first case 

Siu)=f — (p{S-^-^f — S-^ ^ i(pS-^^f) 

+ S-^- [^rS-^ (9=S-^/)] } 

= f — , 

and similarly in the second case, 

Siu) = S ^ (//<p) — S {(1/V) S if/cp) } 

+ s -> {(1/V) S ^ [ ii/<f ) s -> (//V) ]}- 

= / — <fU . 


It will be noticed that in this formal development we have 
omitted reference to the complementary function, which takes ac¬ 
count of the solution of the homogeneous equation 

Siu) +(pix) ziix) =0 . (11.4) 

If we let Ciix) be any solution of the equation 

S —> Ci (a;) = 0 , (11.5) 

then the corresponding complementary solution of (11.4) may be ob¬ 
tained formally from the series 

Uiix) ‘ — Ciix) S“^ > iCi<p) "V S”^ —> \jpS~^ —^ (C(9^)] 

— S-'^ -> <p{S-^ 9>[S"'^ ici<p) ]} -4-, 

which we may designate by the functional symbol Fiei,<p). 

Because of the linearity of the operators, it is seen that if we 
write 

m 

icix) = 2 AiCiix) , 

i=il 

where the Ai are constants and the {cj (a:)} form a complete set of 
solutions of (11.5), then 
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Mo (a;) =F{c,q>) 

is the complementary function of (11.1). 

As an example, let us consider the inversion of the equation 

s-j-r) -»?((»;) =x- . 

If we write S = -f 2 , we readily find that 

[c<*-">i/s2] ds . 

If we introduce —00 as the lower limit of this integral, we can 
write 




(e®-/s) ds 


= z-^ (C + log .rz 4- .T2 + 1 i ^ -J-) , 

Z ^ 00 


where C is Euler’s constant. 

Noting that e-^' z-^ f{x) — 0, 

e-^-~2-Mog2^/(a;) = —lim fpog (x—t) -!- C] fit)dt=0, 

teO 

we then find 

S'-^-»a;” = r"+V(»+l)- , 

S-i (.r’* logo;) = log x/ ('a-|- 1) = — (w+l) ® - 

Employing (11.2) we obtain 

Mo(x) =rV32 —a:V(3-5)2-f .rV(3-5-7)^-. 

Noting that the equation (.rz- -f- 2 ) ^ = 0 h-as the solu¬ 

tions Cl (a:) = A, C 2 (x) = B log x, we then get 

Ml («) = A [1 — .rV2= + xV (2 • 4) “ — A-V (2 ■ 4 • 6) = + • • •] , 

ti 2 (x) =B{log x[l — x^/2- + a;V(2 • 4) = — A-V(2 • 4• 6)^ 

+ a;V2^ —|a:V(2-4) = + (l + i + |) a;V(2-4-6)’--} - 

The general solution of the differential equation is thus found to 


be 


u{x) =Uo(x) -i-Ui(x) 4-M2(a:) 
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This example is selected from a number used by W. 0. Pennell 
[See Bibliography: Pennell (1)] to illustrate a method of symbolic 
division, which depends essentially upon the algorithms given in for¬ 
mulas (11.2) and (11.3). Since this method has intrinsic interest, 
we shall illustrate it by inverting the simple equation 

{z-\- x) u{x) = 1 . 

In Pennell’s notation the solution is symbolically written u(x) 
^ 1/{z x), to which meaning is given by the formal operational 
device: 


Z-{-X 1 1 

1/z — x^/z -j- .rV (32) 

l-\- X- 

1 


X — + ‘^V(3 • 5) 

- X- 

0 


(a) 

(b) 



.TV3-}-rV(3-5) 

A solution of the form u{x) = x — x^/(l ■ 3) -j- .rV(1 • 3 • 5) 
— a:V(l-3-5-7) + ••• is thus attained. Since the division other¬ 
wise follows ordinary algebraic rules, it seems necessary only to call 
attention to the fact that line (b) is obtained by performing the in¬ 
dicated integration of line («). It will also be noticed that the in¬ 
version is the one which would be attained by an application of for¬ 
mula (11.2). 

If the positions of x and 2 are reversed in the division it is pos¬ 
sible to obtain a second solution, as follows: 

r -f-g I 1 I 1/x -f 1/x^ -f (1 ■ 3) -f (1 ■ 3 • 5) /a;^ 

1 — \/x- 
l/x-^ 

l/x^ — Z/x* 

37^* 

3/r*— (1 • 3 • 5)/a:® 


We notice that the solution thus obtained, ti(a:) = 1/x -f 1/^5® 
(l-3)/z^ + (1-3-5)A'" -j- -•■ , is completely divergent. It is, 
however, summable along the imaginary axis and we have the asymp¬ 
totic expansion 


iuixi) 


00 



df 
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A deeper insight into these difficulties will be gained from the 
discussion in later chapters. 

PROBLEMS 

1. V/riting the equation 

(z- + 0 .^ + 6 ) u(x) = 

in the form 

u{x) =: (l/b) -h S (z) u(x) , 

where S(z) = —(1/6) (z^ + as), solve by the method of successive substitu¬ 
tions. 

2. Solve the equation 

u(x) =ix — I (x — t) u(t)dt . 

by the method of successive substitutions. 

3. Obtain by the method of successive substitutions the solution of the 
equation 

u{x)=a-\-hx — X I {x — t) ii(t)dt . 

^ 0 

Show that the solution is given by 


Vx a- -j- 6- , — Vx a 

u{x) = -:::: -sin(VXx +c) , where c — arc sin — z=ii 


Vx 


V X a2 ■ 


12, Some Ftirther Properties of the Resolvent Generatrix. We 
shall describe below a few specific properties of the resolvent gen¬ 
eratrix which are useful in application. 

(a) If we assume that F(x,z) is of the form 

F(x,z)=l — kg{x,z) , (12.1) 

then the following function, 

X (x,z) = 1 + {x,z) + {x,z) + ix,z) H-, 

( 12 . 2 ) 

where (sc,z) means the generatrix of the ?i.th power of the oper- 
tor, is easily seen to be a formal sohdion of the eqtmtion 

X(x,z)-^F(,x,z) =1 . (12.3) 

To prove this we substitute (12.1) and (12.2) in equation (12.3) 
and thus obtain 

Z ^ F = 1 + ;i (g—g) + P[g<» —g^— (.dg/dx) (fdg/dz) 

— O^g/Zx^) {d^glZz^)/2 !-] -f 
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— {dg/dx)W-\/dz) —{d^g/dx"-) W^^/dz^-)/2\ -] 


Since we have by definition 

{x,z) =gg‘-'"~'^'' + {dg/dx) /'bz) 

+ (9W9a;-) (0^fl-<'»-^>/02O/2! + ••• , 

the multiplier of X"' is seen to vanish for every value of m, and (12.2) 
is thus the formal solution of equation (12.3). 

(b) Let X{x,z) he expanded in a potver series in z, 

X{x,z) =ho{x) -^h^{x)z+-h,{x)z ^. (12.4) 

Then X{x,z) x\ i a positive integer or zero, is a solution of the 
equation 

F {x,z) u {x) = A’* . 

Designating this solution by Ui(.x) we see from equation (14.2) 
of chapter 2 that the coefficients of z^ in (12.4) and hence X(x,z) 
itself are formally expansible in terms of a set of special solutions 
of F(x,z) u{x) = fix), namely, titix), i = 0, 1, 2, 3, ••• . Since 
the coefficients of (12.4) are brix) — id’'X/dz^\~^o)/xl , we obtain 
the identity 

id’'X/dz^) ]j=o = 'Mr(a;) — rxur-i -j- r(r — l)a:^ttr- 2 / 2 ! -j-± x^Uo . 

(12.5) 

One of the first studies based upon the functions ix) was made 
by A. Hurwitz* who considered the equation (a- —1) uix) c=gix ). 
In this case the functions %iix) are given explicitly by Ui(x) = 
BiH.i(a:)/(i'-|-l), where B,i(x) is the nth Bernoulli polynomial ob¬ 
tained from the expansion, 

00 

—1) = J^Baix)t’^/nl .f 

If gix) = ffio -j- OiX 4- 0 - 2 * 1 ;- , then the function uix) = 

aoUoix) arl^llix) -{- Oi^hix) -|- , is the formal solution of the 

original equation. 

I. ShefferJ has extended this idea for the operator, 

F (03,2) = zA iz) +Biz) + xzB (s) , B (0) ^ 0 , 
to which corresponds the resolvent, 

*Sur I’integrale finie d’une fonction entifere. Acta Mathematioa, vol. 20 
(1806-97), pp. 285-812. 

tSee Davis: Tables of the Higher Mathematical Functions, vol. 2. 

tSee Bibliography. Sheffer: (1), p. 351. 
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Xix,z)^{e-^^/z) r e^*X(z)Y(t)dt , 

•^-00 

where we employ the abbreviation: 

-cr/ \ -TT/.S fj W(5-)/S(2)]& 

X(z) Y(t)^e - /[zB(t)] . 

Sheffer proved that the generating function, 

CO ^ 00 

f(s,x) = ^Ui(z)s^/il= £ {X(x,z) (xs)\/i!} , 


is uniformily convergent provided s £ <r < g, where g is the absolute 
value of the smallest zero of 5 (z). Assuming that the symbols Y and 
Y(x,z) may be interchanged and noting the fact that X (x,z) — 

X(x,s)e^^, we easily derive Shetfer’s result; 

f(s,x)= r e^‘X(s)Y{t)dt/s . 

‘^-00 

(c) It is occasionally useful to know how the equation 

F{x,z) ^ u{x)—f {x) (12.6) 

may he reduced to a differential equation of infinite order iv-ith con¬ 
stant coefficients, 

<piz) -^u{x) =^g{x) , 

where we write 

Cp (z) = <Po + <Pl^ + H-r fpinZ’”' H -. 

To make this transformation we first define the following set of 
operators, of which Xoix,z), the resolvent generatrix, is a special 
member: 

Xo->F=l , X^^F = z, X^-^F = z^ = , 

X^-^F = q>{z) . 

By means of the Bourlet operational product these operators are 
seen to be related in the following manner: 

Xn i.x,z) = 2 ” Xo , 

^X, 2) I" — [~ ^2-X2 [ * y 

= (piz) —> Xo , 

= <p(2)Zo(a:,2) +g/(z) (dXM 

q/'(z) (d^Xo/dx^)/2] -] -. 


( 12 . 7 ) 
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It is obvious that (12.7) transforms (12.6) into a differential 
equation of infinite order with constant coefficients, namely, 

q>{z)-^u{x) !=Xf{x,z)f{x) . (12.8) 

IS. The Inversion of Operato-rs by Infinite Differentiation. A 
method of inverting operators which possesses useful applications 
may be described as follows: 

Let us assume that we wish to solve the equation 

F{x,z)-^u{x)^f{x) . (13.1) 

Operating on both sides successively with z, z-, z^, etc., we obtain 
the following system of equations: 

[zF -|- dF/ds] uix) =^z ^ f(x) , 

{z^F 4- 2z dF/dx + d-F/dx-] n (*) = fix) , (13.2) 

{z^F + Sz-oF/dx -i-2>zd-F /dx- -> uix) =z^ fix) , 


These equations taken together with the original one form a 
system which may now be solved algebraically for ^t(^^’) in terms of 
fix) and its derivatives. The resulting operator is the resolvent gen¬ 
eratrix for the original equation, assuming, naturally, that the sys¬ 
tem can be solved under some existential criteria. 

A more explicit specification of this method may be obtained if 
we specialize Fix,z) as the operator 

[l + ao(.r)] +ai(.r)5: +a 2 (a:)s'H-(-a„(.r)2”H-. 

(13.3) 

The system which we wish to invert then becomes the following: 

[1 + ao(.r) ]?[(:(-') -farts) ii'ix) -f o-rts’) id'ix) f- 

+ a„.^ix) ix) - <=fix) , 

[(1-f Go)?0'4- M)'+ ia.u")'^--- -f ian-iU^’'-^^)' 

f- r=fix) , 

(13.4) 

[(1-f ao)n]"-j- (&!«') "-f (a2?^")"^-h 

_|-= f'(a;) , 

[(1 -f flo)ii]<“-i) -f (ftiiiO ("-o -f («,«") ("-o ^-_|_ ' 

~\ -= /<’»-o(a;) , 
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If we designate by D{n,x) the determinant of the first n equa¬ 
tions of this system after we have suppressed terms of order greater 
than n—1, we can give its explicit form as follows: 


D (n,x) = 

1 + , ffij 

> 1 -1- ttg -j- a\ 


“2 

-t- a '2 


( 13 . 0 ) 

^n-2 “b ^ n-1 


2a\ + a’\ 


1 "b ®o “b "b ^"3 


> ®n-3 + 2®'n-2 + 








■=0 


If we represent the cofactors of the elements of the first column 
by Diin,x), Di{n,x), , Dn{n,x), the formal segmentary resolvent 
operator in the sense of the method of segments as developed in sec¬ 
tion 7, chapter 3, may be written 


Xn{x,z) = [D^{n,x) -\-zD2in,x) - \-z''-^Da{n,x)]/D {n,x) . 


The limit 


Xix,z) =limX„(a;,z) 


(13.6) 


is obviously the formal resolvent operator for the equation (13.1). 

A sufiicient condition for the existence of X (x, z) is I’eadily ob¬ 
tained from theorem 8 of chapter 3. If we make use of the abbrevia¬ 
tion 

cr— |ao| “h “I" |(i2l H-r lunj -{“••• > 

and interpret o-'"’ to mean 


-f- -f- -f ■ 

it is clear upon summation of the absolute values of the terms of 


n 

(13.4) that the sums Si = '2 lO'isl of theorem 8 become in this case 

jfci 


the sums: 


<r , 0-1 = 0 - -j- ct' 

<r 2 = (7 -f- 2<t' or" 


= er^-^ (e»cr) 
dx 


= <r + 3(r'+ 3(r" + = 6“" — 

c= <r -j- ^ — 1 ) o'V 2 ! -|-= 6 '® (e^cr) 
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Hence vre have the following result: 

The resolvent operator X(x,z) corresponding to (18.3) exists and 
can be obtained by the method of segments, provided 

(Jjn 

e-*(e^ff) < 1 . n=l,2,--- ■ 
dx^ 

lU- The Permutability of Linear Differential Operators. We have 
spoken in previous sections of the theory of permutable functions in 
the sense of the definitions of composition. It is now of interest to 
consider the problem of permutability for linear differential opera¬ 
tors, the ensuing discussion being derived mainly from the investiga¬ 
tions of J. L. Burchnall and T. W. Chaundy (See Bibliography) .* 

We shall consider two linear differential operators, P{z) and 
Q (z), where P is of order m and Q is of order n, subject to the con¬ 
dition that they shall be permutable, namely that 

P-^Q^Q^p . 

Let us first consider some examples. 

Example 1. We shall assume that P{z) is of first degree and 
Q{z) is of second degree; that is, 

P = z-\-a{x) , Q = z^-{- f{x)z-\-y{x) . 

Computing the alternant, A (z) , of P and Q, we get 
A(z) =P Q — Q P z= ji'z — i2z -f- /?) a' — a" . 

Then if /! = 0, we shall have 
i}' = 2a' , 

/ = a" . 

These equations are easily integrated and one obtains 

^ = 2a + A , (14.1) 

/' = (x“ — a' Ad B , 

where A and B are arbitrary constants. 

Now since 


P«>= (2 +a)--fa' , 
we may write with the help of (14.1) 

Q = p(2) + AP-}-H . 

*Th6 reader is also referred to E. L. Ince: Ordinary Differential EqnMions. 
London (1927), pp. 128-132. 
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Since any Q written in this form is obviously permutable with 
P, we see that this equation expresses both a necessary and a suffici¬ 
ent condition for the permutability of P and Q, when P is a linear 
and Q a quadratic function of z. 

Example 2. As a second example consider the two quadratic 
operators 

P = s= + a(a-)s-l-i3(.r) , Q = z^-yix}z +d(x) . 

Computing the alternant, we obtain 

zl = P-^Q — Q->P:z= (2-/ — 2a')z^ 

-f (ay' -f 2d' -{- •/" — a'y — 2/3' — a") ^ 4- ad' -f d" — y^' — . 

From the permutability condition A = 0, we obtain 
/ = a' , ay' + 2d' -f y" = a'y -f- 2/3' -f a" , 
a<3'-f a" = v/3'+ y3" . 

This system of equations may be integrated and yields the fol¬ 
lowing relationships; 

r = a + 2A , 

<5 = y5-f Aa + P , (14.2) 

y^Aa^ -i- Aa' = 2A^ ^ C , 

where A, B, and C are arbitrarj'- constants. 

Let us now consider the operators P — HI and Q — KI, where 
I is the identical operator I f(x) — f{x). We now form the elim- 
inant, E, between the equations 

P — HI = zA-\-az-y§ — H = 0 , 

(p — Hi) ^ z^ -y az^-y a'z-y §z -y —Hz = (i , 

Q — KI = z^-yyz-yd — K = 0 , 

Z-^ (Q — KI) =z^-yyz'^-yy'z-ydz-yd' — Kz = Q , 

and thus obtain 

E^ (y — a)a(d — ^ + H — K) + (d' — ^') (y — a) 

— (y — ay(^ — H) — (d — §y-H — K)(y' + d 

Making use of the relations given in (14.2), we are able to elim¬ 
inate all the functions of x and thus to obtain the following equation 
between the constants H and K : 



192 


THE THEORY OP LINEAR OPERATORS 


m — 2HK-^K^ (25 —4A^) H — 25i!: + 5^ — 2AC^0 

(14.3) 

If one now takes account of the fact that P ^ u = Hu and 
Q = Kii, it is evident that P and Q may be substituted for H and 
Kin (14.3). One thus reaches the identity 

P< 2 )_ 2 P^Q + Q«>+ (2B — iA-) P — 2BQ -It — 2AC c= 0. 

The results obtained in the preceding examples are capable of 
the following generalization: 

Theorem 9. If P and Q are permutable differential operators of 
order m and n respectively, 

P Q = Q P , 

then they will satisfy an operational identity of the form 

fiP,Q)^0, 

lohere f {H,K) is a polynomial of degree n in H and m in K. 

Proof: Consider the differential equation 

(P — HI) ^u(x)=0 , (14.4) 

where I is the identical operator and H is an arbitrary constant. Let 
Ui, ^ 2 , , Urn be a fundamental set of solutions of this equation. 

Let us also assume that Q is an operator permutable with P so 
that if Ui is any member of the fundamental set we shall have 

{(P — 57)(P — 57)} Wit :0 . 

Hence Q Ui{x) is a solution of (14.4) and by setting i succes¬ 
sively equal to 1, 2, 3, etc., we obtain the relations 

Q ^ *261 — a^iXOi aioXiz — a^yrhim , 

Q ^ xi /2 —“ a^^i/x 022x1-2 * * * “ 1 “ a 2 n\Xini t 

Q ^ a„ixXX/i “{“ a,,12X^2 * ■ *■ 

If K is any constant which satisfies the equation, 

[flijj-5(3iy| = 0 . 

where da is the Kronecker symbol which is zero when i ^ j and 1 
when 7 = 3 , then there exists a solution xi{,x) such that 

Q m = Ku . 



OPERATIONAL MULTIPLICATION AND INVERSION 


193 


Since there are obviously m such values of K for each value of 
H, we can find for every H a set of m systems of the form 


(P- -HI) 

(14.5) 

(Q — KI) .«=r0 
which have a common solution. 

Similarly for every value of K, there exists n values of H for 
which the equations of (14.5) have a common solution. 

Thus between the numbers H and K there exists an algebraic re¬ 
lation of the form 

fiH,K) =0 , 

which is of degree n in H and m in K. 

Also, since P u!= Hu and Q u = Ku, it follows that 


f(P,Q) -^u = fiH,K)^0 . (14.6) 


The order of this equation is clearly equal to mn. 
Let us now show that the equation 


f{P,Q)=0, (14.7) 

holds identically. 

Let us first observe that everj^ solution common to (14.5) is also 
a solution of (14.6). Now let {Hi} be a set of k distinct numbers to 
which corresponds the set of k solutions {<7;} common to the system 
(14.5) in which the corresponding values of K have been inserted. 
The functions Ui, U 2 , ■■■ > Uk are linearly independent for if they were 
not then there would exist a set of constants {c;} such that 

CiU I — G 2 U 2 “I" *' ‘ ~p CkUk — 0 . 

Operating on the left-hand member of this equation with P, 
, • • •, we then obtain the system 

c^HpU^ + c,HoJU^~{ - hCkHk’Uk = 0, k—l . 

But since the values of Hi are distinct, the determinant 
{ciHi’l , 4=1, 2, •••,&; J =0, 1, , it — 1 

does not vanish and consequently the values of the Ci are zero. 

Since this conclusion holds for any choice of the values of H there 
will exist an infinite number of linearly distinct functions Ui, TJ^, , 
which satisfy (14.7). But since this equation is of order mn, it cannot 
possess more than mn such solutions and hence must hold identically. 

The actual determination of the equation (14.7) is most easily 
accomplished by forming the eliminant for the set of equations 

(P —if/) =0 , r = 0,l,---,r4—1 , 
z® —> (Q — KI) =0 , s = 0,1, • • •, m —1 
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PROBLEMS. 

1. Prove that the operator z + a(x) is permutable with the operator 
g 2 + j3(x)z + Y(cc) if and only if z- + ^(x)z + 7(x) = [z + “(a:) + A] 

iz + a (x) + B] , where A and B are constants. 

2. Show that the operators 

g 2 — and — 3a;"^z + 3*-® 

are permutable. 

3. If P = z-+ a(x)z + 0Uc) and Q—z^ + y(x)z-+ S(x)z + s(x) , show 

that 

P Q — Q P — F (x, z) 

where F(x,z) = (2y' —So:')®* + (25' + ay' + y" — 3/3' —2 q;' y — 3a:")z2 
+ (26' + aS' + S" — 2/3'y—a'5—3/3" — a" y — a"')z + as' 

+ £"_/3'S —;S"y —/8'" . 

4. For the operators of problem 3 show that P Q — Q P = 0, provided 

3 3 3 3 B 

y = — a + A , 5 = — a- + — a'+ — yS + Aa —.— , 

2 8 4 2 2 

3 1 1,3, B C 

s = — a/3 - 0 ®+ — a" -t- — B' -r Ap +— a + — 

4 16 8 4 4 2 

where A, B and C are arbitrary constants. 

5. If P and Q are the operators of problem 2, show that 

P(S) = Q(2> . 

15. A Class of Non-^ermutahle Operators. The demands of the 
quantum theory of radiation have recently turned attention to a class 
of non-permutable operators, the interchange of factors being sub¬ 
ject to the equation 


QP — PQ = c , 


(15.1) 


where c is a constant. 

As we have said in the first chapter, such operators were first 
studied by Charles Graves as early as 1857. They were introduced 
into the quantum theory by W. Heisenberg and have been extensively 
studied among others by P. A. M. Dirac, N. H. McCoy, W. 0. Ker- 
mack and W. H. McCrea. (See Bibliography). 

It is obvious that in multiplication the respective positions of 
the operators is of primary importance. Following a suggestion due 
to McCoy we shall say that an operator is in normal form when all 
the factors involving Q alone follow all the factors involving P alone. 
This definition is arbitrary since we might as easily have had the fac¬ 
tors involving Q precede the factors involving P. However, iiF{P,Q) 
is an operator in normal form, then one can easily show that 
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F{Q, — P) is its equivalent in which all the factors involving P fol¬ 
low all the factors involving Q. 

For example, we have 

PQP-=P(PQ + c) =P-^Q^CP , 

■= (QP--c)P=QP^- — cP . 

One of the simplest examples of non-permutable operators is fur¬ 
nished by the specialization: Q <= x, P — z, e = 1. We see that 
QP c= 1 ?, where is the operator introduced in section 12, chapter 2. 

We shall first prove the following theorem, due to Charles Graves. 

Theorevi 10. IfF{Q) andGiP) are functions eximisihle as'poiv- 
er series about the origin and if Q and P are non-permutable oj)era- 
tors which belong to the class defined by (15.1), then we have the fol¬ 
lowing formal expansion-. 

F{Q)G{P)=^G{P)F{Q)+cG'{P)F'{Q) -l G"(P)P-(Q) 


+ , ,^1:_gw(P)P<'"(Q) (15.2) 

n\ 

Proof: We first observe that 
QP Z= PQ —1~ C y 

QP^-^ (QP)P= (PQ+c)P = F(PQ+c) -cP==P^Q-b2cP 
and hence in general 

Qpn Q pn-1 ^ 

From this v^e immediately derive 

QG{P) ^G{P)Q-\-cG'(P) (15.3) 

We shall now show that 

Q”G(P) <=G(.P)Q^^cG' (P) nCi Q”-^ -f G" (P) Q’^- 

-j-c'‘G<">(P)«C'„ , (15.4) 

where is the rth binomial coefficient. 

Using induction we assume that this expansion is true and then 
compute 

Q«-iG(P) =QG(P)Q” + cQG'(P),.GiQ’^" + "- , 
which by (15.3) becomes 

G(P) = [G(P)Q + cG'(P)] Q”-l-o[G'(P)Q 
+ c G" (P) ] «Gx Q”-" + IG" (P) Q 
-f cG<®> (P)] nC^Q”-^ + — 
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Q :^^G(P) = (5(P)Q"-'+ c n.iC, G'iP) Q«+ G"(P)Q^^-{-■■■ . 

Since bj’ (15.3) the expansion was true for w = 1, it must hold 
for all other positive values of n. 

The expansion (15.2) is derived in an obvious manner from 
(15.4). 

Using this theoi'em, one may obtain immediately the following: 
Q=ps^psQ2_J_6cp2Q^6C=P , 

= e'^ . 


In the application of non-pei*mutable operators the noinnal form 
of functions of Q -)- P is of importance. We shall first prove the 
following theorem: [See Bibliographij: Kermack and McCrea (2), 
p. 223.] 


Theorem 11. If ive adopt the notation 

(P + Q) <”> = P" + nCx P»-^ Q + P”-= H-h Q” . 

then the expansion 

(P+Q)«= (P-^Q) (P-f-Q) ... (P+Q) 

is given by 

(P-|-Q)'>= (P+Q)<n)4. (i/gc) (2!/1!)„U2(P+Q)‘’^^> 

+ (14c)M4!/2!)„C'4(P+Q)<’-"> 

+ (y2c)M6!/3!)„Ce(P+Q)<-«>) +••• . (15.5) 

Proof: We first observe that 

(P+Q) (P-fQ) <”) = P(P+Q) + (P+Q)Q + cw(P+Q) , 

which may be derived immediately from theorem 10 or proved by 
direct multiplication and use of (15.1). 

Now assume that (15.5) is true and then consider 

(P4.Q)«.i== (p_{_Q) (P-fQ)» 

= P(P+Q) w + (P-fQ) <«Q + cto(P-I-Q) 

+ (1/2C) (2 !/l!) „C,[P (P+Q) 

+ (P+Q) Q + c(n^2) (P+Q) 

+ (y2c)"(4!/2!)„Q4 [P(P+Q) 

+ (P+Q) Q + c (91—4) (P+Q) 

+ . 
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(P.+Q)»« = (P+Q) + (I/ 2 C) [2%-L(2!/1!),.C»] (P+Q) 

+ (I/ 2 C)-[2(2!/l!)(«—2)+ (4!/2!) „C,] (P+Q) 

+ . 

+ (V2C)’-"^[2.„C72.(fi—2r) ^ 

r! 

(2r4-2) ! 

+. 


But from the identity 


2r! 


2 «C^2r 2?*) --1- jt^2r+2 

r! 


(2r+2) ! 
('•+ 1 ) ! 


(2r^-2)! 
(r+1) ! 


it is clear that the above expansion reduces to (15.5) with n replaced 
by OT+l. Hence since (15.1) is obviously true for n = 1, we may use 
induction to prove it for all higher values of 11 . 

From theorem 11 v'^e derive the following general proposition: 

Theorem 12. If F (P) is a function developable as a pioiver series 
in P, and if 


P(P+Q) =|p„(P4.Q)n , pi;(p+q)u,]_2P«(P+<5)' 

n=Q 

tvhere and have the same significance as in theo¬ 

rem 11, then ive shall have formally 

P(P+Q) ,= F[(P+Q)(^)] + (1/2c)P^'[(P+Q)<^>] 

+ (1/2C)^^P‘^>[(P+Q)‘^>3 


+ (1/26)^37 P‘«'[(P 4 -Q)<^a ( 15 . 6 ) 

Proof: Making use of the results of theorem 11, we get 

GO CO 2^ 

F (P+Q) = 2 p« (P+Q) + (V 2 C) 2 P» Ti (^+*3) 

n=0 n=0 • 


00 41 

+ (V2c)^SF„^„C,(P+Q)(’‘-^> + - . 

n=:o " • 

This sum is seen to reduce formally to (15.6) through the iden¬ 
tity 

2P»-^.arP---=^P'=^>(P) • 

n=o r, f * 
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Corollary. Under the assumptions of theorem 12, we have 

qP*Q . . gic gP I 

It is a curious fact that non-permutable operators of the kind 
just discussed are basic to Dirac’s expression of the quantum theory. 
The connection is made through an extension to quantum mechanics 
of the theory of contact tram formations as it appears in the founda¬ 
tions of classical dynamics. 

It is obviously impossible to sketch adequately the theory of con¬ 
tact transformations in a brief section, but the formal connection be¬ 
tween such transformations and the quantum theory may be indi¬ 
cated. For the basic theory of contact transformations and their cen¬ 
tral position in analytical mechanics, the reader is referred to E. T. 
Whittaker: A Treatise on the Analytical Dynamics of Particles and 
Rigid Bodies, Cambridge, (1904), chap. 11, and E. Cartan: Logons 
Siir les invariants integraux, Paris (1922). An account of the exten¬ 
sion of this theory to the phenomena of quantum mechanics will be 
found in Dirac’s treatise [see Bibliography : Dirac, chapter 5] and in 
Weyl’s theory of groups [see Bibliography. Weyl (1)].* 

Let (g., Qi, , Qu', Pi, Pi,---, Pn) be a set of 2n variables, which 
may be defined in terms of a second set of 2n variables (Qi, Q 2 ••• , 
Q„; Pi, Pi, ••• , Pn) by means of a set of 2n equations. Then if the 
equations are such that the differential form 

dF = 2 [Pi dQi — Pi'dq{\ 

i=l 

is a perfect differential when it is expressed in terms of pi, qi and 
their differentials, the transformation is called a contact (or canon¬ 
ical) transformation. 

For example, the equations 

Pi=—qi , Pi = Qi , i=l,2,- ,n 
define a contact transformation since 

dF — — '2iqidpi-lrPidqi)a= — d{'2qiPi) . 

i-1 i=i 

If we employ the abbreviation [u, v], called a Poisson bracket, 
which is defined as follows: 

lti\dqidp, dpidqj 

then it can be proved that the following conditions must be satisfied 


*The reader is also referred to an excellent -work by E. Bloch: L’ancienne 
la n(rmelle tkeone des quanta, Paris (1930), 417 p., in particular chapters 
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provided the variables (Qi, Q., ■■■ , Q„; P^, P^, , Pn) and (q^, q.,, 

, qn‘, Pi, p 2 , , Pn) are connected by a contact transformation : 

iPi, P;] = 0 , [Qi, Q,] = 0 , IQu Py] = dii . (15.7) 

In order to preserve the formal aspects of molar d^mamics so 
that “classical mechanics may he regarded as the limiting case of 
quantum mechanics”, Dirac was led to introduce operators p and q, 
which satisfied equations (15.7). Hence the basic commitaiion nde 
of Heisenberg appeared in the form 

q'p — yq = c [q, p] , c = ih/ (2.-t) , 

where h = 6.547 10~^‘ erg secs, is Planck’s constant. 

In the Heisenberg theoiy the operators p and q are matrices and 
hence the third condition of (15.7) became 

[q, p1<=i , 


where I is the unit matrix. 


PROBLEMS 

1. Prove that if / is a function of P and Q, partial derivatives naay be de- 
fined as follows: 


fP^Pf — c 
Qf-fQ = c 


of 
a Q 

df 

dP 


The following problems were communicated to the author by N. H. McCoy: 

2. Prove that 

m! . ^ 

exp (P» + Q) = exp [ 2 ri- eO . 

3. Prove that 

»i+i m I 

exp (Q™ + P) = eP exp [ 2 • 

4. If ^ (P) is any polynomial in P, show that 

exp l^iP) + Ql =exp [A (P)] exp Q , 

where we abbreviate 

cd4>(P) c^d2<p(P) 


A(P) +i2? 3p "^3! 9P2 

5. Prove that if u is a constant, then 




00 

eiPQ = '^K”P» Q’^/nl 

n=:0 
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where we abbreviate 

K = {6^°- — l)/c . 

6. Establish the identity 

n k 0 n-~ 1 c( _ ■^\k-i {ji 

{PQ)n = ^ 2 • 

&=1 i~l • 

7. eP-*Q- = (sec 2c)'5 ic)P^ e-(c-t log cos zofq x tan 2c)g2 . 

8. Express in normal form. 

16. Special Examp)les Illustrating the Application of Operational 
Processes. We shall conclude this chapter with three examples which 
will illustr-ate the usefulness of symbolic processes in applied prob¬ 
lems. These examples might be multiplied many times, as one readily 
surmises from the fact that operational methods are essentially in¬ 
voked in any problem which is formulated in terms of a functional 
equation. The Heaviside calculus, developed in chapter 7, is an out¬ 
standing example of such an application. The problems discussed in 
this section were selected mainly to illustrate the varied fields to 
which symbolic methods may be applied. 

Development of the Disturbing Function of Planetary Motion 

One of the most striking examples of the usefulness of operators 
is found in the extraordinaiy complexities of the problem of develop¬ 
ing the coefficients of the disturbing function of planetary motion. 
This application, the essentials of which have general interest, was 
first given by S. Newcomb in 1880 ;* the procedure was later recast in 
a more satisfactory form by K. P. Williams.f 

Suppose that we have two planets moving in elliptic orbits with 
semi-major axes a and a', eccentricities s and s', and perihelia at an¬ 
gular distances and iv' from the selected node. Let r and r', 
r < r', be the radii vectors, / and /' the true anomalies (the angular 
distances of the planets from their respective perihelia measured at 
the common focus in the sun), and V and W the true angular dis¬ 
tances of the planets from their common node, that is, 

V = W f , V':=W'-{- f . 

It is customary to represent the mean values of V and V' by 1 and P, 
and the mean values of / and /' by g and g'. Thus in the discussion 

*A Method of Developing the Perturbative Function of Planetary Motion. 
American Journal of Mathematics, vol. 3 (1880), pp. 198-209. See also: Astro¬ 
nomical Papers of the American Ephemeris, vol. 3 (1891), pp. 1-200; vol. 6 
(1895), pp. 1-48; 301-378. 

fThe Symbolic Development of the Disturbing Function. American Journal 
of Mathematics, vol. 51 (1929), pp. 109-122. 
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of circular orbits the quantities V, V', f, f, and r, r' are replaced by 
Ij Qt Q'y si^d a, of respectively. We shall also employ the further 
abbreviations a — a/a' and o- 1 = sin , where / is the acute angle 
between the planes of the two orbits. 

If we represent by do the distance apart of the planets at a given 
time t = to, then this function may be written 

do -= (r^ _ 2 r r' cos IF) = , 

where cos IF is given by 

cos IF = (1 —or') cos(F—F') -j-o-=cos(F-{-F') . 

The disturbing function may then be written 
R = A,r^— (r/r'-) cos If' . 



Since, however, the second term may be absorbed into the co¬ 
efficients of the first by certain well known modifications it is suf¬ 
ficient to consider only the development of the first term. 

The problem of the disturbing function, then, is that of the ex¬ 
plicit expansion of the reciprocal distance, do”S in terms of some one 
of the parameters involved. It is obviously not desirable for us to 
carry out in detail any one of these expansions since such expan¬ 
sions are of technical interest to the astoonomers and may be found 
explicitly given in the references cited above. However, the opera¬ 
tional method by which the obvious computational difficulties were 
modified is of general interest and merits description here. 

The problem just described may be stated more generally as fol¬ 
lows : Let us consider a function, F (A,B ), in which the parameters 
A and B are power series in a third variable, h, that is, 

A != Ooh02 h^/2 ! -j- as hf /Z ! -j-, 
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If we now employ the abbreviations, p = d/dx and q ■== d/dy, it 
is clear that we may write the Taylor’s expansion of F{A,B) about 
the origin in the symbolic form 

F {A,B) = F{x,y) |ar,s,=o . 

Let us now adopt the following abbreviations: 

& =Ap-\-Bq , e^ = G{h) , 

1?o = !?(0) = Oo P ^0 ! 

i?i = d’ (0) = OiP §1 q , 

,92 = i?"( 0) =a,p + /3, q , 

Expanding the function G(h) as a power series, 

Gih) =G(0) +G'(0)/i + G"(0)7iV2! + -" , 

we seek an expression for the coefficients in terms of the elementary 
operators Let us designate (0) by Dr. We then note that 

G'ih) =-&'e^ = y'G{h) , 

and hence, from the expansion of Leibnitz, that 

r=0 

Letting }i = 0 in this expression and replacing the derivatives by 
their operational equivalents, we obtain 

Do = Z?i -j- §2 } 

Ds D 2 T?! -j- 2 Di '&2 “ 1 “ 'S's J 
■04==L>3‘^X + 3Doi^2 4-3l)i^3 + '^4 , 

Dn '= Dn “T vPi D„-.i #2 -Dn-2 “h * ' * • 

Hence we may write 

G{h) = e^o[l + + D 2 /iV2! + D 3 /^V3! + -••] 

I- 

where (JDh) is the symbolic representation of the expression within 
the brackets. 

From this it follows that 

F (A,B) = G (A) F (a:, y) 
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F(A,B)==e^oe^my^F(x, y) 

i=F(ao, 1/) U,s,=o • 

We may illustrate the application of this symbolic method in the 
simplest case, where both orbits are circles and <r = 0. We then write 

where we abbreviate A = a-, B— — 2 a cos (/ — A') . 

The development according to a can now be effected as follows: 

We have 1 = 0, i?! = — 2 cos (A — A') q = v q, where we abbre¬ 
viate 

— (z -\-l/z) , z = , 

-&. = 2p , i93 = ^,^-.. = 0 . 

From these values we then compute 

Di'=vq , D 2 = v- q^-\-2p , D^—q’^ & v p q , 

Di ■= q'^ 12 p q- 12 p- ,■■■ . 

Then from the development 

F{x,y) = {iJ^x^y)-^ = l — Vo{x^y) -f| {x-^yy- 

— ^ (« + !/)"+ ^ 2 /)"- 

we readily compute 

Di-^F = — ^)' = cos(A—A') , 

= —1 = i/ 2[1 + cos 2 (A—A')] . 

Dj->Fi= —[5cos3(A—AO +3cos{A—AO] > 

o 

D F = (35 —120 -f 48) = I [35 cos 4 (A—AO 

16 o 

20 cos 2 (A—A^) -j- 9] . 

It will be observed that, if we abbreviate <p = X — X', the ex¬ 
pressions just attained may be written 

Z)a-^F = Pa(eos^) , Da->F = 2 IPs (cos?)) , 

Ds^F^SlPsicosq)) , Dt^Ft=4:lPAcos<p) , 

where P„ (eos 9 ) is the nth Legendrian polynomial. 
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Hence we have attained the classical expansion for the recipro¬ 
cal of the distance between the two planets. The general case is the 
extension of these results to the more complex problem. 

In order to show the efficacy of the method in the general prob¬ 
lem, let us now assume that a and that both orbits are elliptical. 
It will be sufficient for our purpose to neglect the ellipticity of the 
outer orbit and to obtain the development of the disturbing function 
in terms of the coefficient e. In order to attain this development let 
us first write 


a’ = 2 V 2 cos m- {X' — X) 

-f 0 -- Bm cos [ )X' — (m—1) A] 

-}- cr^ C,n cos ]_(m-\-2)X' — (m—2)A] 


+ 


where A,u, B,,t, C„„ etc. are functions of a- and a.* 

If A' and A are replaced respectively by -j- g' and w -4- g and 
if the coefficients are represented by V^N, we may then write 

a' do"- = 2 V 2 cos (V tv' wV g' g g) . 

In order to avoid notation extraneous to the problem in hand, 
let us further abbreviate this expression by writing 

«■' do"^ = 2 % ^ cos,« g . 

Introducing, now, the eccentricity of the inner planet, we re¬ 
placed ft by r and g by /. Newcomb found it more convenient to use 
the logarithms of ;• and a, so we shall write 


log r — log a -j- A 
f = g-\-B 

where we have 

CC 00 

A = 2 ml , B = ^fim s”’’/m ! . 

m=i m=i 

If we employ the abbreviations 


c(m) = e*®®-}-, s(TO)=e^"'«' — e-*”**' , i=V—1 , 

we find typical values of the coefficients to be 

a, = — 1/2 c (1) , — (3/4) c (2) + 1/2 , 

a3 = —(17/8)c(3)H- (9/8)c(l),... , 


*For these explicit values see Newcomb: Astronomical Pamers, vol. 5, p. 839 
et seq. 
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= —is(l) , = —(5/4) ts(2) , 

A = — (13/4) IS(3)4- (3/4) is(l),... . 

We note also the following combining forms of the symbols 
c(m) and s(m): 

c (m) c (n) ~ c (m~j-n) + c (m — 7i) , 
s (m) s(n) —c (m-f-n) — c {m — n) . 

Referring, now, to the general theory we specialize the opera¬ 
tors ■!?i by identifying the x and y of p and q with log a and g respec¬ 
tively and the a, and /?, with the coefficients just written down. 

Noting that p operates only on N and q only on cos y g, we have 
for the explicit form of the following: 

-> N cos y g = c (,«) 

= [— V 2 , c(l)p — '^8(1)$] -^N c(y) 

= [— V 2 c(l) c(,«)2> + s (l)s (,«)] N 

= [c(// + l)(—i/2p-|-«)+c(,u — l)(— 1/229 —,«)] ->N . 

In similar manner we find for -do ^ y^N cos y g 

A 1/2 N cos yg = {c iy-]-2 ) [— (3/4) 29 + (5/4) u] 

+ c iy) 1/2 29 + C (,a—2) [—(3/4)29 — (5/4)2<] } -> N . 

The other primary operators can be similarly constructed and 
from these, by ordinary multiplication and subsequent operation upon 
N c(y), the values of Dj N\ ciy) may be computed. Thus one will 
have 


Di-> N c (y) c=A-^Nc iy) , 

Dz-^N ciy) c= iA^ ~\-A) iy) 

= [c(/z+2){(l/4)p= 

+ [—.«— (3/4)]p-|- (5/4)2*]} 

4“ c iy) {% VkP 2 
4-c( 2*—2){(l/4)p" 

+ [y— (3/4)3 p 4-, (5/4)/*}] ->N . 

The operators of Newcomb, represented by the symbol 21/, are 
the coefficients of ciy-\-f) in the expansion Ds/si. Their efficacy is 
immediately evident when we see that each single term % N cos y g 
of the expansion of a' Aa~'^ is expanded into a series with terms of the 
form 
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[77/ 1/2 cos(fig-{-j g) . 

The complexities of the expansion when the second eccentricity 
is introduced are similarly resolved. For further details the reader is 
referred to the original papers. 


The Propagation of Electromagnetic Waves 

The equations of Maxwell for the propagation of electromagnetic 
disturbances in vactio are conveniently written in the form 

ay.^^ — curlM , a(.i^^^ = — curlF (16.1) 

at at 


div E — 0, div M >= 0 , 


where E = (E,., Ey, E~) and M = ( j ¥„ My, M.) are respectively the 
vectors of the electric and magnetic forces, is the dielectric con¬ 
stant, fi the magnetic permeability, and a = 1/c, where c is the ve¬ 
locity of light. By curl E we mean the vector 


curl E = 


cEy . ZEx ZEz . , dEy dEx ‘ 

dy dz ’ dz dx ’ Zx dy ’ 


and by div 77 = 0 the equation 


cEx cEy cEz 

dx ' dy dz 


Similar definitions hold for curl M and div M — 0. 

L. Silberstein (see Bibliography) has attained an elegant opera¬ 
tional solution of the first two equations of (16.1) in the following 
manner: 

Let us assume solutions of the form 


Ef = Eo t E'o -j- ^ £7"o -[--•• 
Mt = Mo -p t M '0 -j- ^ M"q -[-••• 


(16.2) 


where the coefficients of the powers of t are functions of x, y, z. 

We now assume further that d/ct is permutable with the curl, 
that is, that 


^ curl'— curl ^ 
U 9if 


Hence, substituting (16.2) in the first equations of (16.1), we 
readily obtain the following relations between the coefficients: 
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Mo, (m=l,2,---, oo) 

£-^(2».) _ (—^2m curl<2'») _» Eo ; 

(— l)’^v^”^(ap() curl<“'~i) E„ , 

Mo<2“> n= (—v2«, curl*"®) Mo , 

v^rhere we employ the abbreviation 

1= (a- y. «)-i . 

If these values be substituted in (16.2), the following’ symbolic 
solution is then obtained: 

1 1 

Et={l—^ (vt curll^-f — (vtcurl)^-} -E, 

+ (i«<A) H curl) — ^ (t’f curl) ^ ^-} -> Mo 

Mt = {l ~ (Mcurl)2-f.i (vtcurl)^-} Mo 

— (x//0'M ('yt curl) —(vt curl)® -|-} -> Eo • 

It is obvious that a further simplification may be achieved by 
writing 

Et = {cos (vt curl)} -> J^o + (/<A) ■ (sin (t'f curl)} Mo , 

(16.3) 

Mt <= (cos (vt curl)} -^ Mo — (y^/i-i) - (sin (vt curl) ] ^ E„ . 

It will be seen from the permutability of the curl with itself, that 
this operator may be handled as if it were an algebraic quantity. 
Hence a calculus in which the curl is replaced by the letter p would, 
have essentially all the formal properties of the Heaviside calcidus. 
We could, for example, invert equations (16.3) and thus obtain 

(cos(vtcurl)}— (^/;«)^ {sin(vtcurl)}-»Mi , 

Mo = (cos {vt curl)} -^ Mi + {x/y) ^ (sin {vt curl)} -> Si . 

This striking property of the curl has been employed by E. P. 
Northrop (see Bibliography) to obtain the solution of the first two 
equations of (16.1) in integral form. 

The Propagation of a Population By Fission 

In his well known volume on Natural Inheritance, London 
(1889), Sir Francis Galton proposed the problem of determining the 
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probable number of surnames, out of an initial total of N in a stable 
population, which would become extinct in r generations. A mathe¬ 
matical solution for this problem was attained by H. W. Watson. 
More recently T. H. Eawles (see Bibliography) has applied opera¬ 
tional methods to a closely related problem which we shall discuss 
here. This problem may be stated as follows: 

Suppose that a population consists of N individuals divided into 
two classes, which we designate by x and y, and suppose that in the 
initial state there exist P members of the x class and Q = iV — P 
members of the y class. Let us further suppose that each time a mem¬ 
ber of the population dies another divides so that the population re- 
inains constant. The problem is to deteiunine the pi'obable distribu¬ 
tion of the members in the 7'th generation. 

It is obvious that in the first generation we shall have the fol¬ 
lowing possible cases: 

(a) A member of the x class dies and a member of the y class 
divides; (b) a member of the x class dies and a member of the x class 
divides; (c) a member of the y class dies and a member of the y class 
divides; (d) a member of the y class dies and a member of the x class 
divides. 

If the respective probabilities are assumed to be determined by 
the number of members in each class, then it is clear that the respec¬ 
tive probabilities, designated by Pa, Pb, etc., for the four contingencies 
wall be the following: 

Q Q—1 _ Q 

N N—1 


P Q P P—1 

''N N—1 N—1 

Let us call the function 


So — x^ 2/5 

the initial state of the population, and let us define the operator 






^ — N(N—1) - ' dx^- 

We then, observe that 


02 02 02 
dxdy ^ ^xdy dy^ ^ 


A So^Pa x^-^ (pi ,-{- p'c)x^ 2 /® -|- Pi x^^'^ 2 /®"^ 

determines the probable distribution of the population in the first 
generation. Hence the coefficient of y^-^ in the function 

Sr^=A’'—^So 

will give the probability for the distribution of K members of the x 
class and N—K members of the y class in the rth generation. 

Now consider the function 


2 '— So -f- e Si -j- e® S2 -1 — • , 
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which converges uniformly for x, y ^ 1 and e < 1. It is, in fact, a 
homogeneous polynomial of degree N in x, y with coefficients which 
are functions of e, that is, 

2 = . (16.4) 

It is immediately seen from the definitions that 2 satisfies the 
following equation 


2 — ezl-»2 = S^o • (16.5) 

If 2 can be found by the inversion of this equation, then the probable 
distribution of the population in the 7’th generation will be given by 
the coefficient of e’’. 

We accordingly seek an explicit determination for the functions 
An(.e)- Hence substituting (16.4) in (16.5) and equating coefficients, 
we obtain the system 

An — X {A„_i (w— 1) (wi—1-1) —j-A„[u(u - 1) -j-W! (??i- 1)] 

An+iin-^-l.) (m —l)} = 6p„ , (u = 0, 1 , • • •, iV) , 

(16.6) 

where we abbreviate X = e/\N{N — 1)], m — N — n, and bp,, is the 
Kronecker symbol. 

The determinant of this system, which we represent by D{X), 
can be factored into rational factors, and will be found to reduce to 
the following product 

D{X)=n {1 — Xqid , 

5:=0 

where we abbreviate = {N-\-k —1) {N — k). 

Solving system (16.6) by Cramer’s rule for As(e), we obtain 

A.{e)=CAX)/D{X) , (16.7) 

where C^{X) is the determinant H (1) in which the s column has been 
replaced by the right-hand members of (16.6), that is, by bjp. 

Expanding the right-hand member of (16.7) into a series of par¬ 
tial fractions, we obtain the following explicit solution 

A,(e) ■.tBu/a — Xqid (16.8) 

where we abbreviate 

CMX/qid 

-qM 

in which C'siX) denotes CsiX) with the factor 1 —■ X N{N 1) re¬ 
moved. 
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Expanding the partial fractions of (16.8) into series in 1 and re¬ 
placing X by e/[iV(W—1)], -we obtain the desired expression for 
Asie), namely, 

A,(e) ^2 '2aicsir)e’^ , (16.9) 

r=0 

where we abbreviate 

a„Ar) ^Bu{q>c/[N(N—l)}r 


The quantity 


(•>■) = 2 Ofcs (r) 

k=i 

is the probability that the population, originally in the state of P of 
the X class and N — P of the y class, has s members of the x class 
and N — s members of the y class in the rth generation. 


PEOBLEMS 


1, Assuming that two planets are moving in cii'cular orbits, which are in¬ 
clined at an angle J to one another, compute three terms of the disturbing func¬ 
tion as a power series in the ratio of their radii. 

2. Compute the value of JDg —> iV c (/i). 

8. Evaluate the equations (16.3) on the assumption that the vectors satisfy 
the equations 

eurlEo=:Eo , curlM^^Mo 

4. Determine the probability, E (r), that in a population of N members, all 
different, the members of the ^'■th generation will be descendents of a single one 
of the original members. (Eawles). 

Hint: Let P = 1 and note that E(r) — N %(r), since E (r) is N times the 
probability that the ?i:h generation is descendeci from a particular one of the 
original members. Show that 


(- 1 ) 


fc-i 


and hence that 


(^) — 2 


[(iV~-l)!]2 (2^-1) 
(N—k)! (N+fc—1)! ’ 

(N—ky 


N(N~1) 


5. Prove that the population tends to a state in which all the members are 
descended from one of the original members. (Eawles) 

Hint: Show that lim P(r) = 1. 

r-X) 


6. Prove that the mean number of generations for a population to reach 
the state in which it consists of descendents of one of the original members is 
(N — 1 ) 2 . (Eawles) 


CO 

Hint: Compute 2 — E(r —1)] . 



CHAPTER V 


Grades Defined by Special Operators 

1. Definition. In much of the work which has preceded we have 
been concerned wiith formal aspects of our subject. It is now our 
purpose to introduce a concept which is deeply imbedded in the diffi¬ 
cult convergence problem of the theory of operators, i. e., the con¬ 
cept of the grade (Stufe) of a function defined by a linear operator.* 
By the grade of the function f{x) as it is related to the operator 
S we shall mean the limit, 

L = lim sup L„ , 

n-x. 

where we define, 


As an example let us consider the Volterra transformation, 

r*A(.r,t) 

J a 

It is well known that if / (.r) is a function integrable and bound¬ 
ed in the interval a ^ z ^b, then the following inequality holds: 

\SHf)\^F KHb—a )! , 

where F is the maximum value of f(x) in the interval and K the 
maximum value of K{x,t) in its triangle of definition.f 

We are thus able to infer that L = 0 and hence that the series, 

(/) + ^ S (/) + X^S^- if) -f X^S^ (/) 4- • ■ • + ^-”5“ (/) + • • • 

is an entire function of X of genus not greater than one. 

Similarly, if we consider the Fredholm transformation 

St= , 

J a 

we know that the series 

14 - A S (/) + X^S^ if) + X^S^ (/) H-h (/)+••• 


*The term grade as a translation of the original designation Stufe was sug¬ 
gested tO’ the author by J. 33, Tamarkin. The limit L has also been called 
degree and exponential valuej the latter being used by I. Shefcer [See Bihliog^ 
raphy: Sheffer (3)]. 

fPor this inequality see the author's study: The Theory of the Volterra In¬ 
tegral Equation of Second Kind, Indiana University Studies, (1930), p. 9. 

-211— 
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converges only when a < |lol , where io is the smallest zero of D (1) 

We are thus able immediately to infer that L = l/\h\ • 

Of special concern to us will be the elementary operators 1/z and 
2 . Clearly the first of these is a special case of the Volterra trans¬ 
formation and hence for it we have the simple result that L = 0 . For 
the second operator, however, the matter is quite different as we can 
see from the following special cases; 

(1) /(x) , L = a ; 

(2) /(.r) = a polynomial , L —0 ; 

(3) f{x)=l/x, L=oo. 

We shall discuss these results more thoroughly in the next section. 

2. The Grade of an Unlimitedly Differentiable Function. 0. Per¬ 
ron in 1921 (see Bibliography) stated several theorems relating to 
the grades of unlimitedly differentiable functions, by which we mean 
the limit, 

L = lim sup Ln , 

71='Xi 

where we define, L„ = I/'"* (a;) . 

From the examples which we have given in the preceding sec¬ 
tion it is clear that L may be either finite or infinite. In the former 
case /(.r) has been called a function of exponential type.f 

If L is infinite or zero we shall indicate the mode of approach of 
L„ to these values by means of the customary symbol L„ = 0 [qs {n) ], 
where cp (n) is a positive function that approaches oo in the first case 
or 0 in the second. 

It will appear that the analytic properties of f(x) can be char¬ 
acterized in a measure by means of the function <p (n) . To show this 
let us expand fix) about the point x = a, 

/(x) = Co -j- Cl (x—a) -{- C2 (x—a) ■ ■ “f* ^n(x—a) ” — , 

where c» = (a)/n!. The assumption that f(x) is an entire func¬ 

tion is equivalent to the assumption that 

limF„= = 0 . 

Using Stirling’s formula, n\ 00 e-^{2nn)^, this condition be¬ 
comes, lim F„oo e LJ (2.^) _ q from which we conclude that 


*See chapter 1, section 10. 

fTMs term is due to G. Polya: Analytische Fortsetznng nnd konvexe Kur- 
ven. MathematiseJw Annalen, vol. 89 (1923), pp. 179-191. Functions of ex¬ 
ponential type have been specially studied by E. B. Carmichael: Functions of Ex¬ 
ponential Type, Bulletin Amer, Math. Soc., vol. 40 (1934), pp. 241-261. 
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if fix) is an entire function, then L» = 0[^(«)3, where tpin) is of 
lower order than n. 

Similarly if fix) is an analytic function expansible about x = a 
within a circle of radius q on the circumference of Ydiich it has a 
branch point, pole, or essential singularity we have from Cauchy’s 
theorem, 


lim Fn = !/'’■> (a)/n!= 1/q . 

Making use of Stirling’s formula and noting the constant limit 
we infer that L„'= 0 in). 

We also note that if fix) is analytic within a circle of radius r 
and center a, and if |/(x)| < M on the circumference of the circle, 
then by Cauchy’s integral formula 




nA_ C fit) 

2n,i j ft —r)""' 


dt 


we shall have 


|/<">(a) 1 < M/r" . (2.1) 

This is known as Cauchy’s inequality. 

The class of quasi-analytic functions is characterized similarly 

00 

by the fact that 2^ lAp(n) is divergent. We obtain the /j-th class of 

Denjoy, for example, if we have L„ = 0(?i log n logo?? ••• log;:?0 
where log 2 ?^ = log log n, log.??. = log log log ??, etc.'"' 

In order to sharpen our criterion for the case of entire functions 
let us recall the definitions of Laguerre and Borel. If in the function, 

/ (x) = s'? <*> Z7 (1 — x/a„) e 

Qix) is a polynomial of degree q and k is the smallest integer for 

00 

which the series, 2 converges, then p, the larger of the two 

n=i 

numbers q and k, is called the genus of the entire function fix). The 

CO 

smallest value ^ for which the series 2 l/\ctn\^"% a > 0, converges, is 

«=i 

called the real order of the function fix). 

From Poincare’s theorem that the quantity f^”'>iQ) FUn -f- h 
l)/(p -j- 1)]/%! tends toward zero as n co, provided fix) is a 
function of genus p and h is any positive number, we are able to in¬ 
fer that for every entire function of genus p, Ln >= {fpin)"], where 

*See A. Denjoy: Comptes Bendus, vol. 173 (1921), p. 1329; W. J. Trjint- 
zinsky: Annals of Mathematics, vol. 30 (1928-29), pp. 526-646. 
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(p(7i) t= For functions of genus zero this criterion be¬ 
comes 0 ." (L„)" 0 for any finite value of G-.f 

A theorem which applies to the function, 

uu 

p (a;) = 77 (1 — x/a^) + • - ■ + srvs ^ (2.2) 


can be derived from the known inequality, 

]p<''>(0)/u!|^^» < {n/e<jy/^ , 

where < 3 - is the real order, q, of the function gix), augmented by s. 

Replacing n ! by its Stirling’s approximation we are able to infer 
that L„ t= 0 [9 (n) ], where <p in) < e-i-i/o- _ 

For convenience these results may be summarized as follows: 

( 1 ) If f{x) is an entire function of genus p, then A = O (ai) ], 

where ^(n) t= 

(2) If /(x) is an entire function of genus zero, then the limit 

(S' {L „)" 0 for any finite value of a. 

(3) If fix) is an entire function of form (2.2) and (x<= q-\- s, 

where g is the real order of f(x), then ■w^e have the inequality, 
g) in) < . 

(4) If fix) is an analytic function with a regular singularity 
in the finite plane, then 9 (n) = n. 

(5) If fix) is quasi-analytic of Denjoy class k, then g>in) = 
n log n logo n • • • logs n, where logo n — log log n, logs n = log log log 
n, etc. 

PROBLEMS 

1. Determine the grades of the following functions: cosh x, log x, x®, r(a:), 

xi, e-iogi, l/r(a.-), sec x, J„(x), cos(Vx) . 

2. Discuss the grade of the function 

uix)— j &^tg(t)dt, 

where a and h are finite and g{t) is a function of finite grade. 

3. Discuss the grade of the function 


uix) = 



git)dt , 


where git) is a function of finite grade. 


*See t Borel; Legcms sur les fonotions entieres. Paris, (1921), Chapter III; 
P^13^144^* * MatMmatique de France, voL 11 (1882-83), 


tFor an independent proof of this see Eitt: IBihliography, Eitt (1)], p. 34. 
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4. Let 5 q, h^, • • • be a set of complex numbers such that 

lim|(6„)i/«i=0 . 

n=Qo 


If then we have 


F{z)=b,. 


1 ! " 2 ! “ 3 ! ' 


prove that F(z) f(x) is a regular analytic function in the entire region of 
existence of the analytic function f(x), [See G. Polya; Bibliography, p. 191.] 


5. Prove the following theorem: 


If in the integral 


ii(x) =z 


I 


€^^Y(t)dt 


L is a Cauchy circuit about the pole t nr a of r(t), then the grade of u(x) is 
equal to |a|; if L is a Pochhammer circuit (see section 4, chapter 8) about the 
two points t = a and t = b, then the grade of u(x) is equal to the larger of the 
two numbers \a\ and |5|; if L is a Laurent circuit (see section 7, chapter 2), then 
the grade of u(x) is infinite. 


6. If the function 

f(x) + /,a;/l! 4- + • • • 

is of finite grade g, show that the series 

S'(») =/o + fx^ + /a®- + -i- 

converges uniformily in the circle |a;| < 1/q. 


3. Functions of Finite Grade. In many of the important applica¬ 
tions of the theory of operators it is convenient to assume that the 
functions considered are of finite grade which we shall designate by 
the letter q. We shall state below a number of theorems relating to 
such functions, the first four of which are essentially due to Perron. 

Theorem 1. If /(«) is of grade q, then its mth denvaiive, 
(x ), and its mth. integral f • • • f / (i) 0 / q- 

J a a 

Theorem 2. If f{x) is of grade q, then fiax) is of grade \a\q. 

Proof’. Since d^f (ax)/dx” t= (ax), it follows that 

lira\d”f (ax)/dx”]^'”'= \a\q • 

«=00 

Theorem 3. If fi(x) and f^i^) o,re of grades q-i and q^ respec¬ 
tively, where q^ ^ then (hfx(^) + <^f^(^) 'thrill he of grade not 
greater than qz. 
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Proof: Since fi{x) and f^ix) are of grades and q.,, ^2 > <?i, 
there will exist a positive function Min), such that lim c= 

■n=co 

1 , for which the following inequalities hold: 

i/i"*’(«)! <M{n)qP , 1 / 2 '"’(ic) I <Min)qf' . 

From this we obtain the inequality, 

\(hfi''Hx) + “ 2 / 2 "''(a:)I <Min) q 2 ’‘(|«ii + l® 2 |) > 

and hence establish the theorem. 

Theorem i. If hix) is of grade qx and f^ix) of grade q, then 
fxix)f 2 ix) is at most of grade qx + ^ 2 - 

Proof: By the rule of Leibnitz we have 

Ifx ix)f 2 ix) 3 <«> = /,<>‘>/2 + nCxfT'^-^^U + nCJx^’^-^^U' .+ •••, 

where „C», is the mth binomial coefficient. 

Since fx and f^ are of grades qx and q^ respectively, they satisfy 
the inequalities stated in the proof of theorem 3. 

Hence we get, 

I [A(a:)/a («)]<"*I <M-in) iqx-\- q.)’^ , 

and from this inequality the theorem is at once derived. 

That the grade qx -|- qo may actually be attained by the product 
function is seen from the example, fx = sin x, f^ = cos x, where 
q^!= q^ = 1 . Then we have fxU = sin x cos a; = 1/^ sin 2a:, for which 
q = 2. 

Theorem 5. If fix) is of grade q, then there will exist positive 
constants M, s and n', ail independent of n, such that 

i/‘”>(a;)| <M(q + £)" , 

for all values of n greater than n '. 

Proof: Since by hj’pothesis lim sup (a;) 1^''" = q, there exists 

rt^-CO 

a positive function M in) , lim [M (%)]'''“ = 1 , such that 

n=ao 

If^ix) ] sMin)q^ . 

But since lim [M (1 + e/q)"]^^” r= 1 -j- s/q > 1 , this function for 

a properly chosen value of M will dominate M in) when n exceeds 
n'. The theorem is a consequence of this fact. 

Theorem 6. If fix) is a function of grade q and if Fiz) is an 
operator with constant coefficients which possesses a Laurent expan¬ 
sion about z<= 0 within an annulus that contains z = q within it or 
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wpon its interior boundary, then the function F{z) -> f{x) is at most 
a function of grade q. 

Proof: Expanding F(z) in its Laurent series in the annulus de¬ 
scribed we shall have, 

F(z) = (Uo -f a^z -f a.z- -|- •• •) -f -f- b,z-- -1- 

4- 6,,2-"-}-•■■ ) . 

Operating upon the function F{z) fiz) with 2" and taking 
the absolute value of the result we obtain, 

{Fiz) -^/(a:)}| = 1E(2 )-> {2'‘^/(a') } | ( 3.1) 

+ |a,/<-»!+...}|6,/u‘-ui + j&jj 

“1” I r [ h, 1 + 1 -f~ ^11+2 1) -|-l)n+3(A‘—t)-/2 !-(-■•• ] fit)dt\ . 

a 

From theorem 1 we know that if .r be restricted to some interval 
iab) we can find a sequence of positive numbers il/„, n = 0, 1, 2, ••• , 
such that lim [M„] = l, for which the following inequality holds: 

n=CO 

Let us assume, moreover, that s M,i^i so that the sequence 
[Mn) is non-decreasing and thus has no null elements. Under this 
condition we know that lim = 1 implies the limit lim M„+p/i¥„ 

71=00 R=iX 

= 1 for every value of p. 

Replacing the various terms of (3.1) by these dominating values 
and using the abbreviation nipin) = Mn^p/M,,, we then get, 

|2" -> {F(2) -^f(x)}\^ in) -f F(«)] + fs in) , 

where We abbreviate, 

00 JV 

Pin) =2] \ar\mrin)q’' , Pin) =2j \br\ 7n.rin)q-’^ , 
r=;0 ’'=1 

r s cx) 

Pin) = J £ \b„^„^^^\ix—t)’^fit)dt/ml . 

a m~o 

From the condition, lim m, in) = 1, which holds for every value 

W=0O 

of r, we are able to conclude that ntrin) is dominated by K q^', where 
if is a constant independent of n and r, and d is an arbitrarily small 
positive quantity. Since, moreover, q is an interior point of the an¬ 
nulus of convergence of the Laurent expansion of Fiz), the series 

00 

/,r=if £la,| 
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converges and we have the inequality, lt{n) ^ /i, for all values of n. 

Moreover we obtain from s M„+j, the inequality m-r s 1, 
0 ^ r < and hence we conclude that 

00 

h{n) g £ |6,| q-’' = l2 , 

r=i 

for all values of n. 

Finally, since lim Ib^i = 0 and since /(#) is bounded in («.,&), we 

r='Xi 

can write, 

lAn) sFB dt = Z3 , 

^ a 

whei-e |/(t) I < F and |b,-l < B. 

Taking the Mth root of the inequality, 

/(a;) }| g + L) + h , 

and noting the inequality, [A” -}- B"] < A B, for A and B posi¬ 
tive, we obtain, lim \z'^ -> {F(2) g q, from which the 

71=GO 

theorem follows as an immediate consequence. 

A result of more extensive character than the one just proved 
may be established for operators introduced by differential equations 
of Laplace type. This result follows: 

Theorem 7. If an operator F {x,z) can he represented in the 
form, 

F{x,z)=&^= re^*Y{t)dt 

•7 0 

then the function defined by F{x,z) f{x) exists and is of grade q 
provided f{x) is of grade q and Y(z) is analytic throughout the in¬ 
terior of the circle q = R, where R is greater than q. 

Proof'. Since f{x) is of grade q it is dominated by a function of 
the type P(x) where P(x) is an entire function of genus zero. 
We shall, therefore, consider the operation F(r,z) P{x) . 

Let us first write the identify, 

Fix,z) (2tr) = uF(x,z) u'F' {,x,z) -a v (3.2) 

• u"F"{x,z) 'z;/2! -j-, 

where the differentiation refers to the variable z. 

Specializing this formula by setting u — P{x) and v = e«® we 
get 

F{x,z) Pei^ = {PF{x,q) + P'F^'(x,q) 

-f P"F/' {x,q) /2! -f. - - } e*!® . 


(3.3) 
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Employing the abbreviation D = d/dq we also note that D" 
F{x,q) = er^^{D — x)” I{x,q), where we set, 

I{x,q)=^ Ce‘*Y{t)dt. ( 3 . 4 ) 

^ 0 

Substituting this in (3.3) we obtain, 

00 

Fix,z) -^Pe'‘^='^Pw{x)iD—x)'>-^I(x,q)/n\ . 

n=o 

(3.5) 

But we see from (3.4) thatZ) I{x,q) = ^‘^Yiq), D- -> I(x,q) 
= e®‘'(Z 14 -a’) Yiq), and in general, 

D" I(x,q) = e‘‘^{D-\-x) Y(q) . (3.6) 

Making use of this we are able to derive, 

(D —x)" -» I (x,q) 

<= (D-j-®)"-^ — ■71x{D--{-x) -|- nin —l).r==(D-pA’)'''^'2! 

-± ^ Y(g) -j- (—l)".i-"/(.r,Q) 

t= — (—l)".r'‘]/(D+a;)} ^ Y(q) -j- (—l)“a:’‘/(A-,$) . 

But since Y(g) is analytic its «th derivative, by (4) section 2 , 
is dominated by M„a’*n! where lim = 1. Hence the function 

{[D™ — (—l)»x"]/(Z) 4- x)} Y {q) is dominated by MnA'^nl where 
A is suitably chosen. But since P(x) is an entire function of genus 
zero we can find a set of values such that jP‘”’(.r)l < Wn/Q'', 
where Q is arbitrary and lim = 1. From this we see that 

n=oD 

the series expansion of F{x,z) —> P(x)e®-' — P(0) I{x,q) is domi¬ 
nated by the majorant, 

y (A/Q)», Q > A , lim (M„ot„) = l . 

Xj 71=00 

n=o 

We are thus able to conclude that (3.5) is uniformly convergent. 

In order now to show that Fix,z) -» Pe«^ is a function of grade 
q we observe the identity, 

00 

£P<«) (x) (D—x)«/n\=P(JD) , 

n =:0 

and write (3.5) in the form, 

F(x,z)-^Pe^’‘ = P(D)-^Iix,q) . 
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Making use of (3.6) we achieve the further simplification, 

P(D) ~^I{x,q) =PiO)I{x,q) +e«-Q(D+a;) Y(g) , 

where we write Q{z) = [P(2) — P(0)]/z. 

Expanding Q(P+.t) as a series in D and operating upon Y(q) 
we get, 

QiD+s:) ->Y(q) =Q{x)Y(.q) +Q'ix)Y'(q) +••• 

-|-Q*”'* (a;) (O'i/m.!-1-. 

Let us now operate upon this equation with z” and discuss the 
result. 

(.t) = z" {Q (jD+:c) -^Y{q)}= («) 7 (q) 

-I- QU‘«) (cc) Y’{q) -f (x) Y"{q) /2! -f ■ 

J- (a;) (q) /m ! ^-. 

Since Y(s) is analytic throughout the interior of the cucle q = 
R, Y^'’‘Uq) is dominated by i¥„,a'"m! , q £ a < B, lim = 1, 

M,a >0. Moreover, since Q(a:) is an entire function of genus zero, 
(3'"^ (a-) is dominated by a sequence of positive values ?/>„ which has 
the property that lim = 0 for all finite values of A. We can also 

?<=X 

assume without loss of generality that )/>„ ^ ?yv,+i. Hence we attain 
the inequality, 

OD 

1^/2 (^0 ! = 2 j • 

;?i=o 

Making use of the limiting property of the sequence {wj we see 
that this series converges and hence furnishes a Weierstrass major- 
ant for the function Sn (aO for every value of n and for x in any finite 
interval. 

Furthermore, from the assumption ^ > 0, we obtain, 

00 

(r) j ^ 'y’,2 ^ -Mm • 

?H =:0 

But from the limiting property of the sequence {v^n} there exists 
a positive quantity C, independent of n, such that < C/A% A > a. 
Hence we can write, 

oc 

\Sn{x) 1 ^ . 

7 ) 1=0 

From the limitations upon M,,, this series is seen to converge and 
the majGrant thus obtained establishes the fact that 

So (ic) = Q (^D-\-x) —> Y (q) 
is a function of genus zero in the variable x. 
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Combining these results we can write (3.5) in the form, 

F{x,z) ^ Pe'‘‘^:=P{Q)I{x,q)e'^^Sio:) , (3.7) 

where S{x) is a function of genus zero. 

We now need the lemma: 


Lemma. The grade of I{x,q) does iiot exceed q. 

The proof is immediately attained by the use of tlie Schwarz in¬ 
equality, (see section 9, chapter 3) 

r|uMt)|dt^| Vu(,t) v{t) dt\-. 

J 0 Jo J 0 

Forming the nth derivative of I {x,q), 


7<«)(.r,Q) = re^‘PY{t)dt , 

Jo 


we specialize uit) = e^'Y (t), v{t) = t", and thus obtain, 

|7<«> (A',q) I g { r \e^^*YHt)\dty q" . 

Jq 

Since the integral exists by hypothesis we obtain at once the de¬ 
sired inequality, lim [|7<''> {x,q) 1]^/'* ^q . 

Employing this lemma and making use of theorems 3 and 4 we 
are able to conclude that the grade of the function defined by (3.7) 
is q. 


Corollary 1. If F{x,z) is the operator, 

F{x,z)=e-^=‘ r e^*Y{t)dt , 

Ja 

then the function F(x,z) f{x), where f{x) is of grade q, is of 
grade not larger than the larger of the two mimbers |fl'i and q. 

The proof is immediate if we write 

F(x,z) ^e-^-'{ r%"*Y(t)df + 

^ a 

and note that 

Q-xz r e^tY(t)dt-^fix) =fiO) 

Ja 

The result of the lemma proved above 
is a statement of the corollaiy. 


rV*Y(t) dt} 

Jq 


rV*Y(7)dt . 

Ja 

combined with theorem 6 
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Corollary 2, If F(x,z) is defined to he the operator of theorem 6 
and if P(x) is a function of genus zero, then F(x,z) P(x) is a 
function of genus zero. 

k. Asymptotic Expansions. Perhaps the most characteristic dif¬ 
ficulty which one encounters in a practical application of formal oper¬ 
ators to the solution of linear equations is the frequent intrusion of 
divergent series into the calculation. We have already encountered 
such a difficulty in section 11 of the preceding chapter and many 
others will appear in the ensuing pages. 

It is impossible to make an exhaustive investigation here into 
the fascinating but profound problems presented by divergent series. 
We shall find it necessary, however, to be familiar with certain aspects 
of what are generally referred to as semi-convergent or asymptotic 
series. 

An asymptotic expansion of a function /(x) is a series of the 
form, 

at, a^fX a^/x^ —• • * — a^/ x” —j— * • • , 

which, although divergent, satisfies the condition that 

lima:”l/(a;)—S„(x)| = 0, (%fixed) , (4.1) 

where Sn(x) is the sum cco + ajx -|- a^/x^ -[-••• + ftn/x” . 

If this condition, which was first stated by H. Poincare in 
1886,* is satisfied we say that the series is the asymptotic expansion 
of /(x) and we represent it by the symbol, 

f (x) ^ Co —1“ U'l /X — On/ X“• ‘ * c,,/X” —j— ' (4.2) 

The first example of an asymptotic expansion encountered by 
mathematicians, and certainly one of the most interesting, is that 
associated with the gamma function, 

e-x^-^ri.x)/{2ny-oo 1 + l/12x -f 1/288.1:" — 139/51840x"- .f 

The characteristic property of asymptotic series which brought 
them into prominence in astronomical investigations long before they 
were regarded with even moderate favor by mathematicians, was the 
fact that for large values’ of x they converged in general with great 
rapidity to the value of the function. The error was noticed to be a 
function both of the magnitude of x and of the number of terms used. 
Hence for values of n which did not carry one too far into the diver¬ 
gent expansion and for correspondingly large values of x, the error 


*Sur les integrates irregulieres des equations lineaires. Acta Mathematiea, 
vol. 8 (1886), pp. 295-344; iix particular, pp. 295-308. 

fThis expansion to 0(l/a;®) is given in Davis: Tables al the Higher Mathe¬ 
matical Functions, vol. 1, p. 180. 
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■was in many practical applications extremely small. It has become 
almost a rule in the computation of tables of functions to seek first 
the asymptotic series. 

One of the most important clews to the nature of asymptotic 
series is the Borel theorem on continuation, which we state as fol¬ 
lows: 

If «•!, ^ 2 , • • ■ , an are singularities of the function, 


0 = r er* tp(xt) dt , 


where^( 2 ) 2^AnZ^/nl and hm exists, then u(x) is analytic 

throughout the interior of the polygon containing the origin and 
formed by drawing through aj perpendiculars to the lines joining the 
singular points to the origin. 

The proof of this theorem will not be given here since it is to be 
found in numerous places.* 

The application of the theorem to the summation of divergent 
series is at once apparent from the following consideration. If the 

expansion of (p(xt) is placed in (4.3) and account taken of the in- 

r 00 

tegral identity, I e-* t^ dt = nl , the following series is obtained: 
*^0 


t (x) — ^ .4^ i 


It is clear that this expansion converges for |.r| < a, where a 
is the smallest of the moduli of the singular points, x — Ui, a^, etc., 
but diverges outside of (and possibly on) the circle of radius a. 
Hence, in general, equation (4.3) furnishes a functional equivalent 
for series (4.4) in regions where it is divergent. 

For example the series, 

ut^x) =1 X ~\- x'^ -\ -, 

is divergent on and exterior to the unit circle. However, its Borel 
equivalent, 


0 


e-*(l + ix-f-t=xV2! + ---) dt 


_ gW-D* ^ 

•^0 

converges in the half plane, R(x) < 1, where designates the 

real part of x. 


*R Borel: Leqons swr les Series Divergentes. Paris, (1901), chapter 4; 
Whittaker and Watson: Modem Analysis, 2nd ed., Cambridge, (1920), p. 141; 
Davis: Tables of the Higher Mathematical Functions. voL 1 (1933), pp. 45-47. 
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Although the Borel theorem applies only to functions for which 
<p{z) is an entire function, it may be extended to include the summa¬ 
tion of totally divergent series. Here, however, we encounter a blem¬ 
ish in the fact that no simple way appears for defining in general the 
region of sunimability. 

An example is found in the classical series, 

u (re) =1 — X -\-2lx- — 3-]-, 


which is totally divergent. 

The equivalent Borel integral, 

exists throughout the half plane, B (x) > 0. 

In this book we shall be concerned mainly with asymptotic series 
which appear in expansions of a Laplace integral of the following 
general form. 


F(x) = dt (4.5) 

J L 

whei'e L is a path in the complex plane. If the path is the positive 
real axis from 0 to co, the Borel theorem is usually effective either in 
determining the region of summability of the asymptotic series or, 
if the integral representation is assumed as given, in determining the 
form of the asymptotic representation of the integral. 

In order to effect this equivalence, let us make the transforma¬ 
tion s = g{t) — g, where we abbreviate g = g{0). We shall then 
•obtain (4.5) in the following form; 

F{o:)=e-^^ r e-®®0(s)ds (4.6) 

^ 0 

where we write, &(s) = ■& {g-^ [s-ffif]) /g' (p-^ [s+fi']), in which g-^ (x) 
means the inverse of the function p (x). 

If we now assume that 6 (s) is a function of the form, 

©(s) :=si^(p(s) , ^ > —1 , 

where 




n 


is any function for which the integral exists, then (4.6) has the for¬ 
mal expansion, 
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e^-F{x) oo [r(^+l)/a;.>‘«][^,+ 

H~ (/“+!) (i«+2) <p2/x'^ -j-] . 

may be obtained by -writing, e(s) = 
sf^logs 0 (s). Noting the integral, j 

e-«sf^logsds= [r(p + +1) _log»], 

where + 1) = r'(ju 4- 1) /V(/m -|- l) ^ 'yy-e may write, 

CG 

eax F (x) ~ [r (ju + l)/a-M-n] [^6^ + I] (iJ + 1) (/i + 2) • • • 


(li + 7i) <p,^^ n 1) — log .v}/;i;'^] 

Other generalizations are obtained by taking the > 2 th derivative with respect 
to ju of the Borel integral. 


Returning now to equation (4.5), we may broaden our inquiry’ 
by seeking conditions under which the path may be so chosen that 
the integral has an asymptotic expansion. 

This problem wlas apparently first suggested by G. F. B. Rie- 
maiin (1826-1866) and the solution indicated in a posthumous paper. 
The details of its development are due to a notable contribution made 
by P. Debye in 1909, who applied it to the study of the asymptotic 
development of Bessel functions.f 

In equation (4.5) let the path L be so chosen that the following 
conditions are satisfied. First, R{g(t)} shall change as rapidly as 
possible along L; second, as t approaches infinity along L we shall 
have the limit, lim R{g{t )} = co, where R{g{t)} means the real part 
#=00 

of g{t). 

In order to see the significance of these conditions let us write 
t =1 i Vj and thus obtain, 

g{t) =R{u,v) . 

As is well known both R(ii,v) and I{u,v) satisfy Laplace^s 


equation, 


d^R d^R _ 
du^ dv- 


(4.7) 


*SulIo svolgimento del quoziente di due serie ipergeometricbe in frazione 
continua infinita, A fragment edited by H. A. Schwarz from Riemann’s: Gesam- 
melte WerJce, 2nd ed. (1892), pp. 4^24-430. 

tNaherungsformeln fiir die Zylinderfunktionen fiir grosse Werte des Ar¬ 
guments und unbeschrankt veranderliche Werte des Index. M^itheriicitische A^i- 
nalen, vol. 67 (1909), pp. 535-558. 
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and the Cauchy-Riemann conditions, 

dR dl dR dl 

du cv ’ dv du 


(4.8) 


In order to deteimine the path along which R{g(t)} shall change 
as rapidly as possible, we set the derivatives of R{u,v) equal to zero. 


dR^dR 
dih dv 


(4.9) 


Then from the Cauchy-Riemann equations we shall have, dl/du 
- dl/dv = 0, and hence derive, 

+ :0 
du dv 


Thus we find that the desired path L is the one for which, 

I{u,v) = k , (4.10) 

where k is to be determined from the solution of equations (4.9). If 
we now consider the equation R = R(u,v), we note that the points 
Wo, Vo, Ro derived from (4.9) are not points of maxima or minima in 
view of equation (4.7), but are saddle points or passes on the sur¬ 
face. Hence the curve (4.10) is a curve on the surface which passes 
through one of the saddle points and along which R g{t) makes its 
most rapid change. 

Returning now to equation (4.5), let us designate by t = to a 
saddle point and let us effect the transformation : s = g(t) — G, 
where we write G = g(.to). Then obviously since g'{to) = 0, we shall 
have s (to) = s' (to) = 0. 

It is then possible for us to write. 


s — (t — t) ^ {go -j- Qi (t—to) -j- g^ (t—to) ^ “t- • • • } . 

(4.11) 

Employing the transformation s = T^, we shall have dt/ds = 
Yq T-^dt/dT from which we proceed to evaluate dt/dT in terms of T. 
To accomplish this we write, 

dt/dT = a.T’' , (4.12) 

and then evalute the coefficients by means of Cauchy’s theorem, 

ft /o -x C 

On — (l/27tl) J , 

where the integration is around the zeros of the T-plane. 
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In the i-plane this is equivalent to, 

{l/27ii) j [sdt , (4.13) 

the values of a„ thus being determined from the coefficients of equa¬ 
tion (4.11). The following explicit values will be found useful in the 
application of this theory: 

0^0 = 9o-- , Ch = 9o-H—9i/9o) , a. = gy^-{,—^gJ2g, 

-j- 3 • 5 Qi'/Sgo') , 

<lz= Qo-- (—2gs/l7o + epiga/go" — , (4.14) 

[-5p4/2Po H-g- (SpiPs/ Qo' -j- P 2 VPo") 

5-7-9 , , 3 , 5-7-9-11 _ ,, ^ 

■PlWPo'^-^ _^g PiVPo^] . etc. 

If the two values of T, Ti = S“ , To = — s- are substituted in 
(4.12), two expressions for dt/ds are obtained as follows: 

CO 'CO 

dtjds = 1/2 S-* a„ s''" , dL/ds = 1/2 s-^Jl (—1) • 

n=o 

Returning to the original integral we are now able to write it in 
the form, 

r rJfC (it 

F{x)=e-<^^{\ e-«-i)(ta) ^<(5+ J —ds) . 

Li L2 

where Li and La are the two branches of the path L in the s-plane, 
these branches being separated by the saddle point. Since s is real 
over the path Li + La, it is seen that the integral can, in general, be 
expanded by the Borel theorem. 

As an example let us consider the expansion of the integral, 

F(x) = j . 

Setting g(t) = cosh t, we obtain the definitive equation, 
g'(t) t=sinh t = 0 , 

from which we get to = xwd, n — O, ±1, ±2, • ••. Selecting the value 
to = 0, we then have, 

s = cosh t — 1 = 1/2! + tV4! H- t^/61 -f • ■ •) . 

We then compute the values, 

00 = 2* , 0^ = —2V4 , 04 = 2*-3/32,--. , aa = <h = -- = 0 . 
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The path of integration is seen to be the axis of reals and from 
the condition lim f2[sf(t)] = co, it is clearly the circuit from infinity 

t=co 

about the point U = 0. Hence we get, 

F{x) ■= e-* 1"° { (dt^/ds) — (dt^/ds)} ds , 

f* C/D 

_ g~x Q-XS g-l _j_ (l^g _j_ (J^g2 _|-) ^ 

When the Borel integral is employed, this becomes, 

F(x) ooe-»{r(i/2)/.r5} {ao + aV2x + (l-3)a4/2=x^ + ---} , 

cce-"{2V.'c)-[1 —l/(8a:)+9/(128a;=) +•••] . 

If more terms of this series are desired, we return to equation 
(4.13), which in the present instance becomes, 

a„=(l/2 jii) J (cosht—, 

= ( 1 / 2 »)| + , 

where we have written n = 2rrt. Since the path is about s = 0, it is 
clear that the values of ao,,, are merely the coefficients of s™ in the de¬ 
velopment in power series about s = 0 of the function 2H 1 -f- V 2 s)~^ ■ 
The reader will notice that F(x) is twice the Bessel function 
Koix). 


PROBLEMS 


1. Derive the expansion 



dt ^ 


e-^‘ 



1 

2%3 


1-3 


1-3-5 

24^ 


+ •■•). 


2. Determine the asymptotic expansion of the gamma function by consider¬ 
ing the integral 


F (x) cuz I ds Dzz. I i) dt « 

u c ty c' 

Show that the saddle point is the point t = 1, and that the path of integra¬ 
tion is the axis of reals consisting of the two- branches (0,1) and (l,oo). 

[See G. N. Watson: An Expansion Belated to Stirling’s Formula, derived 
by the Method of Steepest Descents. Quarterly Journal of Math», vol. 4S (1920), 
pp. 1-18. Also H. T. Davis: Tables of the Higher Mathematical Functions, vol. 1, 
(1933), pp. 56-57.] 
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3. Prove that 

i'ioc) CO log a;-— y (—1) n-i _ 

2 a: 2 n-a: 2 « ' 

where is the wth Bernoulli number and ^(r) is defined by 

■^{x) zzzloga; + I 
•J a 


00 f gf 

e-*^l-[-- \dt. 

0 


4. Show that 


1 1 2! 3! 

I{x)= -cZtco-j-:_ 

J ^ X t X X- x^ 

If S^^(x) is the sum of n terms of the series, prove that if a: > 2n, then 
l/(a:)-S,,(r) I <1/(2-1712) ; 


also prove that 


lim |a:^»{7(a:)—S„(a:)}|=:0 . 

2 ‘='X) 


5. Find the asymptotic form of the solution of the equation 


u{x) =—{l/2x) 4- 

6. Given the equation 


J; 




Azt(a:) zzzloga: , 

show that the asymptotic form of the solution to a first approximation is given by 

2 CO 1 

u (x) ^ k -i- (x — Vz) log a: — “ 2 

a:„tl(2'^n)2 

If k= V 2 log 2*77, show that 2 i(a:) = logr(a:). 

7. Derive the following expansions 


J 


CO cos t 1 

- dt = -(—A sin a* 4- cos x) , 

(t)= (xy 

CO sin t 1 . , r. • \ 

- dt = -(A cos a; + 5 sin a;) , 

(t)^ (a;)^ 


where we have 


A CO 1 


1-3 


1-3-5-7 


B CO 


2a: (2a:) 3 

Hint: Consider the integral 

^ 00 


(2a:) 5 (2a:) ^ 

1 1-3-5 ^ l*3*5-7- 

(2a:) 3 


dt , 

and make the transformation t = a:(a+l)» 
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5. The Summability of Differential Operators with Constant Co¬ 
efficients. In theorem 6 of section 3 we considered the case where 
F{z), a differential operator with constant coefficients, operated upon 
a function of finite grade. It is clear, however, that this restriction 
excludes from consideration a large class of problems of which the 
equation which defines the psi function, xp{x), may be cited as typical: 

ttf.r-j-l)— ti(x)=l/x, (5.1) 

or in terms of a differential operator, 

(e- — 1) u(x) = 1/x . 

Since 1/a: is a function of infinite grade it is certainly to be an¬ 
ticipated that, in general, an operation upon it will yield another 
function of infinite grade. As is well known, the principal solution 
of equation (5.1), namely ^p(x), appears as the following divergent 
series; 


y>(x) cclog.r —l/2x—£ (—l)>‘-^B„/2%• , (5.2) 

n=i 

where Bn are the Bernoulli numbers (see section 12, chapter 2). This 
series, however, is summable by the method of Borel and we are thus 
able to obtain the following integral equivalent of (5.2) : 

f CO 

yj{x)—log o: — e^)-^l/t}dt , jB(.r) >0 . 
do 

The situation that is here revealed is covered in the following 
theorem: 


Theorem 8. If f(x) is of the form 

f(x)=g(x)-\-hix) , 

where g{x) is a function of finite grade L and where h{x) is of the 
form 

h(x) = hjx -|- hi^/x- -f h^/x^ -j-, 

then the summable equivalent of the ftanction, 

u{x) =F{z) -^fix) , 

in which F(z) is a differential operator with constant coefficients, 
exists and has the form 


pco 

uix)= &^*Q(.t) .Fi—t)dtJi-F{z) -^gix) , 

J 0 

where 

Q(Jj) hxhfith^t ^, ( 5 . 3 ) 
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provided, (a) L < q, where q is the radius of convergence of F {z); 
(b) positive values k, A, and m exist such that \Q{t) ^F{—t) | < 
Ae'^^, for 0 < k ^t CO; and (c), Q{t) • F( — t) is of limited variation 
in the interval 0 :^t ^k. 

Proofs It will be clear that the series 2 forms a majorant 

i=l 

for the series 

TJ{x) =F{z) =:{bo + &i2-f + , 

since by hypothesis L is the grade of g{x) and is smaller than the i-a- 
dius of convergence of the series expansion of F{z). Since TJ{x) is 
thus uniformly convergent we may form the derivative 

{x) !=F{z) z’^-> g{x) . (5.4) 

From theorem 1, section 3 we know that 2 " g(x) is of grade 

00 

L and thus that the series L’*2 foi*ms a majoi'ant for V*-’‘’{x). 

4=1 

It thus appears that U(x) is at most of degree L. 

It will be observed that this argument is merely a special case 
of the one employed in the proof of theorem 6, the annulus in this 
instance being merely the circle about the origin. 

We now consider the equation 

V{x) =F{z) -^h{x) . 

Applying the explicit expansion of the resolvent to h{x) we get 
V(a:) c= ho{bo/x — b,/x^ + 2 Ib^/x"^ — 3 Ib^/x^ + -• - } 

+ h,{bo/x^ — 2 !&x/a;= -f Blb,/x^ — 4 I&s/a:® + - • ■ } 

+ h,{bo/x^ — 3 \bJ2 Ix^ + 4lb,/2 Ix^ — 5 '. 53/2 !a;« + • • • } 

+. 

In general this series will be divergent, but it is usually sum- 
mable by the method of Borel. This makes use of the identity 

j e-^sMs = n\ 

Jo 

from which we obtain V («) in the form 

/* CO 

V{x) <= (1/a;) [e-^{}h-j-hAs/x) + Kis/xy/2\ 

Jo 

^...}.F(—s/xUds 
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Making the substitution s = tx, we obtain 

7(a-)= f' •F(—t)clt , 

where Qit) is defined by (5.3). 

The convergence of this result is easily established under hypo¬ 
theses (b) and (c) stated in the theorem for we shall then have 

/'OO 

I V(x) I < M/x + ^ I = M/x A/ {x — m) 

^ 0 

for Rix) > m . 

The case where Q(t) • F{ — t) has a pole of unit order in the in¬ 
terval (0, CO) is easily disposed of as follows: 

Consider the function 

G{t)=Qit) F{—t)—R/ia — t) , 

where R is the residue of Q (t) • F( — t) at the point t = a. It is clear 
that G{t) is regular at t = a so we may consider the function 

^ CO rco 

y(a;)= e-''G(t)df+ (a — t) ] df . (5.5) 

I/O *^0 

The second integral is divergent, but is seen to correspond for¬ 
mally for the case m = 1 to the solution of the equation, 

(a — d/c?.r)’“ W(x) = R/x , 

which has for its particular integral the function 

Wix) = (— 1 ) ^R (« — (m — 1) !} dt . 

dk 

More generally, if on the positive real axis (h, a-s, am are poles 
of unit order of the function Q{t) /F{ — t), then, the solution of the 
original equation will be 

/^co m r*x 

y(.r)= e-^*G(t)dt — 2Ri , (B.G) 

Jq i=l Jjci 

where the Ri are the residues of Q (t) ■ F (— t) at the points aj and 

ni 

Git)=^Q{t)-Fi—t)—l,Ri/(ai — t) . 

i=l 

The case of poles of multiplicity m is treated in similar fashion 
by writing G(t) in the form, 

m 

Git)=Q{t) ■Fi—t)—ZA^/ia — t)”^ 
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where the Am are the Laurent coefficients in the expansion of 
Q (i) /F (—integral, 

r 00 

fJo 

m functions obtained from W {x) by letting m assume the values 1, 2, 
3 ,. • •, m and replacing R by A,,,. 

We shall consider a few simple examples: 


Example 1. Let us assume the functions, 


and 


h {x) = 1/x — 1/x- + l/.r*-. 

We then compute, Q{t)— e-\ and hence obtain, 

Fiz) -^h {x) c= l/.r — 2/x- + h/x^ — U/x^ + 65/x^ - 

r oo 


Example 2. In the pi*eceding example let us replace h(,x) by the 
following totally divergent series, 

/i(x) =l/x —l/a:= + 2!/a;^ —3!/a;^ + ”- . 

We then compute, Q(f) = 1/(l-j-t), and hence get, 

F{z) -^h{x) =l/x —2!/x'' + 3!/x3 —4!/x^ + --- , 

r 00 

J ft 

Example 3. Let us assume, F(s) = l/(e* — 1)> O(^) — 
h{x) <= 1/x. We note that F{—t) has a unit pole at t = 0, so we 
compute the residue at this point and hence construct the function, 

G(t) =l/(e-*—1)+lA = eV(l—+ l/t- 

Now employing formula (5.6) for the case m = 1, we readily 
obtain, 

F{z) -^h (x) = {1/2 — 1/2 + B^z/21 — B2«V4 ! 

-j- BsZ^/Q !-} 1/^ ’ 

00 

= C + log X + a/x) { - 1/2 + E (-1) ^Bp/2px^^^} 

,— r°°e-^*{ey(l—e*) ~-j~ 1/t} di-j- J* dt/f, , B(x) > 1 
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J”* 00 

e-^'{e7(l—eO + 1/t] dt , 

0 

c= C (x) , 

where Bn are the Bernoulli numbers. 

The theorem which we have just proved may be generalized in 
a significant manner by introducing the function f{x) = g(x)h{x) 
instead of f{x) = gix) + h{x) . This theorem may be stated as 
follows: 


Theorem 9. Under the foUoxving assumptions: (a) f{x) = 
g{x)h{x), tvhere g{x) is a function of finite grade g and h{x) is of 
the form, h(x) = Ih/x + h./x- + hjx^ ••• ; (b) the functions Q{t) 

= hi, h^t -{- hst-/2l + ■■■ Fi^) — *0 “ 1 “ ■■■ 

of finite grades Q and F respectively, then the operation F{z) —> 
fix) defines a series, in general divergent, which is summahle by the 
method of Borel to the fcrrm, 


r ‘if 

F{z)-^f{x)— I ^ (— t)/n\ 

•^0 yx-n 


dt 


zahere the real part of x, Rix), satisfies the inequality. 


QF < R-^Rix) iR'< oo . 


Proof: The proof of this theorem is similar to that used in the 
preceding discussion. Emplojnng the results of theorem 8 , we first 
define the summable equivalent of F^"'‘{z) h (x), where ( 2 ) 
is the ?ith derivative of F (z), to be, 

7„(a;) =F<"'(s) hix)= P e-^^Q it)F^^> {—t) dt . 

We next operate upon f{x) = g{x) h(x) with F{z) and for the 
interpretation of our result employ the generalized formula of Leib¬ 
nitz, formula (2.2) of chapter 4, in which we write u <= h{x), v = 
g (x) . This yields tlie equation. 


F( 2 ) -^f{x) (F^Cz) -^h{x))/nl , 

n=o 

00 

=Efl'‘">(-T)F„(a;)/n! . (5.7) 

In order to discuss the convergence of this result we notice from 
theorem 1 and hypothesis (b) that the function (— t) is of grade 

F. Hence (— t) is bounded by the following inequality: 
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S,.e« t>to , 

where S'™ is a positive quantity independent of t such that lim (S™)^- 
= F and d is an arbitrarily small positive number independent of n. 

There exists a similar majorant for Q{t) where T{t) is sub¬ 
stituted for Suit), T for S, and Q for F. 

We are thus able to attain the inequalities, 

I V„ix) I < SnT { T” ^ e-n^-=6) ^t} 

do Jfo 

< SnT{(l—e-*«»)/p {p—2d)) ^ S„T/p ^ 

where we have p — x — Q — F, Rix) >Q-l-F-|-2(3. 

Eeferring now to equation (5.7), we employ the inequality just 
written down and hypothesis (a), from which we have ] g^“H:c) \ <j 
Rn9'^, where lim = 1 . We may then write, 

n=iX) ’ 


\Fiz) -^fix) I g 2^E„£r'‘S,.T(l-fe^«)/n!p , R (x) > QF ^ 26 . 

n=o 

Hence the series for Fiz) -» f(x) converges uniformly for val¬ 
ues of X in some region Q F < R ^ Rix) g R' < oo . Therefore, 
since each integral representation of F„ (.t) exists in the specified re¬ 
gion, we may interchange integration and summation signs and thus 
attain the statement of the theorem. 


6. The Simmability of Operators of Laplace Type. In section 5 
we have considered the summability problem for differential opera¬ 
tors with constant coefficients. It will be useful in another place to 
extend these ideas so as to include operators of the type considered 
in theorem 7. 

We shall thus prove the following theorem: 


Theorem 10. Under the following assumptio-ns: (a) fix) = 
gix)hix) is a function of finite grade g and hiz) is of the form 

hix) t= h^/x -|- h^/x^ + h^/ a;® -{- ••• ; (b) Q (t) = ■+ tht -f- h^t~/2 ! 

-|- exists and defines a function 


rco 

Pis) Qit) 

J s 


dt 


throughout the interval 0 ^ 5 ^ oo, (c) Yit) is a function such that 
the following inequalities hold : 


P{t) (—t) 


Cn f 0 = ^ = ^0 ? 

to t S CO f 
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where Urn = C, Cn*x > C,., m > 0, then Fix, z) -^f(x), where 

n-QO 

we write 

F{x,z) r e^*Yit) dt , (6.1) 

«/0 

defines a series, in general divergent, which is summahle by the meth¬ 
od of Borel to the form, 

F(x,z) -^fix) — 

f"°e-^*Qit){f^g^’'^ix)Anix,t)/n\—giO)Pit)Yi—t)}dt , 

71=1 

for .T in the region, m < R ^ Rix) ^R' < oo, tvhere we employ the 
abbreviation, An{x,t) = [{P'* — (— x)^‘}/{D y(2)]s = -S) 

D = d/dz. 


Proof : By an argument which coincides with that of the previous 
theorem since it is unaffected by the parameter a; in F (a;, 2 ), we ex¬ 
press the operation F(.y, 2 ) -» fix) in the form, 

OO 

Fix, z) fix) = ix)Wnix)/n\ 

n-0 

where we abbreviate 

Wnix) = i''° e-‘Q (t)F,<'‘> ix, — t)-dt, 

^ 0 

in which we write 

F-'”’ ix, — t) — d”'F ix, z) /dz”‘ . = 

Since we have FJ'^'^ix, z) = e-^'id/dz — lix, z), where 

1 ix, z) is defined by (3.4), we get from (3.6) and its consequences, 

Wnix) = f” e^*Qit)A„ix, t)dt 

1 

rco 

+ (—ic)” Qit)Iix, — t)dt , 

Jo 

where Anix, t) is defined above. 

Substituting this value in Fix, z) fix) and noting that 

OO 

fif (0) = S'*”' (») i—X) ”/» 


we get 
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ra ^co 

Fix,z) ^ fix) I ^"‘Qit)A„i:c,t)g^‘>^x)dt/'ti] 

n=i ^0 

( 6 . 2 ) 

+ giO) Qit)Ii:c, — t)dt . 
•^0 

Considerng the second integral we write, 

P Q(t)Z(x,— Qit)dt r'r«y(—s)ds 

Jq Jq 

= — r e-^^P(s)Y( — s)ds . 


The second equality sign is seen to be justified by hypotheses (b) and 
(c) of the theorem which permit the interchange of the order of in¬ 
tegration by Dirichlet’s formula and insure the existence of the in¬ 
finite integral. 

Referring finally to the first integral of (6.2) we are able to at¬ 
tain from hypothesis (a), i. e. that Ip'"* (.r) I s lim (En)^'” — 1, 

fi=yj 

and from hypothesis (c), the inequality 
r e-^*Q(t)A„(x,t)ff^’’Hx)dt 

r GO w-i 

iR„g- l^\Qit)Y^»-^-^^i—t)\\xY\dt\ 

*^0 r =0 

^Rng'^Cn-i {(1— |.r|’‘)/(l— |.rl)} {1 —mj 

5 Rng^Cn-i (1 -f R')” {1 + ]/\x — m\ , 

where x is limited to the region m < R ^R(x) ^R' < co. 

Hence within the stated region the integrals 


r CO 

I„(x) = I er‘*Q{t)Anix,t)dt 
all exist and the series 

oo 

£/™(a;)g<’‘> (»)/«! 

n=l 

converges uniformly. Therefore we can interchange summation and 
integral signs and thus attain the statement of the theorem. 



CHAPTER VI 


Differential Equations of Infinite Order With 
Constant Coefficients 

1. Introduction. In the first chapter we have presented the his¬ 
tory of methods devised to solve the differential equation of infinite 
order 

douix)-\-a-ju'(x)a 2 U''(x) -\ - = f{x) , (1.1) 

in which the coefficients are assumed to be constants. It is the pur¬ 
pose of this chapter to explain some of these methods in more detail, 
special attention being paid to conditions imposed upon the function 
/(«). 

It is clear that equation (1.1) is of rather general application 
since its theory is closely associated with the theory of functional 
equations of the following types: 

(a) u{x)l^e^‘^^-^>uit)dt = f{x) , Si > 0 , 

z i=i 

(b) %(x) + CK{t)u{x-^ct)dt = f{x) , 

^ a 

(c) ti{x-\-h)-\-}.%{x) =f{x) , 

(d) Ao'w(i^/) —|—Ai'Zt(rc-|-l) —|—Ao'if(ir-j~2) 

+ A„-m(x-1-'?i.) =/(a;) . 

This relationship is formally exhibited by expanding u{T) in a 
Taylor’s series about x, 

u{T) =m(x) 4- iT—x)u'{x) + (T—x) V(a;)/2! + --- . 

If we replace T by t and substitute in (a) we get a differential 
equation in which the coefficients are, 

n n 

fflo = 1 + 2 1/5™ , =2] 1/5™^-^^ , i > 0 . 

’ m-1 

Similarly, if we set T = x~{-ct, equation (6) is seen to reduce 
to a differential equation of type (1.1) with the coefficients 

a„ = l-f J‘E:(t)d£ , J[Z(t)(ct)Vi!] dt , «>0. 


— 238 — 
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Letting T x h, equation (c) reduces to a differential equa¬ 
tion with coefficients 

^0 = 1 +A , a.i — h'‘/i\ , i>0 . 

As for the general difference equation with constant coefficients 
given by (d), we note from equation (12.1), chapter 2, the equivalence 
of u{x -|- n) and e"' ^ u{x) and hence we may vnute (d) in the form, 

[AoAig--(-AaC-'-|-Ajg®"-j-_5, _ 


2. Expansion of the Resolvent Genercitrix. In ordei' to attain the 
formal solution of equation (1.1), we first write it in the form 

F{z)u{x) =z f {:c) , 

where 

F(2) =a.o-(-«i2;-|-a.,2:2-i-, 

is the generatrix function. 

In order to determine the resolvent generatrix G{z), as defined 
in section 10, chapter 4, we set Bourlet’s operational product equal 
to 1, 

G{z) -^F(z) = [G-F] ( 2 ) =1 . 

Since F (z) is independent of x, this immediately yields the re¬ 
sult 


Giz)^l/F{z) 

Simple as this result appears, it invokes certain questions which 
can best be raised by means of an elementary example. If the gen¬ 
eratrix is F(z) = (1— z) (2— z), then the resolvent is G{z) = 
1/(1— z) (2— z), which has the three expansions, 

G(2) = 1/2 + 32/4 -I-72V8 + 152VI6 + • • • , !s| < 1 ; 

Gi( 2) = — (l/2 + 2/4H-2V8-l-i?V16-[-*-- 

+ l/2-f 1 / 2 ^-f l/z^ + l/s‘4----) , l<l2l <2 ; 

G 2 ( 2 ) = 1 / 2 ^ -f 3/2^ + 7 / 2 ^-{- 15/2= + • - . 2 < 12] ; 

A question of primary concern, of course, is to determine which 
of these three forms is a valid operator. Applying each to the func¬ 
tion f{x) and taking account of the identity, 

l/ 2 "«-^/(a:) = r {x — t)”f(t)dt/nl , 
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we obtain the results, 

G(z) =-i/2/(a:)+3/'(a;)/4 + 7/"(a;)/8 + -.- , 

GAz) fix) ^—iAf {X) _/'(x)/4 —/"(a;)/8- 

_ re(^-n f(t)dt , 

a 

GAz) -^fix) = r[e=<*-‘> — fit)dt . 

a 

For illustrative purposes we may now specialize, fix) =1, and 
thus obtain, 

G(2) ^ 1 = i/o , GAz) -^1 = 1/2 — , 

Go (2) -> 1 = i/o + 1/2 . 

We now note that all three functions are solutions of the equa¬ 
tion, 

Fiz) -^uix) = 1 , 

and that the difference of any two of them is a solution of the homo¬ 
geneous equation, 

Fiz) -^uix) = 0 . 

This fact is very fundamental to the application of operational 
methods to the equation considered in this chapter and we may state 
it in general form in the following theorem: 

Theorem 1. If Giiz) designates a Laurent expansion of Giz) 
in an annulus formed by two concentric circles about the origin and 
if Giz) is any other expansion about the origin, then the function 

Uix)={GAz)—Giz)}-^f{x) , 

where f{x) is arbitrary to within the limits of the existence of the 
light hand member, is a solution of the homogeneotis equation 

Fiz) -^uix) = 0 . 

Proof: In order to prove this theorem let us assume first that 
F{z) is of the form 

Fiz) := iz—a)/<piz) , 

where <piz) has no singularity within or upon the circle of radius 
re=a. The inverse operator, Giz) =<piz) / iz — a), then has the two 
expansions, 

Giz) = — {1 “1~ iz/a) -j- ( 2 /ffl)^-j- • • •} q? iz)/a , 
iz) = { 1/2 + a/z^- + a?/z^ -f • - • } iz) , 



EQUATIONS WITH CONSTANT COEFFICIENTS 


241 


the first expansion being valid within the circle of radius a- and the 
second in the region exterior to it. 

Without essentially impairing the generality of the discussion 
we may write 

l/2-^/(a;)= T/Wdi . 

It will be convenient to replace 1/z^ by its equivalent generatrix, 

Q„ {x,z) = {1 — [1 -)- rs; + :ez^/2 ! -|- 

[] e-^::yrn ^ 

which we have discussed in section 6 of chapter 2. 

Letting g(2) = 1, and replacing l/s” in the expansion of 

GAz) 

by its generatrix function we get: 

GAz) -^fix) ={QAx,z) A-«.QAx,z) -\-a-Q.Ax,z) 

It will be clear from this explicit expansion that 

CO 

GAO) =2j (e“ — l)/a , 

W=1 

00 

G/(0) = — Y, 1) !(n+l)a=3 

41=1 

= — [e«Aax—l) 4 - l}/a^ , 
G/'(0) ={e'^(a^x- — 2ax-\-2) — 2}/a^ , 
and in general, 

Gi<”>(0) = (—1)" {e“[fW- — -f —1) - 

± «!] —n !}/a"+i . 

If we replace these values in the expansion 

Gi(s) -=Gi(0) +Gi'(0)2-1-G/'(0)3V2! + --- , 

and then collect the coefficient of we see that the operator reduces 
to the expression, 

Gi ( 2 ) = (1/a + 2 /a= + sVa" + • • •) 

— (1/a —{“ z/o^ —|- / 0 ? —p * ■ ■) • 

We now note the operational equivalence, ~ e-'- -> z”, 

which may be established from Bourlet’s formula [See (3.1), chap- 
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ter 4] by setting X = and F — z”. For example, sin a; 

_ -j- !-} -> sin x == (—I)™ (sin x cos x — 

sin X cos «) = 0. Hence we see that s"e-'- -^ / (x) = /<"> ( 0 ). 

Taking account of this fact, we get: 

G, (z) fix) = e«{/ ( 0 ) /a. + /' ( 0 ) /a^ + /" ( 0 ) /a? + ■ • • } 

— {/ (x) /a 4 - f (x) /a^- ~\-f"ix)/a^~{ -) , 

= e“{/( 0 )/a-}-/'( 0 )/«- + /'"( 0 )/a 2 -|-}-j-G( 2 ) ->/(x) . 

Similarly for <f(z)— z, we obtain 

G,( 2 ) -^/(«) =e“{/( 0 ) -}-/'( 0 )/a + /"( 0 )/a= + ...} 

— {/'(x’) /a + /"(x) /a" + /'" ix)/a^-] -} , 

= e“{/( 0 ) +/'( 0 )/a + /"( 0 )/a^ + ---} + (?(3) ->/(x) ; 

and more generally, for cp (z) = z" , 

GAz) -^/(x) {/(O) +/'(0)/a +/"(0)/a^ + •••} 

+ G(z) -^/(x) . 

Assuming that <piz) can be expressed in the form (fo + (fiZ + 
cpnZ- -j-, we then derive by addition the result 

GAz)-^f ix) = {<f (a) /a.}e“ {/ ( 0 ) 4 /' ( 0 ) /a + /" ( 0 ) /a= + . •. } 

4 -G(z) -»/(x) . 

Since U (x) = Ce“-’ is obviously a solution of the equation 
F(z) -^uix) =0 , 

the truth of the theorem is demonstrated for the special case assumed 
above. 

Let us next assume that F (z) is of the form 

F(z) = (z— Ox) (z— (h) (z — (in)/<piz) . 

where (u, ■■■, a„ are points within an annulus formed by two con¬ 
centric circles r and E, (the latter having the larger radius), about 
the origin, and where <y(z) has no singularity within or upon E. 

Then the generatrix may be written 

G(z) =<p(z){1/[2^(g4 ( 2 -^)] + l/[P4a,) (a—a,)] 4 --.. 

-i-l/[P 4 an)(z—a„)]} , ( 2 . 1 ) 

where wte employ the abbreviation 

P(z) == (z—Ox) iz—oA ••• (z—a„) . 
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Let us desisfuate the expansion of the resolvent within the circle 
r by G(z) and the expansion in the region exterior to R by Giiz). 
We then have from the result of the case of one pole, the expansion 

n 

G ^ z ) -^f(x) = 2 {/(O) -f/'(0)/«i 

i=i 

-(-/"(0)/ttr-i-} + <?(-)-^/(a) , (2.2) 

= £ {l/caF'ia;)} {/ (0) + f' (0) /a, + /" (0) ^ } 

i=i 

-f G(^) --f(.r) . 

Hence the difference 

={G,(,t) —G(z))^fi:c) , (2.3) 

is a solution of the homogeneous equation. 

We should make specific note of one exceptional case, i. e. where 
f(x) <= the value of A coinciding with one of the zeros fli, let us 
say for simplicity of notation the value a. We shall then have 

Gi(z) e^® = lime^*Gi(A) 

= 2 e‘“V{^'(«^i) («i—0.)} + lim[e"/{F'(a) (a—^A)} 

i=l \=a 

H-e^-7^’(A)3 . 

where 2' means that a has been omitted from the sum. 

Taking the limit we thus obtain 

Gi (z) = lim e^*Gi (A) 

X=a 

(2.4) 

n= ^ e<^>-/{F'(ai) (ai—a )} + {e“/H'(«')} [x — F" (a)/2F'(a )} 

Example: Let us evaluate, 

1/F{z) , 

where F{z) s= {z —2) {z —5) —z'^ — 72 + 10- 

We have F'(5) = 3, F" (5) = 2, F'(2) = —3. Hence we get 
l/Fiz) ->e“ = e“/9+ (e®V3) («—1/3) . 

The case of multiple poles is treated by a simple device . If the 
resolvent is 

G( 2 ) =<p(z)/{z—a)^ , 
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we may write it in the form 

G(z) = (S-V8a^-’) <f'{z)/iz—a) (r—1) ! . 


Hence we have 

G(z) ^fix) = [l/(r-l)!] (0-V8a'-'){[r/:(a)/«]«''"[/(O) 

“T /^(O) /n “T /" (0) /n® -j- ■ ■ ■ ] } 

+ (—1) ( 2 ) /a^] {1 + rz/a + r (r+1) 2V«-^ • 2! 

+ r (r+l) (r+2)• 3 ! + •••} ^ / (*) . 

The difference between the left hand member and the second 
term of the right hand side is again seen to be a solution of the homo¬ 
genous equation. The general proof is then easily constructed from 
this fact. 

It remains for us to discuss the values of the solution and its de¬ 
rivatives at the point x = 0. We obtain the following theorem; 

Theorem 2. If Gi (z) denotes the Laurent expansion of the func¬ 
tion 


G{Z) -tti) (z— af) ••• (z- On) , 

in the region exterior to the poles a-^, a«, •••, a„, and if ^(z) is a poly¬ 
nomial of degree m < n, then u^’'^(x) =z:’’Gi(z) -^f(x) vanishes at 
X = 0 /or r = 0, 1, 2, • • •, n — m —1. 


Proof: Writing G (z) in the form (2.1) we have from the results 
of the last theorem, 

n 

=z^G^(z) ^f{x) {/(0)/ai 

i-1 


+ f'(0)/ar- — (Ui) {/<^) (a;) /at 

i=i 


-Lf(r^l)(x)/ai^-j-...} . 
Recalling the algebraic identity 
I(p)= £aiyP'(ai) 

i=l 


fl , p = n — l , 

0 , 0-&P <n — 1, 


we see that 
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(0) - ^ {^0 + (plO>i -\ -j- (p,nCti’‘‘‘} {/ (0) /ft; 

i=l 

+ /'(0)/a./ + ... }/P(a,) _ 5 I {/(rw) (0) /a, 

i=l 

m 

= { D <PjI ('>' + 3 — 1)/ (0) 

j=o 

m 

+L<pjnr + j— 2 )f'{ 0 )-^...} 

3=0 

m 

3=0 

m 

+Zl{-2) (0) + 

3=0 

m 

= 2]f/3y/(r + ;? —l)/(0) 

3=0 

m 

+Zvi^i-'+/—^) no)+-- 

■i=o 

m 

+L^iiu) (0) . 

li r + j — 1 in — 2, then «*''* (0) = 0. Since j does not exceed 
m we have r g n — m — 1, which is the statement of the theorem. 

Corollary. If f(x) is a function ivhich vanishes together with its 
first q derivatives at x <= 0, then (0) — 0 for r = n § — rn. 

In order to illustrate the preceding results we shall apply them 
to several examples: 

Example 1. The fundamental equation satisfied by the poljmo- 
mials representing the sums of powers of the natural numbers, <S„ (x) 
— i« 2" + -[- x", is obviously 

Snix) — S„(a' — 1) =a;” , 
which may be written symbolically as 

(1 —e-0 -^Snix) =x^ . 

' The solution follows immediately: 

Sn(.x) =1/(1 —e-0 , 

=.{l/z + 1/2 + B^z/2 ! — ! + B,z+e ! - } ^ a:" , 
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s„ (re) = + 1) + x"/2 + ! 

— n{n —1) {n — 2)B2X'^-^/4l 

4- n{n —1) (n —2) {«—3) (n —4) (?i—5)Z>s«’‘'V6!-, 

where the Bn are the Bernoulli numbers. The formula is at once rec¬ 
ognized as the classical solution of Bernoulli. 

Example 2. The following problem is taken from Bromwich [See 
Bihliograplixj, Bromwich (1), p. 413], and will be used in the illustra¬ 
tion of other methods. 

We shall solve the equation, 

{ 2 = 2vz -1- (j'" + n ")} ^ if (x) = cos (nx -f to) , 

subject to the condition that tiix) shall vanish to as high an order as 
possible at the origin. 

It is clear from the boundary condition that this problem is a 
special case of theorem 2. The generatrix is written in the form 

F (^z'} = z~ -[- 2vz -*|- ( v" ? 2 .") = (2 — cii) (2 — a^ , 

where we abbreviate, = —v -j- m= —v — m . 

By theorem 2 we must take the expansion of the resolvent gen¬ 
eratrix in its outer annulus, which leads us to write, 

1/F ( 2 ) = (l/2ni) [1 /(2 — a,) — 1 /(2 — a^) ] 

= (l/2fu)[(l/2 + (h/2"-f •••) — (1/2: + «^A4-)] ■ 

Designating by f{x) the function Fe-*'-' cos {nx -f- o), we get 

l/F( 2 )-^/(r) 

^ {l/2ni ){ [1 -f Oi {x~t) + 02 = {x—t)-J2\ +...]/(t)dt 

— ' [1 + a, {x—t) -f ai {x—t) V2! + ...]/(t) dt) 

= (l/2?u) f{t)dt . 

By simple integration this leads to the solution, 

u{x) = [F {2n^) ] \nx sin {nx -]- «) — sin nx sin co] , 

which is seen to vanish together wiith its first derivative at a: = 0. 

Example S. We shall illustrate the efficacy of formula (2.3) by 
applying it to the following elementary Sturmian problem, in which 
we seek to solve the differential equation, 
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u"{x) =0 , 

subject to the boundary conditions, 

«(0) =?(,(1) =0 . 

The resolvent generatrix is obviously, 

1/F{z) = {l/2Xi) [l/{z—Xi) , 

from which we obtain by means of (2.3) the solution, 

u{x) = {G^{z) —G{z))->f{x) = (—1/;.-) [cos/.r {/(O) 

— f" (0)+ /<^> (0)/;/-} — f sin /.T {/' (0) /I 

_/(S)(0)/p+...}] . 

The boundary condition, u (0) =0, leads to the equation, 

/(O) —/"(0)/p +/'«(0)/;- — /'«>(0)/A^-f..- = 0 . 

(2.5) 

Similarly the assumption that «(1) =0 gives us the condition, 
sin 1 {/' (0) /i — /<^> (0) /P 4- /'=> (0) /;.=-} = 0 . 

If we now define characteristic numbers by the equation, 

sinA = 0 , 

then a solution of the original system will be obtained by operating 
upon any function which satisfied (2.5). We might choose, for ex¬ 
ample, f{x) = X and thus obtain, 

n^x) != {Gi(s) — G(2)} X 

= { il/z^ — P/z^ -f X*/z^ -) — 1/A" 4- z-/X^ 

— z*/A®4---- } 

= (1/A) sinA(a:— t)tdt — x/X.-= — sinAx/A" . 

Let us now consider a special case of the homogeneous equation 
which will be of importance to us in another section. We shall con¬ 
sider the solution of the equation 

F{z)-^uix) =0 , (2.6) 

where uix) is subject to the boundary conditions: 

u(0) ^tto , u'iO) =% , iif'iO) =1^, , «'’‘-"K0) , 

(2.7) 
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and F(z) is a polynomial of the /ith degree, 

p(s) = 2 >* _ Az”-^ 4 - Bz"-- — Cz’^-^ ±N 

= i^Z - G-i') (,Z - els') *** {z - dtA , 

Referring to theorem 1 and expansion (2.2) we see that the func¬ 
tion 


ii{x) — 


t aiF'iai) 


( 2 . 8 ) 


is a solution of equation (2.6). 

Let us now determine the function piaA in such a way that 
u{x) shall satisfy the boundaiy conditions (2.7). For this purpose 
we write 


P it) = Pit + 4 - 1 - Pnt’‘ . 

Hence making use of the abbreviation 

Up) =i a//F'iad , 

i-1 

we can write (2.8) in the form 

n 

u{x) = Yt^it) Pi . 

i=i 

Moi-eover we have 


iP’">{x) = £f(H-^—1) Pi . 

r=i 

Letting x = Q, we obtain the following set of equations for the de¬ 
termination of the coefficients Pi : 

n 

Mio(o)= ^ r = 0,l,2,--- , n — 1 . 

(2.9) 

The function lip) will be seen to have the following properties: 
7 (p) = 0 , 0 s p < n —1 , 

7(p)=l , p = n—1 , (2.10) 

lip) , p = «4-r—1 . 

where we abbreviate o-i = lai, o-o = Fo^idj, ua = Ja-iajaic, etc., where 
the summations range independently over the integers from 1 to n. 

Since the ur are S 5 nnmetrie functions they can be expressed in 
terms of the elementary symmetric functions and hence in terms of 
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the coefficients of F(z). The calculations are somewhat involved, al¬ 
though entirely elementary, and we shall give only a few values as 
follows 


CTi - A. , 

= — B , 

(2.11) 

<x,^A^ — 2AB-{-C , 

<t,^A^ — BA^-B + 2AC + B- — D , 

Returning to (2.9) and making use of (2.10) we obtain the fol¬ 
lowing system of equations for the determination of the coefficients 
Vi- 

Vri ^^0 j 

Pn-i ~j“ — 'Ih j 

Pn~2 “h O’iPh-I -f- (^2Ptl = ^2 y 

Pn~Z (^iPn-2 -p -p j 

Employing the explicit values given in (2.11), we have the fol¬ 
lowing solutions for the cases, n = 2, 3, 4 and 5: 

n = 2; Pi = — critio -i-2h = — Auo-i-Uiy p 2 = ^io ; 

71 3 ; Pi = (<Ti^ - (T2)71o - CTiWi -j- Uo = BUq - Alli -j- Uo , 

P 2 = - (TiUq -j- Ui C=Z - AUq -j- Ui , Ps = Uq I 

71 = 4 5 Pi == (—cr/ -|- 2(ri<T2 — CTs) *~p — <^ 2 ) —cji?^ -p , 

- C/Vjq —j— B 7 I 1 A%l2 *~p j 

P 2 £= BUo — Alli -\-ll 2 , Pa = — All^ 4- Ih , P 4 = ^2^0 ; 
n = 5 ; Pi = ( 0-4 + 2<JlCr3 - ScTi-CTo + <^2“ - 0 ^ 4 ) ^^0 

^ (-^CFi^ -f" 2(Ti<T2 - <^ 2 ) 71^1 -j- (cTi^ - CTo) Uo XTitti “p , 

ti= Dlio — Cth + Btu — Auz + ^^4 , 

P2=- CUq-]-BUi - AU2~-\-Uz , 

P3 cm: BUq AUi —tio y P4 AUq —p "l(n y Ps ^^0 • 

The reader may readily verify that these coefficients are identi¬ 
cal with the coefficients of the polynomial part of the product 

v(t)F{t)t , 

*See M. Bdcher; Introduction to Higher Algebra, New York (1921), chap. 


18 . 
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where we define, 

(t) = llfj/t Hilt~ -|— ■ • • Un-i/t’’’ , 

The significance of this relationship is discussed in the next section. 
As an example, let us consider the special case, 

F{z) =0 , 

where we specialize, 

F(^z) — (s—1) (s—2) (2—3) (.?—4) = 2' — 102= 

+ 352= —502 + 24 . 

We then have, 

J^(l) =—6 , F'{2) =2 , f’'(3) =—2 , ^^(4) =6 , 
and employing (2.8) we attain the solution 

u{x) = (24tto — 26wi + 9^2 — %h) cV6 + (—12no + 19Wx 

— + ^is) c=^/2 —|— (Stfo — 14?h + 7n-2 iis) C''^/2 

+ (—6*^0 + ll'Ki — 6n-2 ■+ iiz) 6 . 

One may easily verify that this solution satisfies the boundary 
conditions, (0) = Ur , r = 0, 1, 2, 3 . 

Let us make the final observation that the solution (2.8) is equi¬ 
valent to the development, 

u{x) = [2?(2)/^( 2 )] ^ 1 , (2.12) 

where the operator is first expanded in its outer Laurent annulus. 
This observation then leads to the following rule, the significant char¬ 
acter of which will appear in section 5 of the next chapter: 

The solution of equation (2.6), subject to the boundary values 
(2.7), may he attained by first solving the algebraic eqtiation, 

F{z) U = p{z) , (2.13) 

The solution, u{x), is then explicitly found by interpreting the opera¬ 
tion [p( 2 )/F(z)] 1 os equivaleiit to (2.8). 

3. The Method of Cauchy-Bromxvich. We have already indicated 
in the first chapter the important part which T. J. I‘A. Bromwich has 
played in laying a rationelle for the Heaviside calculus by an adapta¬ 
tion of a method of circuit integrals originally due to Cauchy.* We 
shall discuss this method for the case where the resolvent generatrix 
has the following form: 

*This method has much in common with what is called the method of Appell 
polynomials. The reader will find it profitable at this point to consult section 13, 
chapter 8. 
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1 /F (;s) = [i^i/ {z a-i) -|- F2/ {z — a^) -f- • - F^/ {z — a,i) ] 9; {z) . 

(3.1) 

It is assumed that (f {z) has no sing^ularities within a circle about the 
origin which includes the largest of the a -,. It will be convenient to 
apply the method first to the homogeneous case of eQuation (1.1). 

The method depends upon the success of finding a solution of 
the form 

^l{x) ^ {l/27ii) j e^h^{t)dt . (3.2) 

In another chapter we shall apply this Laplace transformation to dis¬ 
cover the solution of a more general equation in which the coefficient 
of 2 ” is a poljmomial. Obviously here we are dealing with a degen¬ 
erate case of this method since (3.2) substituted in (1.1) leads to the 
equation: 

(l/2.Ti) J e-^'F{t)v{t)dt = 0 . 

In order to interpret this result we see that v{f) must be a func¬ 
tion which erases the singularities of Fit) within the contour C, but 
it may have simple poles at the points cq, cu, , o,.. That is to say, we 
may write, 

V (t) = (pit) [.Ai/ it —a.]) A■:>/ it — cu) A,)/it —h„)] 

(3.3) 

Choosing C as a closed circuit containing all the points cti, we 
are led to the solution 

uix) — (piaF) q)iaA A.,ef‘^ -}-< 5 ; (a.„)A,ief'‘® . 

It will be seen that this furnishes a solution of equation (1.1) 
with the n arbitrary constants Ai, Ao, ••• , A„. In order to specify 
these we note the equations, 

^(Q'i)Ai -[-^(a2)A2 -\ -|-<f’(a„)A„ =iio > 

<p (ai) AiOi -f (p (fts)Aatta -1 -r 9? (a®)A„«.,, = % , 

. . . . . . • . • • (3.4) 

(p (cti) (p (U^) A2U'2^ ^ —j— " * -f— i^n) An^^'n” ^ —— ^^n-1 • 

where we employ the abbreviation, (0) = Up . 

Bromwich finally observes that if (3.3) be expanded in the Lau¬ 
rent annulus exterior to all the values of the a,, then the coefficients 
are precisely the boundary conditions which form the right hand 
member of the system (3.4), that is, 
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V (i) = -^ ’ 

where W (t) == 0 {t-^-^) ■ 

Since, moreover, in the present case the function, 
p{z) =^F{s)v{s) , 

is a nolvnomial, the value of v{z) is readily computed by first evalu¬ 
ating p ( 2 ) through the direct multiplication of (3.o) with F (z) and 
the subsequent rejection of negative powers of 2 . 

Example: Let us solve, [ 2 ^ + 2rs +(v= + ^)] uix) = 0, sub¬ 
ject to the boundary conditions i((0) = «o, ^£'(0) — 

Since vi^) —Udjz -j- ih/z- -j- ••• , and F{z) 

1 u^), we get, p( 2 ) = u.o 2 + + 2nio. Employing this poly¬ 

nomial we then obtain, 

V (z) = (WoS -i- tti -r 2)’U) /[ (2 —o-i) (2 0 - 2 ) ] 

= A/ ( 2 —fti) -\-B/ ( 2 — a.,), 

where we abbreviate, a, = — r -f lu, Ck = -- ^‘= (^^0 + 

u, -f ni Uo) /2iw, B = + a-a — ni Uo) / (—2m) . 

Integral (3.2) obviously yields the solution 


u(x) =:Ae“‘'' -j- Be’^'^ , 

= (e-"/n) [ (ruo -f Ui) sin nx -f ■nw-o cos na:] . 

We consider next the non-homogeneous case and for simplicity 
of argument we shall assume that f(x) has the expansion, 

/ (aO = f 0 -i- /A- + /.3:V2 ! + /sxVS ! + •••• 

We first note that we may ^^"rite formally 


/(a;) = (l/2.Ti) J e^W(t)<Lt 

where 

7 (t) = fjt + h/r- + U/P + ■ • • (3-6) 

and the path of integration is a circle about the origin. 

If we assume that the solution may be written as the integral 
(3.2) we must have after substitution in (1.1) 

(l/2:ii) J (f^F(t)v(t)dt = f{x) , (3.7) 

and hence F(t)v(t) = V(t), that is to say, 

v(t)=-V(t)/F(t) . 
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Bromwich limits himself to the case where the impressed force 

IS 

fix) =Ae^^ , 

from which he obtains, 

Vit)~A/(t — m) . 

The path of integration, it should be noted, can be in this case about 
t = m alone, or about this value and any number of zeros of F(t), 
Perhaps the most significant fact in the situation can be sum¬ 
marized in the following theorem: 

Theorem 3. If in the integral 

u(x)-= a/2M) f e^‘iV{t)/Fit)}dt (3.8) 

the function V(t) is defined by (3.6) and the path of integration is 
a circle about the origin sufficiently large to include the zeros of F (t), 
then u(x) is formally equivalent to the operational solution (2.2), 

u{x) =Gi(z)fix) . 

The proof of this theorem can be constructed by the reader from 
a consideration of the following special case. 

Let us wirite 

1/Fit) = i/it-a) = l/t + a/P + aVt^-h-- , 
so that we have 

V it) /Fit) t= fo/t^ -f- ifi -|- af o) /t^ -j- if -2 fia ffiOd) /i’ -{“•■• • 

We then obtain from (3.8) the expansion 

uix) ■=foX-\- ifi + afo)X-/2 ! -f if 2 -r fA + foa-)x^/S ! H- 

= ifo/a) (e“ — 1) + (/xA=) (e« — a-r — 1) 

+ ifz/(!d) (e“ — a-3:-/2 ! — ax — 1) -j- 

1= iff,/a-\- fi/ -j- fi/^^ “1 ) 

— (l/o!’) (/o "h fA “1“ fiXd/^ ! -j- •• •) 

— (l/<i^) (/i -j- f2XfzXd/2i ! -f-• ) 

— (1/ft^) ih + fA + /.a:V2 ! + •••) 


• ^ ifo/<^ + fi /■+■ /a/^-) 

— il/a)fix) — il/a’-)f'ix) — il/a^)f"ix) - 

: ifo/a + A/a= + AA® + •••)+ {1/F (z)} -> /(x) • 
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Example. As an illustration we shall apply this method to the 
problem solved in example 2 of the preceding section. 

From tile fact that 

f(x) = Fe-” cos (nx + a>) = V 2 F , 
we get at once, 

F(t) = A/ (t—flO + B/ {t—a.) , 

where we abbreviate A = ^4 B — 1/2 Fc'"’ . 

We also have 

F(f) =a/(f—Cl) 4-b/(t—ct.) , 

where we write a = —h = l/2)ii . 

From this we derive the expansion 

V{t)/F{t) = Aa/{t—a)- (nS 4-A5) [a/(t—a) 

+ 5/(t—a)3 + 5F/(t—a)^ , 

which when introduced into integral (3.8) yields the solution 
tt(a;) =Aax^^^-\- (a^B-f (abB + A6-)e“=^ + &Ba;e<^»’ 

„ [Fe-''*/ (2n-) 3 [nx sin (nx ca) — sin nx sin co3 . 

The solution is thus seen to be identical with the one previously 
obtained. 

PROBLEMS 


1. Discuss the solution of 

(1Xsinz)2i(x) =zf(x) , 

when (a) f(x) = o:; (b) f(x) = (c) f(x) = 1/x. 

2. Show that 

2 i(x) fix) — U I "e-H f{xJrt)dt 

J 0 

is a solution of the equation 


2iiix) = — f(x) 4 J 2 iit) dt . 


Beduce the solution to the form 

(1— z) 

ti{x) -“->/(a:) . 

3, Given •z(,(aj4-l) + u(a:) =2 /(ir), show that if fix) in the half plane, 
Eix) > <?, has the form 

fix) =:Jc/x ■i-p(x)/sd^ , 
where fe is a constant and pix) is bounded, then 
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u(x) — (l/Qwi) , R(x) >a>e , 

where we abbreviate ^ ^ 

g(s)= j '[2e-‘V(l+e-*)] = —❖(i^s) . 

4/ 0 

(Hilb). 

4. Prove that 

^ +;§--- 

—1 z-^2n'n-i z — 2nrri 

Hence show that the solution of the equation 

\%i{x)=zf(x) 

IS given by 

M(*)=II(a;) tj^f(x)+ r /(t)dt-f22 r cos2mw(a-— t) f(t) dt 

where n(ii’) is an arbitrary periodic function of unit period and the lower limits 
of the integrals are arbitrary constants the imaginary parts of which are all 
equal. (Wedderburn). 

6. Prove the following theorem [see Bibliography: Sheifer (3), p. 280]: 

00 

If u(x) =2 «:'■/«! is a function of grade q < R, which satisfies the 

n=t 

equation 

'2,%u«'Hx) —f(x) , 


UJ 

where F(z) s” converges for 0 < \z \ <i Rj then f{x) naay be expanded 

00 


in the form 

CO 

/ (^) = 2 (^) » sup lim I ^ 

77=0 n=!yzi 

where P^(a;) are Appell polynomials generated by 

CO 

e^^F(z) . 

«=-00 

Show also that the converse is true. 

(For the definition and discussion of Appell polynomials the reader is.re¬ 
ferred to section 6, chapter 1 and section 13, chapter 8). 

i- The Method of Carson. We have commented in the first chap¬ 
ter to the effect that the Heaviside calculus may be regarded from one 
point of view as a special case of the generatrix calculus. This con¬ 
nection is essentially the contribution of J. R. Carson, whose ideas 
we shall now reconstruct. 
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Let US first consider the equation 

F{z)-^v(x) =^1 . (4.1) 

From (2.2) we then obtain 

v{x)=t + 1/FiO) . 

i=:l 

We now note the following formal equivalence: 

r”u(s) = £ l/iaiF'(a,)(cu—z)-i+l/[zFiO)-\ . 

Jo 

But this expansion is identically equal to l/[sF( 2 :)] so that we 
attain the result, 


f” (s)e--ds = l/[2F(s)] . (4.2) 

Jo 

In this manner the solution of eQuation (4.1) is reauced to the 
inversion of this Laplace integral equation. For practical applica¬ 
tions rather extensive tables have been prepared to facilitate the^ in¬ 
version and this mechanization of the method has given it a meiited 
popularity. A brief table is appended at the end of this section. 

Let us now see how to proceed in solving the more geneial equa¬ 
tion, 

F{z) =/(a0 . 

We shall show that in terms of v{x) the solution is given by 


u{x) 


d 

dx 



X — t)dt , 


= f{x)v{0)^ 



(4.3) 


In order to prove this statement we shall identify (4.3) with 
(2.2). Referring to the latter solution we see that we can write, 


u(x) ={ L ^°’'’/(0)/UiF'(ai) 

i=i 


£ e“‘*/'(0)/ai^F'(ai) 

i=l 


£e=‘^/"(0)/a.i^F'(a.;) +•••} +/(a;)/F(0) 

irl 

i=l i=l 
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00 ^ 
y=i i=i 


+ /(a;)/F(0)+ 2 ; /(a;)/a=F'(a,) , 

i=i 



e“‘<*-*>/(i) /F'(aO } -f /( a- ) /F(0 ) 


i=l 


This last expression is seen to be the equivalent of 


/(a)v(0) + rf(t)v'ix—t)dt , 

Jo 

which establishes the validity of (4.3). 

Example. It will be instructive to apply this method to the so¬ 
lution of the illustrative problem given in example 2 of section 2. 

In this case wfe begin with the integral equation, 


^00 

J V (^s) e~'^(is =l/{zlz- 2rz , 

= A/ z -j- B/ (z —(i-i) -j- C/ (z —(to) , 

where we abbreviate 


A^l/(j/2 + »=) , B = l/[a,(2?i!)] , C = —l/[a,(2ni)] . 
Noting the integral 

J»00 

e-“da = l/ft , 

0 

we at once derive, 

D (s) = A + -f €6“=^ . 

Since v(0) i=A-j-B-l-C = 0, we are concerned only with the 
evaluation of the integral 

v'(x — t)f{t)dt . 

This leads immediately to the solution, 

uix) = [Fe-™/ (2«=) ] inx sin(nx -f- cu) — sin tix sin <u] . 

It should be pointed out here that the Carson theory is less gen¬ 
eral than that of Bromwich from the fact that it is designed to solve 
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a single type of boundary value problem, namely, the one most inter¬ 
esting to electrical engineers where the solution vanishes to as high 
an order as possible at the origin. Within the scope of this problem, 
however, the Carson theory is unusually effective. 

For the sake of applications, a brief table is given below for the 
inversion of the integral, 

J* e-'^v{s)ds = l/[zF{z)'\ . 

In applying the theory of this section to more complicated operators, 
the reader will find veiy useful the great work of D. Bierens de Haan 
(1822-1895); Nouvelles Tables dTntegrales Definies, published in 
1867. 


TABLE OF LAPLACE TRANSFORMS 


1 

F{z) 

l/[zF(z)] 

t’(s) 

(1) 

(z H- \)/z 

1/(z + X) 

Q-Xs 

i (2) 



gn 

(3) 

(z + \)"-V3 

iil/(z + X)'’-+1 

cjli^-Xs 

(4) 

(r= \^-)/\z 

X/(z2 + X2) 

sin \s 

(5) 

(z2 + r-)/z^ 

z/(z2 + X=) 

cos \s 

' (6) 

[(Z + fi)^ 

■h X2]Az 

^X/liz -r 4- X2] 

X 5 

(7) 

[(- + .“)= 1 (s -9 At)/[(z + ;i)2 + 

4- X2]/[z(^ + ^)]| 

1 

e-ixs (.Qs Xs 

(8) 

(z2 + X=)A= 

iXV[r(z2 +X2)] 

1 — cos As 

(9) 

(z= + \=)/(3_\)2 

(z —X)VCz(z2-}-X2)] 

1 — 2 sin Xs 

(10) 

(z 4- a) 

l/[z(z + a)] 

(1 — e-^’^)/a 

(11) 

(z 4- ay- 

l/[z(z + a) 2] 

[1 — (1 4- as) ]/a2 

(12) 

(0 -f a)3 

l/[z(z + «)z] 

[1 —• (1 4- as 

4- a2sV2!)]/a3 

(13) 

(z -f a)« 

l/[z(z + a)»] 

[l — e-^Pn-i («)]/«■” . 

Pn-ii^) = 1 + «s 4-a2s2/2! 

4- a^s^/S I 4- ■ • ■ 

4- a«-is^^-i/ (n — 1) ! 

(14) 

(z + a) (z + 6) 

!/[*(* +a) (z + 6)] 

1/ab 4- (e-5s/6 

— e-^s/a)/(b — a) 

(15) 

(z 4- a) (z +6)7* 

l/[(z + a) ( 5 ; + 6)] 


(16) 

(z + «)(*+ b)/z^\. 

z/[(* + a)(z + 6)] 1 

(— os-as )/(b — a) 
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F{z) 

l/[zF(z)] 

v{s) 

(17) 

z{z +a) {z + h) 

l/[z2(z + a) (2 + 5)] 

(ab — a — h)/a-b- 
“T s/ab “f 1 

— e-<^^/a-)/(a — b) | 

(18) 

(z~^a) ( 2 + b) 

X {z + c) 

l/[ 2 (z + a) (z + 6) 

X (2 + C)] 

l/a6c — e-“s/[a(a — b) j 

X (a—c)] + e-i^/[b(o-b) \ 
X (b—c)-i—e-c^/[c(a—c) 

X (6-c)] 1 

(19) 

(z + a) (z + b) 
X{z + c)/z 

l/[ (z + a) (z + b) 

X(z + c)] 

[(5 — c)e-^^ — (a — c)e-^s 
-f (a — b)€~<^^]/[(a — b) 
X(a^c)(fe—c)] 

(20) 

(z2 _ a2) 

X + c)/z 

l/[(22_a2)(z + e)] 

[cosh as —^ ( c/a) sinh as 
— e-c^’]/(a2_-c2) 

(21) 

{z^ + a2) 

X (2 + c)/z 

l/[(z2 + a2){z + c)] 

[e-c5 (c/a) sin as 

—cos as]/(a2-fc2) 

(22) 

(«2 + X2)!/2 

(z^- + X2)-J 

J.O^S) 

(23) 

eX( 2^2+1) 1/2 

e-X(s2+i)'^(z2 ^ i)-i 

Jo[(s-—y-)']iors>\, 

0 for s g X ! 


X (22 +l)'^/z 


1 

(24) 

{cu^/z) (z^ + a2) 
/[(z^ + a2)^ 

— z]^ 

l{z- + —zY 

/[a^(z^ + a2)^-] 

=7„(as) 

! 

(25) 


g-(a2f)i/2 

1/2 (a/'2-)+-S.'2 f-»/4S 

(26) 


Q-{az)'^^/2 

1 — /[ (a/4s) -] where 

X i 




r(a:) = (2Ar5) J e-m 

(27) 

zl^ 


sf‘/r(|2+i) ,/»>—! 

(28) 

z^ 

z-^n 

2sV'^5 i 

i 

(29) 

Z-^ 

Z-^ 

1/C2's)i 1 

(30) 

Qa/z 

(e-^^^)/z 

Jo[2(as)i] 1 

(31) 

{z^\)^ 

l/lz(z^\)i} 

r [e-x*/ ('2-f) *]* 

J 0 ! 

(32) 

{z-\-\YIz 

(z+X)-^ 

e-xV('^s)» 

(33) 


(z+X)Wz 

e-xs/(ws)* + i 
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F{z) 

l/izFiz)) 

v(s) 

(34) (l+2a/z)i 

{l-T2a/z)--/z 

, where/„(»:) 

= J„{ix) 

(35) 1+(g/2)^ 

l/{s[H-(a/2)5]} 

— 

(a/'rr)5 

(36) [(s+a)2 —&2]Vs 

[(^+a) 2 _ 62 ]-j 

e-o^I^(bs) 

(37) z-5(z+X) 

1/[25(2 + X)S] 

v(s) ^ (X^TTs)-^ [1 

+ 1/ (2Xa;) 

+ l-3/(2Xs)2 
+ 1.3*5/(2Xa)3 

+ •••] 

(38) 2-3.-2(s+U 

sJ/(2 + \) 

^(g) CO —('7rs)-^[l/(2Xs) 

-h l-3/(2Xs)2 
+ l-3-5/(2Xg)3 
+ •••] 

' (39) s«-V[r(ct) 

1 X (^(a) 

1 —logs)] 

2 -''r(a) ['^'(a) —logz] 

log s 

: (40) — l/[{':Tz)'^([ogz 

— (cr/ 2 )mogz -f 2 log 2 


1 -f 21og2 + C)] , 

1 where C is Euler’s 

! constant. 

+ C) 

log S S-^ 


5. Inversion as a Problem of the Fourier Transform. Unques¬ 
tionably the most important single method for the inversion of the 
operators which appear in the problems of mathematical physics is 
that founded upon the theorems of Fourier series and the Fourier in¬ 
tegral. The method when it is warily applied exhibits extraordinary 
power and the existence of a large literature of both theoretical and 
formal results makes its application a comparatively simple one. We 
shall begin by stating without proof the fundamental theorem on 
Fourier series: 

If f (x) is a single valued function which has at most a finite num¬ 
ber of infinite discontinuities and is of limited variation in the inter¬ 
val —a ^ a; ^ a when such discontinuities have been excluded, and 
for other values of x is defined by the equation, 

f (x2a) = f {x) , 
and if, moreover, the integral 

r \f{x)\dx 
J -Q 
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exists, then f{x) can he represented by means of the Fourier series, 
f (aj) = ^2 ^0 + cos (nx/a) -j- A, cos(2:is.V'a) -\— 

(5.1) 

+ Si sin(.^a:/G) -{-S, sin(2.-Ta;/a) -, 

where the coefficients are determined from the integrals 

1 r“ 1 r® 

^n = - f{t) c.os{nnt/a)dt , Bn = - I f{t) sin{nnt/a)ds . 

® G.O ft J.S 

The Fourier series gives the value, 

lim 1 / 2 [/(a: + e) + /(,r — 2 )] , 

£=0 

this limit existing except where the fimction is infinite. 

In order to apply this theorem to operational analysis, let us 
write, 

cos px 1 = % [e”^^ -|- , sin px — — y^i , 

and note the operational identity: F{z) -> e- = F (ft)e“. 

Hence we get, 

F(z) cos px = y^ [F(pi)-f e-**-*] , 

F(z) ^ sin px = — y^i[F (pi) e"-'* — F (— pi) e-''*’] . 

If these operations are substituted in equation (5.1), with prop¬ 
er specialization of p, the following formal expansion is obtained: 

F{z) ^/(x) = 1/2 A„F(0) 


00 

-[-1/2 2^ A„[F(mjii/ft)e""“/®-j- F(—m,-Ti/ft) 

m=l 


00 

_l/2i I 

m=:l 


S™[F (rmd/a) 6 ”'”*''“ —F (—mni/a) e-®”*-'*] 

(5.2) 


If Fiz) is an even function, that is to say, if F{z) = F(—^ 2 ), 
then this expansion takes the simpler form, 

00 

F{z) ->/(«) =i/2^oF(0) + Z A J?’(mai/ft) cos(tojix/«) 

(5.3) 

00 

4 . 21 BJi'imni/a) sm{mnx/a) . 


Similarly, if F{z) is an odd function, that is to say, if F(z) = 
.—Fi—z), then (5.2) becomes 
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-»/(x) =i/2^o^’(0) £ A„,F{,mni/a) &m{mnx/a) 

Wt=l 

CO 

— i 2 j BmF(mni/a) cos {mnx/a) . 

m=i 

(5.4) 

All these expansions, (5.2), (5.3) and (5.4), are valid represen¬ 
tations of the operator F{z) fix) provided the series converge 
uniformly in the interval (— a,a ). 

If the conditions which we have stated above for expansibility 
in a Fourier series do not hold, then equation (5.1) must be replaced 
by the Fourier integral. A sufficient condition for this representation 
is found in the following theorem: 

If fix) is a single valued function which has at most a finite 
number of infinite discontimdties and is of limited variation in any 
finite interval from which such discontinuities have been excluded, 
and if the integral, 

J \fix)\dx 

exists, then fix) may be represented by the integral, 

1 pco coo 

/(x) J J • (5-5) 

The integral gives the value, 

limi/2[/(rc-f £)+/(a: —s)] , 


this limit existing except where the function is infinite. 


If the cosine in (5.5) is written in exponential form and a 
change of variable made in one of the terms, it will be found that 
the integral can be written in the following form: 




I 


•00 


Hence the operation Fiz) fix) can be represented formally 
by means of the integral. 


1 POO /» 00 

F(z)->/(«) ds Fi±si)e±^^=’-*^ifit)dt , (5.6) 

provided the integral exists. 

Choosing the plus sign in this representation for convenience, we 
now resolve F (si) into its real and imaginary parts, 

Fisi) =Gis) -{-iHis) , 
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and thus obtain the expansion: 


1 Too 00 

F(z)f (x) — ~ ds I [G(s)cos s(ar- 

•^-or J -an 


-t) 



— H{s) sins (a-—f)] f(t) dt 

( 0 . 7 ) 



cos s (.r— t) 


+ G(s) sins(.a’— t)2f{t) dt . 

Since in general F(z) -> f{x) is real, the second integral vdll 
vanish provided the path of integration does not pass over singu¬ 
larities of the integrand. In this case equation (5.7) becomes 


F{z) ^f(x) 

— H{s) sins(.T—t)]/(t) dt . (5.8) 

A problem of peculiar interest that meets us on the threshold 
of the theory is the determination of the form of the Fourier integral 
when f(x) is the unit function of the Heaviside calculus, that is, 


J: 


[G(s) cos s{x — t) 


fix) = 1 , a; g 0 , 
fix) = 0 , .T < 0 . 


It is obvious that the criterion of the theorem quoted above is 
not met since the integral of fix) over the infinite range does not con¬ 
verge. Several devices have been formulated to overcome this difii- 
culty. N. Wiener [see Bibliography: Weiner (4)] has employed a 
method for separating a function into Mgh-and'-lotv frequency ranges, 
the purpose of which is to segregate "those difficulties which come 
from the singularity of fix) at the origin from those which arrive 
from its behaviour at infinity.” T. C. Fry [see Bibliography: Fry 
(2) ] has used a “fortuitously chosen set of definitions” of a certain 
Stieltjes integral which, together with the Cesaro limit of a class of 
divergent integrals, is employed to interpret Fourier integrals that 
“in any ordinary sense, are without meaning.” G. Giorgi [see Bib¬ 
liography : Giorgi (4) ] makes use of the idea of improper functions 
to the class of which the so called impidsive functions belong. He 
says in part: 

“By the symbol 

Fuit) 

and by the name of impulsive unitary function I mean a function of 
t which is everywhere = 6 for all values of t, except in an infinitesi- 



264 


THE THEORY OP LINEAR OPERATORS 


mal interval containing the point i = 0, in which interval the func¬ 
tion becomes infinitely great with such values that 

This Ftiit) may be considered as a limiting form of a rectangle or 
of a function of a kind A or of others, according to the degree 
of continuity or of vicinity required. Following these ideas, we may, 
by differentiating Fuit), define impulsive functions of the second, 
third order and so on. 

“At first sight it may appear that the use of these impulsive 
functions is strange and illegitimate, as it involves the consideration 
of actual infinitesimals and infinities. But in fact it is very useful 
because it simplifies the formulae verj'' greatly and removes the ex¬ 
ceptions; in fact not one of the most rigorous writers on dynamics 
has refrained from introducing the impulsions. As regards the the¬ 
oretical standpoint, it is to be remarked that actual infinitesimals and 
infinities may be introduced with perfect rigour as a class of non- 
archimedean numbers, involving special postulates; or, what amounts 
to the same thing, we may say that all formulae containing improper 
functions are formulae wherein the sign of Ihn, is understood, so 
that Fuit) and similar symbols may be regarded as a kind of short¬ 
hand notation.” 

In order to include the unit function of the Heaviside calculus 
mentioned above, we shall adopt the device offered by the concept 
of impulsive functions and thus introduce a function, Qia,t), which 
has the following properties: 


I. 

lim Qia,t) = 1 , 

t^O , 


0=0 


II. 

Qia,t) =0 , 

t<0 , 

III. 

lim Qia,t) — 0 , 

a> 0 , 


the order of vanishing being sufficient to assure the convergence of 
the integrals, 

^00 n- CO 

I coss(a;— t) Qia,t)dt and sins (a:— t) Qia,t)dt . 

It is sufficient to select for this function, Q ia,t) ■= e-“*, t S 0. If 
this is then substituted in equation (5.8), there results, 

1 rco f*co 

Faiz)fix) =— I ds I [G(s)coss(a:—f) 

2n J »oD *10 

— H (s) sin s ix — t) dt 
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2jT *} Ci" — s~ Ct~ —p S~ 


I ^ r ” u / X r® cos 

+ ^ -^(s) 

2:t J a- -j- s- 


cs a sin xs 


a- + s- J 


Taking the limit, as ct -> 0, we obtain the following representa¬ 
tion of the operation Fiz) fix), where /(.e) is the unit function 
described above: 

iimF„(s) ->fix) =Fiz) -^fix) 


1 r“ r-/ \ sinais , , 1 

• ^ G(s)- ds^ — 

2.^ s 2.1 


„, .cos xs , 
H (s) - ds 

S 


If we note from the assumptions made regarding the unit fiinc’ 
tion over the negative range that F{z) /(— :c) = 0, that is to say, 


- f 

2ji j. 


^ , sin xs , .1 r ^ rr, , cos xs 


Gis) - ds 

s 


^hS 


£r(s) :22i2if/s = o , 


then we can write (5.9) as follows; 

r,. X ../X 1 f” X sinajs , 1 r,, X 

Fiz)^fix)f=- G(s) - ds — - His) 

n Js 71 


(5.10) 


In case G(s) = G(—s) and His) — — Hi — s), this equation 
can be written: 


9 r 00 

Fiz)-^fix)=- Gis) 
n J „ 


- ds — - 

S 71 


His) -21111 cia 
s 

(5.11) 


A few examples will illustrate the application of these formulas. 
Example 1. Let us first consider the operator F iz) —z/iz-\-1). 
Since 

^(si) =sV(A- 4 -s=)+/lsi/(;.- + s=) , 
and G (s) = G (—s) ,His)= — H i—s), we have 


2 

Hiz) ^fix) r=- Gis) 

n J „ 


2 f °o _ . . sin a:s 2 T» s sin xs 


ds — er^ . 


The connection between this method and the method of Carson 
is immediately ascertained by referring to the first formula in the 
table of section 4. 
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Example 2. As a second illustration consider the operator, 
F(s) =/2/[(s+ ,«)" +, 


from which we derive, 


G (s) = 2sv;./ [ (s= + ,u- — r-)^ + , 

H{s)=Xs[ iX^ + /[ (s= + — P) = + 4P.u^] . 

Since G(s) = G{—s) and H{s) = — Hi—s), we then obtain 
from ( 5 . 11 ) 


F{z) -^f{x) 




2s pX sina’s 

(s2-|-_«^_P)2qr 4;i2^„2 


ds = e-^i^ sin lx 


This answer will be found to coincide with that obtained by the 
Carson method as recorded in ( 6 ) of the table in section 4. 


Example 3. As a somewhat more complicated example, let us 
consider the fractional operator. 


F{z) —z° , a < 1 , 

from which we derive, G(s) = cos 1/2 a ns”, H (s) = sin 1/2 an s'^ . 

Since both G{s) sin xs/s and H(s) cos xs/s have branch points 
at the origin, the path of integration in (5.7) must be deformed so 
as to pass below the origin. One then obtains, 


1 r'f ^ sin as , 


1 

s L 


= sin y 2 an cos anF (a) (1 -|- / (2 71 x°') , 

sin xs 


1 

2n 


L 

r G(s) 


= sin^ y^anF (a) (1 -j-S"™*) /(2 n a®) , 
cos xs 


■ ds 


: cos^ 1/2 anr(a)(l — )/ (2 n a®) , 


1 r“ 

s L 


COS xs 
s 


ds 


: sin 1/4 a n cos y^anFia) {1 — (2 n X^) . 


Substituting these values in the formula, 
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j-./ \ X/ \ 1 T” ^/ ^ sinxs , 1 r 

1 ^ r“ rr/ V sina:s , i C'-^ ^ 

+ 1 ; J *-2T J ®<*> 


if(s) 




COS xs 


cos a;s 


c/s , 


we obtain, 


z° -^f{x) = r(a) sin a .%/ (.t rc=) 


By means of the identity, r(a) == :i/[sm « .t T (!—«)], this may 
be simplified to 

2“-^/(a:) =l/[r(l—a)a-] , 

which agrees with the result stated in (27) of the table given in sec¬ 
tion 4. 

One of the most useful features of the Fourier theory of opera¬ 
tional process is found in the ease with which inverses may be con¬ 
structed. This inversion is obtained through the use of what is called 
the Fourier transform, which we write as follows: 

_ poo 

/(x')=V2A cos xs g (s) ds , 

Jq 

p(s) = v’^ I cos sxf{x)dx ; 

_ f*CO 

f(x) = \/W^ sin xs g (s) ds 

_ p 00 

g(s) = VW^ J sx fix) dx . 


(5.12a) 


(5.12b) 


These inversions are valid under the general conditions stated 
in the Fourier integral theorem previously quoted. They may be used, 
in particular, to reconstruct operators from functions derived from 
their application to the unit function of the Heaviside calculus. 

Thus, if we designate by J(x) the function F(a) ^ fix), we 
shall have from (5.11), 


J 

71 J„ 


“ G(s) . ^ 

—^ sin a'S as: 


2 r= 

71 J„ 


His) 


cos xs ds ■ 


From this we obtain by means of (5.12a) and (5.12b) the inver¬ 
sions, 

Gis)=s f'* J(f) sinsf c/f , H(s)=s f Jit)cosstdt. 
Jo Jo 

Tke operator F (z) is then constructed from the equation, 

Fiz) c=Gi—iz)+iHi—iz) . 
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For example, it J (t) = e-“*, we obtain 

G(s) =sV(c^^ + S") » H(s) ~as/{a--^s^) , 
and the corresponding operator is, 

F{z) = — z^/ia^ — z^) — i(iz)a/(a^ — z^) = z/{za) . 

As an aid to application the following table has been appended 
which gives a few of the Fourier transforms frequently encountered. 
An exhaustive table to which reference has been made in the first 
chapter was prepared in 1931 by G. A. Campbell and R. M. Foster.* 
Numerous complicated examples are also to be found in the woi’k of 
D. Bierens de Haan: Nouvelles Tables dTntegrales Definies, referred 
to in the preceding section. 

6. The Solution of FractionaZ Equations. In preceding sections 
we have applied the method of operators to differential equations in 
which z appeared to integral powers. Many of the most interesting 
applications of the operational calculus, however, will be found asso¬ 
ciated with problems in which z enters with a fractional index. It is 
desirable, therefore, to consider a rather general formulization of the 
operational solution of equations of the following forms: 

L{u) = AoU -f -f -!-••• 

=/(a;) , (6.1) 

M {u) = -f -f -{-••• 

, ( 6 . 2 ) 

where Ao, Aj, , A„-i and Bo, Bj, • • •, B„-i are constants. 

Let us designate the generatrix functions of these equations by 
F{z) and G(,z) respectively, that is to say, 

F ( 2 ) = Ao -f AiZ^^” -j- AsZ^/” -|- A„_i 2 ^-’''” , 

G ( 2 ) = Bo + Bi 2 -^/” + BaZ-"'” . 

To begin with let us consider F{,z) for which we shall first find 
a rationalizing factor. In order to accomplish this we multiply F (z) 
successively by z^>”, z-’'^, etc., thus obtaining the system of equations, 

F (z) = Ao -f Axz^/” + AaZ=/« -i-^ A„_xZi-^/« , 

Z^'^F (z) = zA„.i 4- AoZ^/” A^Z-'” -j-1- An-aZ^-^''" , 

^i/nF ( 2 ;) _ zAn -2 4 - 2 A„-iZV» 4 - AoZ 2 /” 4 -[- An-gZ^-^''" , 


2 ;i-i/»jr'(z) = 2 Ax -f zAaZ^/” 4- zAjZ^'”' 4-AoZ^-i'"' . 


_ *Fotirier Int^rals for Practical Applications. Bell Telephone System. Teohr- 
ntcdl Publications (1931), Monograph B-5S4. 177 p. 
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11 

s 

CC 1 

smxtg(t)dt i 

0 , 1 


g(t) 

/(«) 1 

(la) 


xrP r (p) sin , (p- < 1) . ! 

(2a) 

1/t 

^■TT , ^ > 0 1 

0 , a* = 0 i 



—1/2'^ , CO < 0 

(3a) 

t/(a2 + t2) 

-TT e~^ 

(4a) 

sin xt/ (a- +t 2 ) 

{'rr/Aa) {X — 6-2ax) I 

(6a) 

(6a) 

t/[(t2 + a2)2 -f 62 ] 

+ a2) 

(f2 + a2)2 ■+ 62 

(':T/2b) sin fi x* \ 

cos/i y:* ; 

(7a) 

e-at 

x/ (a^ -f ^ 2 ) 

(8a) 

e-at^ 


(9a) 

(10a) 

(11a). 

{e°'^ + l)-i 

1/sinli at 

l/2a; — '77/ (2a sinli x'::r/a) 

(“TT cosh X'TT/a) 1 

{2a sinh x'^r/a) 2x 

77 sinh x'Tr/2a 

2a cosh x':r/2a ! 

(12a) 

f2m+i 

(—1)”*V' Vior (x) t 

(13a) 

(14a) 

Jn(at) 

71 -^ sin{?t arc sin (r/a)} , ic g a- , 

a” sin n'TT 
- 

n{x 4- (r 2 — 

R(n) >—l . 

sin{7i arc sin (r/a.)} ^ 

i -, X ^ a 5 : 

: (a2_:c2)t — 

cc or 0 , a: = a , 
j cos 

1 {x- — a2)i(cc-r {x- - a2)l/2}« 

1 x'p a , R {n) > —2 , 

(15a) 

Jo(at) 

(^*2 — a 2 )-s , X y a , ' 

00 , a; = a , 



0 , ;r < a , 

(16a) 

t/{a^ 12)^ 

—^(3+3ax"ra2x2) 

96a4 1 

(17a) 

[t/(62_l)]l/2 

{^/ix) 1/2 (cos r 4- sin x) \ 

(18a) 

arc cot (f/a) 

i'Tr/2x) (l — e-^^) ; 

(19a) 

■IP-I 0^at 

r ( 2 ?*) i 

-—• sin (p arc tan x/a) \ 

(o2+a:2)»P 

(20 a) 

0t __ 0-~t 

0(ix Q—ax 

e* + 6“^ + 2 cos a 

gTTJr-g-iTJ: > ® = ' 


* 2 X 2 = {a* + 62)i + a® , 2 jfi== (a* + 62)i — . , 

fh„(x) = (—l)’*^„(!i!)/0o(a;), wliere 54<,(a;) = e-i®* 

See A. Adamoff: Ann. de St. Petersbourg, vol. 6 (1906), pp. 127-143. 
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/(a:) = 

p 00 

COS xtg(t) dt 

0 

ff(t) 

/(a:) 


(lb) 

jp-i 

(2b) 

a/(o2 4-f2) 

(3b) 

cos a;t/(a2 + 42 ) 

(4b) 

l/[(t2 + 02)2 + 62] 

(6b) 

12 + 02 

(t2 4- a2) 2 + 62 

(6b) 


(7b) 


(8b) 

1/ cosh at 

(9b) 

1 

«> 

1 

No^ 

1 

H* 

(10b) 

t2m 

(lib) 

1/(X2 — t2)i 

(12b) 



(13b) J^(at) 


(14b) 

(15b) 

(16b) 

(17b) 

(18b) 

(19b) 


-h ^2)2 

log (1 + 

tP-l Q-ax 

et -f. Q-t 

e* -¥ e-i 2 cos a 


r {p) cos , (P“ < 1) 

(C7/2a) (1 + 

77 

--- (/£ cos iUX* 

26 (a-i + 62 ) 1/2 

"r X sin /i x) . 

^-a?A, 

1^77----- (XOOSjtiX* 

(ai + 62 )i /2 

— II sin (ix) 
a/(a2 -f x^) 

V 2 V'^/aV^V4a 

‘T'/ (2a cosh a*'7r/2a) 


^ n/ (n- + x^) 


(—1) ^ V V 2 -77 (a;) t 

'^Jo(xX) , X >0 . 

n-icos{'n arc sin (a;/a)} 

X a , 
a'^ cos ^/472<'77 
n[x (oc^ — G. 2 ) 
a; g a , 
i^C-n) >0 . 
cos{ 7 t arc sin (cc/a)} 

(a 2 — x 2 )^ 
a; < a , 

CO or 0 , jc = a , 
a’^sin 

(/)j2 — ct2)i/2{aj + (x2 — a2) 1 / 2 ) 7 ; 

x'> a , R {x) > —1 . 

(a ;2 — a 2 )-i , £c < a , 

00 ^ X = a , 

0 , JT > a , 

*77 

— (1 — ax)e-^ 

4a 

('J7/4r) 1/2 (cos X — sin cc) 
i'lr/x) (1 — e-^) 

■ — — cos (j3 arc tan x/a) 

{a^ + x^)^P 

ear — g-aa; 

—TT cot a-, a < -7^ 

_g-T® 


*2X2= 02 , 2jU2= (o< + 52 )J —02 . 

tfe„(®) = (—l)”^„(a:)/0o(a:),where^ij,(a:) =e-*®* ,0„(a:) =d„ 0o(£c)/d!a:« 
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Eliminating ^ f^om the right hand side of these 

equations we obtain 


Ao 

— F{z) , 

-^1 > 

A, , . 

f A- Tl~1 


— z^^'^Fiz) , 

-^0 j 

Ar , • 

1 Afi^'2 

ZA„-2- 

— z-'^Fiz) , 


Ao f • 

* * 1 An-3 = 0 

z.4i — 

-zi-i''"F(z) , 

zA^ , 

CO 



From this it follows that 


F{z)A{z)=A{z) , 

where we abbreviate, 


A(z) = 


1 j ^1 > Ao , ■■■ , A,,-i 

z'"' , A„ , A, , , Ar... 

Z-’' , zAn-i , j4(i , ••• , »4,i.3 


(6.3) 


zA^ zA,, 

and A (z) is the same determinant with the first column replaced by 
Ao, zA„.i, zA„. 2, , zA^. 

Since A {z) is a polynomial in z of degree less than or equal to 
'n —1 it is clear that A (z) is a rationalizing factor and equation (6.1) 
can be formally replaced by the ordinary linear equation 

A{z) -^u{x) =Aiz) -^f{x) . (6.4) 

To this equation there corresponds an integral of the form 

u(x) = r W{x,t) [A(d/di)dt , (6.5) 

J C 

where W {x,t) is the Cauchy function associated with (6.4) [See sec¬ 
tion 2, chapter 11], provided W{x,t) lA{d/dt) /(t)] does not be¬ 
come infinite to a higher order than u < 1 at f = c. 

It will be noticed, hov'ever, that equation (6.5) is not a complete 
solution of the original equation since we must adjoin to it such so¬ 
lutions as exist for the homogeneous equation, 

F(z) -^uix) —0 . (6.7) 

Let us assume that a solution exists of the form, 

u(x) =A(z)-^vix) , ( 6 . 8 ) 

where v (a:) must be further specified. Substituting this in (6.7) and 
noting the comrautability of the operators F{z) and A (z), we readily 
obtain, 
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F{z) -^ 2 i(sc) —F(z) {A{z) ->v(x)] , 

= lAiz) -^F(z)] -^vix) , 

= A (z) -^v (x) = 0 . 

Hence if v(x) is any solution of the ordinary differential equa¬ 
tion 

A{z) -^v(x) =0 , 

then (6.8) is a formal solution of (6.7). Since, moreover, there will 
he in general n — 1 such functions v (x), zee see that in general equa¬ 
tion (6.7) will have n —1 formal solutionis. Some of these sohitions, 
however, may be extraneous. 

It is of some interest to record the explicit solutions for the first 
three cases, namely, where w = 2, 3 and 4. 

Case 1. We shall have for the equation, 

{Ac^A^z^'-) ^u{x) =0 , 

the solution, 

uix) — (Ao — Ai.’:^ -^v(x) , 
where v(x) is a solution of the differential equation, 

AuH’(x) —AiH’'(x) =0 , 
that is to say, v(x) — C e^^ , where k = Ao^/Ai- . 

Case 2. For the equation, 

(Ao + AiZ’-'^-fA^s^-'O-^?{(a:) =0 , 
we have the solutions, 

U(x) = [Ao-- AoAiZ''' 2 _[_ (^^ 2 —AoAs)^-''* 

' — A.jA. 2 ^ —j— A. 2 -z^' v^ (^) } 

where the Vi(x) are solutions of the differential equation, 

Ao^v(x) + (Ai® — ZAaAiA.Av'{x) -j-As^v^'ix) i =0 . 

Case S. Considering the equation, 

(Ao + AiZ^''* + A^z-'^ + AsZ^/^) -» M(x) t= 0 , 
we find the solutions, 

uix) — [Ao* — Ao^AiZ-^* + (AoAi^ — Ao^Aj) 

—(Ax^ —{- 2 A 0 A 1 A 2 — A(f As)z^^^ —(Aj-Aa — 2 AoAxA 3 
— AoAg-) z (Ai^As —|— 2 A 0 A 2 A 3 — AxAa*) 

(A 2 ® — 2 A 1 A 2 A 3 —j-A qAs^) —j- (AxAs^ 

— AM3)z^'*-\-A2As^z^ — As^z^^*']-^Viix) , 
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wiiere the functions Vi{x) are solutions of the differential equation 
A,^v{x) + {4:AoAM2 — 2AMi‘ — 4:AMxA^-}-A,*)v'{x) 

+ (4A0A2A3- — 4 AxAM 3 + 2 AMi^ + A^*)v" (x) 

— (a:) =0 . 


In the application of these formulas it is frequently necessary to 
use the following derivative: 

If 

. . f’' g{x^)u{s) 

'' ’ (« —s)“ 

where ^^(s) is continuous in the interval c < s s x and g(x,s) in the 
triangle c g s s x s Xo and where 0 < a. < 1, we then have 


'i;'(x) 


g{x,c)u{c) Dxg{x,s)+D,g{x,s) 

- ^-r / u{s)ds 

(x — c)“ J (x — s)“ 



gi.x,s) 
(x—s)“ 


u'{s)ds 


(6.9) 


This formula can be established by the method of “partie finie” 
due simultaneously to R. d’Adhemar and J. Hadamard in 1904.* A 
generalization of their method is contained in the following theorem 
from which (6.9) is derived as a special case: 

Theorem U- If F(x) is defined by the integral 


rAix) 

F{x)t= f[n{x,s)}h(x^)ds , 

•iBix) 

where A (x) and B (x) are continuous functions of x vnth cotvtinuous 
first derivatives such that either Urn /[w(x,s)] or Urn /[m(x,s)] or 

s = A SszB 

both are infinite, although f{x,s) is finite and continuous elsewhere 
in the interval (A,B) and where u{x,s) and h{x,s) are continuous 
functions having first and second derivatives with respect to both 
variables, and if T{e,x) is defined by the following expression: 


T{e,x) 


f + .<«,B + a)] 


fix, A — e)hix,A —fi) 


fix,B-\-s)h (x, B e) 


♦R-d’Adliemar: Thesis; Jowmal de Math., (1904); ^ also Exermees et 
legons d*(Mcdyse, Paris, (1908), p. 150; J. Hadamard: Congres de Mathenu, 
(1904). 
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3 ^^ 012 ^ 

where x(x,s) = —/— , then the derivative of F{x) will be 
9a: 9s 

f^lDth — xDsk — hD^xJf ds-{-limT{e,x) ,(6.10) 
dx 

provided lim T{s,x) and the integral both exist. 

£ = 0 

Proof: Since both / and h are regular in s in the open interval 
J5 < s < A, we may apply the ordinary rule for differentiation under 
the sign of integration to the integral 

Fe(x) = fiu{x,s)'\h{x,s)ds , 

Jb+s 

where e is an arbitrarily chosen positive c[uantity, and thus obtain 

^Fs [-0/ I I A _\ 


p-. [- 

Jb+« [ 


ds-]--;^fix,A — e)h{x,A — s) 


dx dx 


■ f{x,B + s)hix>BJt-s) 


9/ dfdu ,9/ dfdu . ... 

Since—=— and— = — —, we shall have 
9a; du 9a; 9s du 9s 

= T (x,s) where x {x,s) ^ 

9a; 9s 9a; 9s 


Substituting above and integrating by parts we shall have 

^ lD,h — xDJi — hD,x2 fds + T {s,x) , 

where T {s,x) is the function already defined. 

If the integral and T{s,x) approach finite limits as e approaches 
dF 

zero, then will be the limit of the right hand member of this 
equation. 

Equation (6.9) follows as a special case by letting 

f{u)=\, ?i(.r,s) = (.r — s) , h{x,s) =g{x,s)u{s) ■ 

* 24 , 

We then have x (a;,s) = — 1 and 

r(s, a:) = (1 — l)p(a:, a: — s)%{x — e)/s® 

~i“ S ^ “f" s)'M(c -j— e) /{x — e s) ° , 
which when substituted in (6.10) yield the desired derivative. 
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Let US now consider two simple examples. 

Example 1. We shall solve, 

hi (.!’) -f (.v) = fix) . 

Rationalizing we obtain the ordinary equation 
(Lii/dx — hu = oDyfix) —;./ (.r) , 
the solution of which is 

u{x)=:^e>^-^ r {i„Du — /.) fit)} . 

To this we must add the solution of the homogeneous eciiiation, 
V (x) oDyV (x) =0 , 
which we readily find to be, 

v{x) =C(a — oD;) e- . 

Let us specialize these results by setting A = —1, f (x) = —1. 
We then obtain, 

u(x) f dt} 

do 

J Q 

= C'{e- + inx)-i + 2e"( a/.-i) (1—:e/3 4- .r^/o • 2! 

— ^77.3! + •••)} 4-1 — e-’ — 2e*- (a’/h) 4(1 — a;/3 
-|-a;75-2! — a-V7-3!--■■■) , 

= C'{e^+ (^a;)-=+ (jtx)-4(2a-) -f (2 a')V 1-3 
+ (2x) VI • 3 • 5 + • • •]} 4-1 — e-’ — (.-t-t) [ (2.?) 

4- (2a;)Vl • 3 4- (2a-)71 • 3 • 5 4- ••• ] . 
Example 2. Let us consider tlie equation, 

uix) 4- 0-04^^ M ix) 4" oDy^^ u (a-) = 0 . 

We obtain at once from ease 2 above the solutions, 

Ui ix) = (1 — 2^''® — 2 4- (•^’) ^ 

where the Vi ix) are the solutions of the differential equation, 
xix) — 2v'ix) -{-v"ix) =0 , 
that is to say, Vi (x) = ix) = xe^ . 
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If we introduce the first of these functions into the solution, we 
reach the conclusion that 


— — 


1 

Sr(2/3) 


is a solution of the original equation. This is obviously not correct. 

A further examination of the expression (1 — z^''^ — z -j- 
shows that it may be factored into the product (1— z) (1—. Elimi¬ 
nating the extraneous factor (1—z), we conclude that the original 
equation has only one solution, 

u(x) = (1 — , 

where v (x) is a solution of the equation, 

v(x) — v'(x) = 0 , 


that is to say 

u(x) = (1 — z'^^) e* , 


= e" — 



e-* dt + x-^''^]/r(2/3) 


Returning now to the second solution, tuix), obtained from 
Vzix), we find by direct computation that tCi(x) is identical, except 
for a constant factor, with the value of ^lix) just written down. 

From this example we learn that extra')ieoiis soltitions may ap¬ 
pear in the formal solution of fractional differential equations just 
as they appear in the analogous solution of algebraic equations with 
fractional index. 


Integral Equations of Fractio'nal Index 

We now proceed to a discussion of integral equations of fractional 
index, that is to say, the integral equation, 

(?(z) =p(a:) (6.11) 

where G{z) is the generatrix of the operator defined by (6.2). 

As in the preceding case of differential equations of fractional 
index we first obtain a rationalizing factor, A' (z ), which by an argu¬ 
ment essentially the same as that used above we find to be. 



1 , 


Bo , 



Bq , 


A'{z) 

g.-2/« ^ 


Bo , 


2-1+1/n 

z-^ Bs , 

2-1 Ra , 


( 6 . 12 ) 
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Hence we may replace equation (6.11) formally by the rational¬ 
ized equation, 

B{z)-^u{x) ~A'{z) -gix) (6.13) 

where Biz) is the determinant J'( 2 ) in which the elements of the 
first column have been replaced by Bo, z-’- 5„-i, 5r-‘ B„.., ■ ■■, z- B^. 

It is obvious that the solution of (6.13) will be unique since the 
only continuous solution of the integral equation, 

B(z) -^u(x) =0 , 


is in general u(x) = 0. The only exception to be noted here is the 
case where the integral z'^ has an infinite limit. 

As an example let us consider the inversion of the generalized 
integral equation of Abel, a special case of which first appeared in 
the tautochrone problem. This equation may be written in the form, 

gix) = j ix — uit)dt , —1 < a < 1 , == 0,1,2, • 

(6.14) 

In terms of fractional operators this may be written, 
g(x) =r(TO-fa-fl) cC>y'’“-“-^‘K(a') . 

Operating on both sides with the sjmibol cD/----- we have 
uix) — cDx"-*^*'^g iX ) /T (1) , 

^...-2 px (x-t)- 


dm-i px 


r (m-fa-bl) r ( 1 — a) 


git)dt 


(6.15) 


Recalling elementary properties of the gamma function and mak¬ 
ing use of (6.9) we can write (6.15) in the form 

r(wvfa) g'ic) , r(a)p‘’”"->(c) 

’ ’ na) Jx—c) Tia) i:c—c) ‘ 

-l-r(l—a)cI>x-‘"-"’fir'“^=M.T)} . (6.16) 

But it is clear that, if the value of uix) given by equation (6.16) 
is substituted in (6.14) the integral will not be convergent unless 

p(c)=£f'(c)=-- = g'"‘>(c)=0 . 

Under these conditions uix) defined by (6.16) will be the de¬ 
sired solution. These results can be summarized as follows: 
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Theorem 5. If in equation (6.14), g{x) exists together with its 
first m-|-2 derivatives in the interval c^X'^Xa, and if g(c) := 
g'(c) =--- = £r<'"> (c) =0, then the solution of equation (6.14) exists 
in the open interval c < a; ^ Xo- The solution is given by formula 

(6.16). 

The efficacy of the methods which we have stated may be fur¬ 
ther illustrated by means of the following examples; 


Example 1. Let us consider the equation 

-{-AM = / (r) , 

whose rational equivalent is the equation, 

l-^u — M = Xf (x) — cDfif (x) 
dx 


(6.17) 


(6.18) 


The solution of this equation is 

•^1 1 ~ 

uix) = -f J e-*^^'-dt . 

(6.19) 

In order to determine C consider equation (6.17) in the form 


if 


uit) 
{x — t) 


^dt-\- Xu{x) =f{x) 


It is clear that for x = c we have Xu(c) = /(c). Then from 
(6.19) we get 

^^(c) = C = jf{c) 

A 

and (6.19) can be written in the form 

tt(a;) =y/(c)e<--^»''-^^-f J — cDfifii) 

As a specialization we may write 


gW-*)A= 

( 6 . 20 ) 


qDx ~U 1 . 

Hence replacing c by 0, 1 by 1 and noting that J)f^ 1 = 
{nt)--, we have from (6.20) the solution 




Example 2. Let us consider the equation, 

tt(.T) + f\u{t)/(x—t)''^-}dt=f{x) , (6.21) 

^ 0 

which can be witten in the form, 

Obviously we have 

1 0 r(2/3) : 

5(2) = z-ir(2/3) 1 0 \ =l^z-^rH2/B) , 

0 z-^r (2/3) 1 

and similarly 

Zl' (z) = 1 — r (2/3) z-=/^ + r- (2/3) Z-* . 

Hence equation (6.21) is equivalent to the 7-ationalized equation, 

?t(a:)-l-rM2/3) {\x—t)u{t)dt = F(,x) , 

Jo 

in which we abbreviate 

F(x)^f(x)+ f"l~(x—t)-^'^ 

Jo 

+ 5^2/3) (a:—t)"''Vf^ (4/3)}/(t) dt . 

The solution of this equation is 

u{x) =Fix) +X r&inX{t—x)fit)dt , 

Jo 

where wie abbreviate / = r^/^i2/B). This function may be shown to 
be the unique solution of (6.21) also. 
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Example 3. Let us consider, 

u{x) = ux-\T(2—a) — {Vr(l—a)} f* {uit)/(x—t)-] dt 

( 6 . 22 ) 

which we may write in the form, 

(1 — Bs-^)-^u(x) =g(x) , (6.23) 

where we use the abbreviations, 

B = — k , gix) — px’‘/r(l-\-b) , b~l—a . 

Since the numerical value of b is not specified we cannot now 
employ the method of rationalization, but instead can invert the equa¬ 
tion formally as follows: 

u{x)r=l/{l — Bz-^)-^gix) , 

= (!-}- Bz-^ -f B^zr^^ , ) -> g (x) 

(6.24) 

Noting the formula, 

2 -ni, a-b == r (1 -I- 6) (1 -f b -f- »b) , 

we immediately obtain the following expansion for (6.24) : 

uix)=px^l/ril-\-b) —kx^/r(l-\-2b) -f A'x^Vrd-fSb) — } 

=—(,«/;.) {1 — xx^/r ( 14 - 6 ) 4- k^x^yrii-{-2b) 

— A=a;=VJ"(14-3b) 4-•••} + • (6.25) 

The function which we have obtained as a solution has more 
than a passing interest on its ovm account, since it is intimately con¬ 
nected with a generalization of the exponential function which was 
first studied by G. Mittag-Leffler=^ and later by E. Lindeloff and E. 
W. Barnes.J 

A resume of some of the results will be stated here. We shall 
first define as the Mittag-Leffler function, 

Ea(x) = 2j (1-j-a7i) , aSO , 


*Un generalisation de Tintegrale de Laplace-Abel. Cmriptes RendiiSf voL 136 
{19€'3), pp. 537-539. Sur la nouvelle fonction E^{x), Comptes Rendus^ voL 137 
(1903), pp. 554-558. 

tSur la determination de la croissance des fonctions entieres definies par tin 
developpement de Taylor. Bulletin des Sciences Mathematiques, vol. 27 (2nd 
series ) (1903), pp. 213-226; in particular pp. 224-225. 

JTlie As37mptotic Expansion of Integral Functions Defined by Taylor’s Se¬ 
ries. Trans, of Lo'ndon Phil See,, vol. 206 (A), (1906), pp, 249-297; in particu¬ 
lar, pp. 285-289. See also: On Functions Defined by Simple Types of Hyper- 
geometric Series. Cambridge PML Transactions, vol. 20 (1907), pp. 253-279. 
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in terms of which the solution (6.25) may then be written : 

u(x) — (u/a) — (u/DEii —. (6.26) 

For a = 0, this function becomes E„{:c) = 1 (l—x), for a = 1, 
(x) for a = 2 , F,(a-) = cosh v~, for a = .5 , E., (x) 

2 f- . 

= e®"(l- — e-^'dt), etc. It is connected with the Laplace inte¬ 


gral through the equation, 


e-'£'<,(t“.r)rft=l, (1—.r) . 

•>'0 

The most interesting properties of this function and those which 
led to its investigation by Mittag-Leffler are associated with its 
asymptotic development in various sectors of the complex plane, these 
properties being summarized as follows: 

For the case, 0 < a < 2, we have the following representations; 


(a) Ea{x) l;(r'T(l-Gn)} , 

n = 1 


provided y^an < amp x < 2:1 — Via-i ; 


(b) Eaix) 


■ - exp (.r'''“) CO. 
a 


y. 1, [r'T(l—GAi)] 


provided — V^an ^ amp x • 

For the case, a ^ 2, we have 


(c) Eaix) ooIe exp{a:='‘'e=’^V'"^} — F 1 [x’^-ril—am )] , 

n p- ' 

^ m = 1 

where fi takes all integral values (positive, negative, or zero) such 
that 

2au -|- amp X s y^an. , 

amp X having any value between -{- ^ and — n inclusive. 

These results, first announced by Mittag-Leffler, were proved 
also by Barnes, who availed himself of the following representations; 


(a) 


Ea (- X) 


A, r-—* , 

2:ii J r(l-{-as)sins.T 


the path of integration being taken along the positive half of the real 
axis and enclosing the points s = 0, 1, 2, ••• , oc, but no other poles 
of the integrand. 


(b) £?«(*)--exp(a:^/“) 


Zni J 


sm 
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the contour being taken along the positive half of the real axis and 
enclosing the poles of r(—as) and the points s = 0, 1, 2, ••• , oo . 


(c) 


Ea{x) £ exp 



{r(— as) sm(2p 4-1 — a) s a;Vsin tis} ds , 


where the path of integration is the positive half of the real axis and 
encloses the poles of Fi —as) and the points s = 0, 1, 2, • •• , oo . The 
integer p is chosen so as to satisfy either of the inequalities, 

a/2 <C 2p -|— 1 <C a , or a <t 2p —|— 1 <C 3a/2 . 


PROBLEMS 

1. Show that the equation 

u(x) j t(x — dt=f{x) 


is equivalent to 


/'• 

— VsV fi 
Jo 


{t{x-rt)} u(t) dt=^F{x) 


%i{x) ■ 
where we abbreviate 

F{x)—f(x) — V^x^D^-v^f(x) -h % fi^) ■ 

2. Prove that the equation 


u{x) 


+ I {t2(ar— 

Jo 


- 2 / 3 } u{t) dt = f(x) 

Jo 

is equivalent to 

r3(l/3) f"* 

uix) -j -—— t 2 ( 44^4 4 . 40a;3^ -f 75x2t2 40 ^t 3 _|_ 44 i 4 ) ^^(0 dt==F(x) 

24o J Q 

where we abbreviate 

F{x) =/(x) +r(l/8)[®2„D,-i/=/(^-) /(«)] 

o y 

34 

+ r 2 (2/3) [*4 f(x)—2x^ f(x) +— ^D^-8/s f (a;) 

y 


16 352 

3- Prove that if 

L(u) = (x — a) (x — b) n"{x) + (c+/i£c) u'(x) + ku(x) , 
and if p is so chosen that p{p —1) -h -{- ^ = 0, then 

zP-^L(tL) = (£c— a) (x — b) tt(p+ 2 ) ^ [c — p(a+h) + {2p+h)x'] . 
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Hence employing the abbreviation 

2/(a:) (ic) , 

reduce the solution of the equation L(ii) 0 to an equatlcn of first order. (Let- 
nikoff). 

4. Discuss Legendre’s equation 

(1 — x^) u"(x) -^2:cti'(:c) -f ii(x) =0 

by the method given in problem 3. 

7. Special Applicatiom of the Fractional Calculus, In the next 
chapter we shall exhibit the efficacy of the fractional calculus in the 
solution of several types of problems which arise in the application 
of partial differential equations. It will be sufficient for our present 
purpose to discuss four problems from essentially different fields in 
which fractional equations appear. 

Example 1, The first problem to be solved by integral equations 
was due to N. H. Abel, who by a curious coincidence also employed 
half-derivatives in attaining his inversion.'-' Abel considered the fol¬ 
lowing question: 

Suppose that a heavy bead is constrained to move under gi'avity 
on a curved wire situated in a vertical plane. If the time of descent 
from a height h to the lowest point of the curve is supposed to be a 
function T{h) of the height, determine the equation of the curve, the 
initial velocity being zero. 



Figure 1 


Let us suppose that the equation of the curve is .t = x{y). Then 
the element of arc will be els = u(y)dy , where we abbreviate, 

u(y) = [1+ {dx/dy)^V (^.l) 

^Aufibsung einer mechanischen Aufgabe, Journal filr Mathematik, voi. 1 
(1S26), pp. 153-157. Also Oeuvres. Christiania (1881), voL 1, pp. 97-101. 
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From the energy formula 

^2 m{ds/dt)- = mgih — y) 

•we are led to the equation, 

{2g)'T{h)= {h — y)-^uiy)dy . (7.2) 

Jh 

Employing fi-actional derivatives this may be written, 

(2g)i T(k) =r(i/2) Kj)H-^u{h) , 
from which we obtain by inversion, 

^l{h) = i{2gy‘/rmi r(/i) , 

= i{ 2 g)-/n] d/dh r ih—y)-^ Tiy) dy , 

Jht 

^[(2^)V^3 [r(W(h—f' {h^yy‘T'{y)dy] . 

When the function thus obtained is substituted in (7.1), the desired 
equation follows by a single integration, 

x= P[wMa/)— lY'-dy . (7.3) 

•^0 

As a specific example let us consider the tautochrone curve (the 
curve of equal descent) where we suppose that T (Ji) = c and= 0. 
We then get, t{(/i) = {c/n) i2g/h)- , which when substituted in (7.3) 
yields, 

x= r [{2a/y) —lydy , 

where we employ the abbreviation, a- = go-/n ^. 

Making the transformation, y = 2a sin= t, we easily find 

a; = a.(2t-f sin2t) . 

Employing the substitution i 2t = '&, the values of x and y take 
the form: 

x = a{-d‘-\-sm§) , 
y = a{l — cos#) , 

which are recognized as the standard parametric representation of a 
cycloid generated by a circle of radius a. 
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Example 2. The problem of determining’ the shape of a weir 
notch so that the flow of water through it shall be a given function 
of the height has been solved by W. C. Brenke.* 

In the figure the shaded area represents the cross section of a 
weir notch, which is symmetrical with respect to the T-axis. The 
quantity of water which flows through the notch per unit of time is 
given by the equation 

Q = C , ( 7 . 4 ) 

where C is a physical constant and the form of the notch is deter¬ 
mined by y = / (f), t ^ O.t 

T 



If we replace Q/C by g(h) it is clear that we can write (7.4) 
in the form. 


gW=r{Z/2)JDfr^-f{h) , 
from which tve obtain by inversion, 

/(/i) =oT>;/'-P(/i)/T(3/2) , 

= (2/jx) [ — l/o S (0) -f y'(0) /r- = 


r 


(h — t)-^ g'^{t)dt'} 


As a special application we consider the case where gih) = 
kh/^. We then obtain, 


*Aii Application of AbePs Integral Equation. Americaii Math. Monthli/, vol. 
29 (1922), pp. 58-60. 

fFor the dynamical considerations involved here the reader is referred to 
any standard work on hydraulics. 
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fW 


2k r(m+l) 
\/ 7 ir(,m — 1 / 2 ) 




m > 1/2 


If we set m = n, where n is an integer, this formula reduces to 
f(h) = (k/n) [2” «. !/l • 3 • 5 • • • (2r— 3) ]and when m — n-\- 1 / 2 , 
it becomes f(h) = /i-[l • 3 • 5 ••• {2n-\-l)/2'‘ (n —1) From these 

results we have the interesting specializations that when the flow is 
directly proportional to the depth of the stream the form of the 
notch is y — t-^, when m = 3/2 the notch is rectangular, y — con¬ 
stant, and when m = 5/2 the notch is a parabola. 

Example S. The following problem, taken from J. Liouville,* is 
introduced as an example of the use of series in attaining the solu¬ 
tion of a fractional equation. The problem does not strictly belong in 
this place since the coefficients are not constants, but the method of 
inversion employed is instructive. 

Let AB and CD be two straight lines perpendicular to one an¬ 
other, the first terminating at the point A and extending to infinity 
on the side of B, the second infinite in both directions. We extend 
the line AB to the point P, where it cuts the other straight line. Mid¬ 
way between A and P a small mass M is placed which is attracted 
by the elements of AB and CD by a force represented by a function 
v,{r) of the distance. We then seek to find the function u{r) such 
that the attraction of CD shall be tvAce the attraction of AB, what¬ 
ever the distance PA = 2y. 



It is at once clear that the force Fi exerted by the line AB on M 
may be written, 


roo 

Pi— I tt{y-\-s)ds^ u{s)ds . 

<t/ 0 Jy 


*Memoire sur quelques Questions de Geometrie et de Mecanique, et snr un 
nouveau genre de Calcul pour resoudre ces Questions. Journal de VEcole Poly- 
technique, cahier 21 (1832), pp. 1-69. 
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Making the transfonnation: S" = t, y- = z, we may write 

lu(P)/2P}dt = —y2^Prv(z) , 

where we employ the abbreviation, v(z) =niz^)/z'- . 

Similarly the force exerted by the line CD may be written, 


i = 2y f [u(r)/r]ds , 

•-'o 

where we abbreviate, = s^ y- . 

Making the transformation: s- y- — t, y- = 


F, = 2Z’- 



dt 


this becomes 


= — in^^Df^viz)) • 

Now introducing the condition of the problem, namely that 
Fa = 2Fi we reach the equation, 

(z) — i (nz)*^ Dfh- (z). (7.5) 

From physical consideration we see that r(z} approaches zero 
as z indefinitely increases. Hence it is not unreasonable to assume 
an expansion for v(z) of the form. 


V (z) — Z A,,/z 


When this series is substituted in (7.5) and the coefficients of 
corresponding terms equated, we obtain the following equation for 
the determination of n-\- v: 


l/in+v — l) ^71 r(n 4- >■ — 1 - 2 ).T (n 4- >•) . 

This equation has the single solution n 4- r = 3/2, from which 
we immediately obtain v(z) = A/z^''- and hence the desired law of 
force, 

u(y) =A/y- . 

Example 4. The following example, taken from the field of bi¬ 
ology, has been furnished the author by Dr. Kenneth S. Cole.* 

A living nerve can be stimulated by passing a direct current 
through a short portion of it between two electrodes, provided the 
potential difference exceeds a certain critical value known as the 
rheobase. As the duration of the potential applied across the elec- 


*For a more extensive description of the background of this problem the 
reader is referred to the following papers by Dr. Cole: Electric Conductance of 
BMogical Systems, and Electric Excitation in Nerves, Cold Spring Hhrbor Sym¬ 
posia on Quantitative Biology, vol. 1 (1933). 
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trodes decreases, it is found that the intensity necessary for stimu¬ 
lation increases rapidly in a hyperbolic manner. The following analy¬ 
sis is designed to explain this phenomenon. 

An idealized nerve fiber consists of a cylindrical core of electro¬ 
lyte covered with a thin sheath or membrane. It is assumed that a 
local threshold change of the normal potential difference across the 
membrane will stimulate the fiber and cause an impulse to be pro¬ 
pagated. The problem is then to express analytically the strength of 
stimulus which, when applied to the nerve bundle as a whole, will 
change the potential difference across the membrane of an individual 
fiber by a threshold amount in a given time. 



To begin with, experimental evidence points to the conclusion 
that the electrical behaviour of the nerve fiber may be simulated by 
the type of circuit illustrated in the figure, where r and R are con¬ 
stant resistances and the element P, called the polarization element, 
has an impedance* defined by the following equation: 

Kp-^ ^ I,(t) = eAt) , 0<a<l (7.6) 

The function Ip{t) is the current in the element P, ep(f) the po¬ 
tential across it and p the operator d/dt. The positive constant K is 
determined experimentally. No combination of electrical circuits with 
ordinary resistances and capacities is known to lead to an impedance 
of the form postulated, but experimental evidence appears to indi¬ 
cate that such an impedance is essential to the description of the 
curious electrical behavor of biological materials in general and of 
nerve fibers in particular. 


*For a definition of impedance see section 2, chapter 7. 
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Referring now to the figure, we compute the relationship be¬ 
tween Ip{t) and ep(t), when a constant e. m. f., E, is applied across 
the electrodes. This is easily found to be 


eAt)=E — RlIrit) -rhitn , 


= E — R 


ep{t) 


I At) 


where hit) and Ip{t} are the instantaneous currents in r and P. 
Hence we get, 


I At) 


— 

'r 


K-l-r 

Rr 


ep{t) . 


(7.7) 


Marking use of (7.6) to eliminate Ip{t), we obtain 



Cp(#) =E R , 


or 

72 -4- r 

(1+ ^ep{t) =Kp-^(E:R) =KEt^, [i?r(l-a)] . 


This equation may be more simply written 
(1 -j- Ap~°) 6p{t) — g (r) , 

where We abbreviate, 

X = K{R-Ar)/Rr , g{t) == KE fV[i2 r(l 4-«)] . 

This equation has already been inverted in example 3, section 6 
and the solution found to be 


ep{t) 


KE 


R 




/.P 


r(l-i-a) r(l-r2a) 


Er 

72 -|- r 

ER 
72 -j-r 


Er 

72 —r 

ER 
72-fr 


1 


r(i4-«) 


Eai—m > 


ppa 

T(T- 2a) 


where Eaix) is the Mittag-Leffler function discussed in the example 
referred to above. 

From the asymptotic representation of Eaix) over the negative 
axis of reals and from iiie fact that 7, is a positive constant, we know 
that 

lim ep(t) = Er/ (72 -f- r) • 
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Moreover, since Ea{ — x) equals unity for x = 0 and decreases 
uniformly to zero as x increases, it is clear that builds up uni¬ 

formly from 0 to its limiting value ErJ {R + r) . 

Now let Eq equal the rheobase, that is to say, the critical poten¬ 
tial across the electrodes for which stimulation of the nerve will just 
take place. In terms of this potential, the maximum value of ep{t) is 
clearly Cp (oo) = EoT/ {R -|- r). 

But if a higher potential, E > Eo, is put across the electrodes, 
then the critical value of ep(t) necessary to stimulate the nerve will 
be attained in a finite time determined from the equation. 


Eor _ Er 

R-\-r R-j-r 


Er 

R^r 


Eai—Xf^) 


that is to say, 

E.^E — ERai—Af^) (7.8) 

In the study of the electrical stimulation of nerves a characteris¬ 
tic time, called the chronaxie, has been widely used. By the chron- 
axie is meant the duration of time, t = •/, which is necessary to build 

Y 



Figure 5 


ep(t) up to stimulus strength, when the initial potential, E, is just 
twice the rheobase, E = 2Eo. From (7.8) we then obtain, 

Eo = 2Eo — 2EoEa{ — Xy°) , 
or 

1/2 = £ i—D^^x’^/m + na) . (7.9) 

where we abbreviate, x = jly®. 

The inversion of this series is now assumed and since a; is a func¬ 
tion of a, X = x{a) , we may write , 

Xy'‘ = x{a) , log != [log x (a)—log.;i]/a . 
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PROBLEMS 

Problem 1, (Liouville). We require the equation, y = of a cur\'e 

AMB which has the following property: Let us select any ordinate jIP ci the 
curve and. with P as a vertex draw a parabola PQR with its axis along OX and 
its directrix midway between P and the origin 0. We then construct a third 
curve PNV the ordinates of which are the product of the corresponding ordinates 
of the first two, that is, NS = BS X QS. This proposed, we finally require that 
the area XPNV under the new curve shall be a given function /(.;) of the ab¬ 
scissa of the point P. (See Figure 5). 


Show that the function u (x) is given by 


u(x) := (A/2/‘7r) 



d- lf(x+t) -j di 
dx^- 1 ( 0 ^ 


For the case fix) = at, this yields the solution ?/(r) = (t 2 'r) 

Problem 2, (Liouviile). Suppose that a uniform distribution of masses sym¬ 
metric with respect to the x axis is taken along a straight line y of infinite 
extent, and suppose that these masses exert an attraction upon a mass 31 situated 
on the X axis at a distance x from the line y. The total attraction fix) in the 
direction of x is Imown, but the law of attraction is unknovrn except that it de¬ 
pends upon the distance r of M from the given masses. The problem is to find 
this law of attraction, 2 ((r). (See Figure 6). 


Y 



Show that w(r) is determined from the equation, 

Uizi) _1 d f “ /(**) 


For the case f(x) = — li/x, this leads to . 


8. Equations Involving the Logarithmic Operator. Similar in 
kind although not so extensively found in applied problems as are 
equations involving fractional operators, equations in which the oper¬ 
ator log z appeal^ have attracted some attention. Their introduction 
and the theory of their inverse are due to V. Volterra who employed 
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them in his calculus of functions of composition which we have in¬ 
troduced in chapter 4. 

We shall give a brief account of the application of the logarith¬ 
mic operator by first considering the integral equation, 

fix)= r [log{x—t) ^ A'] uit)dt , /(0)=0 , (8.1) 

which Volterra first discussed by other means. 

Referring to the definitions of section 11, chapter 2, we see that 
we can write (8.1) symbolically in the form, 

f(x) — i — z-Hogz-{-az-'^) , (8.2) 

where we abbreviate o. = A — C (Euler’s constant). 

In order to attain the inversion we first note from the corollary 
of section 3, chapter 4, that the operator (—log z -|- az-^) may be 
inverted by means of the Bourlet operational product. Hence, since 
X does not explicitly appear, we have the formal solution of (8.2) in 
the form, 

uix) = [z/ia — logz)] -^fix) . 

In order to interpret this symbol we now appeal to the theory 
developed in section 11, chapter 2, in particular formula (11.14), 
where we find 

P 00 poo 

gv +1 z-i^-'^ ifi) dfi = z^ I e<®-'°=*>f'd« = 2V(® — logz) 

J 0 ^0 

r I {x—t)dt , (8.3) 

J 0 

in which we write ■5(;u) = 6“^* and 

P 00 

/ (s) = {e““sf‘/r (,« + 1) ]dn . 

Since we have 

fix) ~ f(t) , 

we immediately obtain the inversion of (8.2) out of (8.3) by setting 
V = 1, that is, 

ziix) =z- r fit)!ix — t)dt . 

It is of some interest in connection with this solution to note 
that the function I(s) is asymptotic to in the infinite interval, 
where we use the abbreviation F = e“. To see this we apply the 
Maclaurin integral test* for convergence to the series e®* i= 1 -f- Es 
-{- (jE's)V2! -j-iEs)^/S!~{- ■■■ , and thus obtain the inequality 


*T. J. Bromwich: InfiniU Series, 2nd ed. (1926), p. S3. 
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e®* — Is/ (s) s . 

Dividing by we have 


1 — s 6'^® I(s) s 1 , 

which, for large positive values of s, establishes the desired property. 

It should be pointed out further that the function I (s) is also 
intimately related to the Mittag-Leffler function, Ea{x) derived in 
the solution of problem 3, section 6. If we make the transformation, 
fi = at, x = e“®s“, then 


I /<x — 



r(l^at) 


■dt 


is seen to be the continuous counterpart of Eaix), in which the sign 
of integration replaces the sign of summation. 

We shall next consider the integi-al equation, 


f{x)= r [logMa;—t)-|-Alog(r— t)^B]uif)dt , (8.4) 

an equation also due to Volterra. 

This equation can be written symbolically in the form 
f(x) 3= ,■ 2-1 (log2 2 4- «log .2 + ;S) u (.r) , 
where we abbreviate. 


a = — A—2wil) , ^ = S + -}-V=(l)-f v"(l) • 

The function yix) is the psi function, which, together with its first 
four derivatives, has been extensively tabulated.* Numerically we 
have = — C (Euler’s constant) = — ..5772157, t/.!'(1) = 1 + 
1/2^ + 1/3^ 4-= 1.6449341. 

The solution then appears in the form 

u(x) = 2/(log-2 4 -a log 2 4 " i®) -»/(^’) 

= 2[^i/(l0g2-/i) 4-<p2/(log2- a.)] , 

where qii = — ^2 = 1/ (Ai — I 2 ), and where and are roots of 
the equation aX-\- p = 0. The solution, when Ai and /.a are dis¬ 
tinct, is thus seen to be attainable by means of the operator (8.3). 
When Ai = A 2 «= A, the preceding solution is replaced by 

M(a;) = [ 2 /(log 2 — A)-]-^/(x) , 


where we abbreviate 


= 2 =-^ rR(x—t)nt)dt , 

Jo 

roD 

B(s) = i/ji-{-l)}d/i . 

Jo 


*See H. T. Davis: Tables of the Higher Mathematical Funciiom, voL 1 
(1983); voL 2 (1935). 
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PROBLEMS 

1. Show that the operator inverse toX(^) = 1 — 9, e = xz, is the fol¬ 
lowing : 

r(@) “ 1 — 6 e-® li{e^) 

— -f ^V(2-2!) -f ^3/(3.31) + ...) , 

where we abbreviate 

li{eo) = I (e-t/t)dt , 

J -e 

and C is Euler’s constant. 

2, Obtain the solution of the equation 

(1 — e) ti(x) — fix) 

in the form 

u{x) =zY(d) ->/(ir) =Ax + 1 —a;log.« —1) • (n—1) !] . 

9, Convergent mid Asymptotic Series. In the preceding sections 
we have set up the formal machinery for the solution of differential 
equations of infinite order with constant coefficients. We shall now 
consider the nature of the convergence of the formal inverses that 
have been obtained. Leaving to section 10 the problem of the homo¬ 
geneous equation, we shall consider the convergence of the formal 
operator 


The following theorem is pertinent: 

Theorem 6. If the operator 1/F(z) has the expansion 


1 

F(z) 


— 2 h,„ 2“ 


which is convergent in the anmdus R' < | 2 ] < R, and if f{x) is a 
function of finite grade q such that R' ^ q < R, then 


u{x) .^^-^f{x) (9.1) 

is a function of finite grade at most equal to q. If, moreover, F ( 2 ) is 
expansible as a power series within the circle \ z\ < R, then u(x) 
is a solution of the equation 


F (z)uix) = f {x) . 


( 9 . 2 ) 
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Proof: Since the conditions of theorem 6, chapter 5 are fulfilled, 
it follows that [1/T(z)] -» /(.?) exists and defines a function of 
grade at most equal to q. Since u{:c) as given by (9.1) is thus a func¬ 
tion of grade at most equal to q, it follows by the theorem just cited 
and the conditions of the theorem that F(.t) I'Cr) exists. 

Hence, since 


TU) «»■) !=«»■) . 

from the properties of the operator, it follows tiiat (9.1) is a solution 
of (9.2). 

In order to establish the uniformitj' of the convergence of the 
function F (z) tt(.r) to f{x) , we write 

FCz) =2 f(„, . (9.3) 

Representing the first ?! terms of this series by F,. (z) and noting 
theorem 5, chapter 5, we obtain 

fix) — Fniz) uix) 1 ^ M 2 ; : iQ-re)'\ 2 (Qs)'' 

m-n-i 

^ MM' 2 (O 'i?)",2 hi Q- 

= MM'iQ/R)'-^ 2 h: 

1-Q h 

where M and M' are properly chosen constants independent of n and 
k and Q is subject to the inequality E' < q < Q < R. 

Hence, since Q < R, and the series in the right hand member 
converges, it follows that [/(.r) — F^iz)-^ ii {x) converges uni¬ 
formly to zero as ?! -» 00 . 

The theorem which we have just established is not broad enough 
to include many important applications, as, for example, the inver¬ 
sion of the equation 


uix-\-l) — uix) =l/x , 

where the right-hand member is a function of infinite grade. By ex¬ 
tending the domain of solutions to include divergent series which are 
summable by the method of Borel, it is possible to enlarge the field 
of application of operators. 

The following theory indicates the nature of this extension: 
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Theorem 7. If in equation (9.2) the function fix) has the ex¬ 
pansion 

f (x) h^/X —|- h2/x^ —j- h^/x^ hn/x’' -|- * • • , <[ 1| , 

then a solution of (9.2) exists of the form 

Q(t) 

uix) = J e- ' 

where we write 

Q(i) = fc, + /j., i4- ^3 P/2 \4 /i, i3/3 1 4... ^ 

provided positive values of k, A, and m exist* such that 

(a) I Qit)/Fi — t) I and | F(— t) | < A e“* for 0 < k:^t-^ oo , 

(b) \Qit)/Fi —0| is of limited variation in the interval 0 ^ 
t^k. 

The function uix), in general, represents a solution of (9.2) 
asymptotically in the sense of Poincare isee section 4, chapter 5). 

Proof: The conditions imposed by the theorem are those of the¬ 
orem 8, chapter 5, and hence uix) determined formally is summable 
by the method of Borel. It is thus represented by the integral (9.4). 
In general uix) is a function of infinite grade, since we have 

«<")(a;)= r'e-^‘t”[Q(t)/F(—it)] dt 

t /0 

and hence 

M'”' (a;) I ^ j V** t” A dt 

= An\/\x —m , Fix) >m . 

In order to establish the asymptotic character of the solution we 
assume Fiz) expansible in the series (9.3). Representing the first n 
terms by F„ iz), we find 

fix)—F„iz)^uix) r 2 

^ I e-^* A^ dt 

•^0 

= A 3 (? 241 ) !/| X —2m , Fix) > 2m . 

From this inequality we see that for a fixed n, we have 

lim !/(«) — Fniz) ->w(a:)l=0 

®=00 

which establishes the desired asymptotic convergence. 


We should note that both fc and m may assume the value 0. 
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10. The Homogeneoiis Case. In the foregoing theory we have 
touched rather lightly the problem of the homogeneous equation, 
namely, the problem of solving the equation 


F(z)—0 . (10.1) 


If In is a zero of F (z) of multiplicity nir., then it is clear that the 
function 

Unix) Pn{x) , 

where we write 


Pnix) + - p„,^. X" 

( 10 . 2 ) 


will be a particular solution of (10.1) 

Two questions of interest present themselves; First, under what 
conditions will the sum 


M(r) = £ w„(.r) (10.3) 

converge? second, under what conditions will ziix) furnish a solu¬ 
tion of the equation (10.1) ? 

In order to answer the first of these questions we first find a 
majorant for the polynomial (10.2). If represents the absolute 
value of the greatest of the coefficients and if the values of x lie with¬ 
in a circle of radius ^ > 1, then we shall have 

\Pnix) i < m„ . (10.4) 

In order to obtain a lower bound for |P„ (.r) | we note the follow¬ 
ing theorem due to H. Cartan: 

Let Pi, P 2 , , Pn 66 any set of n distinct points in the plane and 

let H be an arbitrary positive number. Then the points X of the 
plane for which one has the inequality 

xp, XXp^X^PbX-'X ^Pn ^ H” 

can be enclosed within the inferior of circumferences in number at 
most equal to n, the sum of whose radii is equal to 2eH, where e is 
the Naperian base.* 

Now let J? be a number such that all the zeros, Xi, ■■■ , Xp, 
p\=imn — 1, of P„ix) lie within the circle x = 2R, and let x' be some 


*Sur les systemes de fonctions holomorphes. Annales de I'Ecole Nortnale 
Superieure, vol. 45 (3rd ser.) (1928), pp. 255-346; in particular pp. 272 et s^. 
This theorem is a generalization of one originally given by A. Bloch: Annales 
de I’Ecole Normnle Superieure, vol. 43 (3rd ser.) 1926), pp. 309-362; in particu¬ 
lar, p. 321. 



298 


THE THEORY OP LINEAR OPERATORS 


point on the circumference of the circle of radius R. The point x' may 
obviously be chosen so that | Pn(x') | is at least as great as Cn. We 
shall then have 

P„ (rc)! > C„ fl ~ 2 >Cni2R)-^n\x~ Xi 

But by Cartan’s theorem the last product is greater than 
(EJ2e) f, when x is exterior to a set of p circles the sum of whose 
radii is at most equal to P„. Hence we get the inequality 

P,,(x) \ > C„(i2./4eP. (10.5) 

If we now assume that 

lim(m,j/a„) = 0 , (10.6) 

then it is clear that inequalities (10.4) and (10.5) limit the study of 
the convergence of (10.8) to that of the series 

U{x) =1 C,. . * 

The problem of the convergence of (10.3) has thus been reduced 
to that of a Dirichlet series and we shall postpone fiu'ther discussion 
of this question to the next section. 

We turn next to a consideration of the second question proposed 
above, namely, the validity of the solution. In this connection we 
shall prove the following theorem due to J. F. Ritt (see Bibliog¬ 
raphy) : 

Theorem 8. If F(z) is an entire function of genus zero and if 
'^1 (^) > 'ih i^) - are particular solutions of 

F{z) -^uix) ^0 , (10.7) 

then the function 

u(x) =2 Unix) (10.8) 

is a solution of (10.7) in any region within which the right-hand mem¬ 
ber converges. 

Proof: Let us consider the difference 


oo 

\Fiz) -^uix)—F{z)-^U„,{s:)\=\Fiz) >2 ««(«)! , 

«=:»l+l 

(10.9) 

where Vm{x) is the sum of the first m terms of (10.8). 


*This conclusion and the foregoing analysis is due to G. Valiron (see 

Bibliography), 
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But by Cauchy’s inequality [see (2.1), chapter 5], we have for 
every function €p{x) which is analytic within a circle about a: = a. of 
radius r, the following inequality 

I 2 '’ (x) I < p! M/V" , I a I < 1 X j < I a I -|- r , 

where M is the maximum value of f!(x) on the circumference of the 
circle. 

Hence we shall have 


F( 2 ) -^<p{x) \ <m| = , 

p=o r" 

provided the sum in the right-hand member converges to the value K. 

But this implies (see section 2, chapter 5) that (p!l 
and hence that F (z) is an entire function of genus zero. 

Returning now to (10.9) we have from the uniforai convergence 
of the series and from (10.10) the equivalence 

CO 

F{z) 2 «,.(*)- 2 {F{z) ^«„(.r)] . 

Since XJm{x) and all the Un{x) are solutions of (10.7), it follows 
that jP(s) ^ u{x) converges uniformly to zero, which establishes the 
theorem. 


PROBLEMS 

1. Solve the equation 

(1 + zV2! -f zV4! i<(^) =0 . 

2. Since the function 


4 cos(2ii— l)V 2 '^x 

( 2 .- 1 ). 

is a solution of the equation of problem 1, explain why 


Itm Ujyj^(x) — — V 2 '^x , 0 < X < 2 , 

«l=QO 


is not a solution. 

3. Show that 


f(x)'=zy2 r —/(^— t)"] dt 

0 

reduces to the linear differential equation 

(2:V3 + + • • • ) /(tr) = 0 . 

Hence solve the equation. 

4. Solve the equation 

u'(x) =au(x) -i-h sinz-^ u{x) . 
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5. Prove the following theorem: (Polya) 

Given two series of numbers and {b^} such that sup lim = a 

(finite) and lim = 0, construct the new set of numbers 

0 .n = {^^0 + n^i K-l + 71^2 ^2 + ' * * + ^tn ^o) » 

where is the rth binomial coefficient. If not all the values of the set {b^} 
are zero, we shall have 


sup lim . 

6. Employing the definitions of problem 5, discuss the function 

g(x) — -) -^/(a;) , 

where f(x) has one singular point, x zzz a, on its circle of convergence and has the 
followfing development about cc oo : 

f{x) zzza^^/x + a^/x^ + Ug/ips -. 

Prove, in particular, that g{x) has r ^ a as a singular point. (Polya). 

7. M. Kalecki [E conometrica, vol. 3 (1935), pp. 327-344] has reduced his 
macrodynamic theory of business cycles to the solution of the following mixed 
difference and differential equation 

u'(t) =au(t) — hu{t — 9) 


where ^ is a constant. 

Discuss the solution of this equation in general. Using Kalecki’s values 
a = .158, 6 = .i279, 0 = 0.6 discuss the solution of the equation. 

This problem under the stimulus of Kalecki’s application has been examined 
by R. Frisch and H. Holme [Econometrica, vol. 8 (1935, pp. 225-239]. Prior to 
this the equation in more general form was studied in a series of papers by F. 
Schiirer {^ee Bihliogrwphy). 

11. Dirichlefs Series. We have seen from the preceding section 
that the existence of solutions of (10.1) are fundamentally associated 
with the convergence properties of the DirichleUs series 

uu 

=11 ( 11 . 1 ) 

where {A„} and {e„} are sets of complex numbers. We may in par¬ 
ticular assume that these numbers are real and that the set {An} is 
monotonically increasing with «. as its limiting value. For this case 
the converpnce of the series (11.1) is a half plane bounded on the 
left by^ a line of converengce. The point (cr) where this line crosses 
the axis of reals is called the abscissa of conveTgence and it is de¬ 
fined analytically by the following limits: ' 
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(T* c= lim sup log ! f . 

n=«i 

The first limit, a, is to be used when the abscissa of convergence 
is positive and the second limit, a*, w'hen the abscissa of convergence 
is negative. 

The first of these limits is generally attributed to E. Cahen: Sur la fonc- 
tion J(s) de Riemann et sur des fonctions analogues, Annales de V^cole Normale 
Superieure, vol, 11 (series 3) ( 1894), pp. 75-164. The second was given by S. 
Pincherle: Alcune spigolature nel campo delle funzioni determinanti, Atti del 
IV CongQ''esso dei Matematici, vol. 2 (1908), pp. 44-48 and W. Schnee: tiber die 
Koefiizientendarstellungs-formel in der Theorie der Dirichletschen Reihen. Got- 
tinger Nachrichten (1910), pp. 1-42. Formulas which yield the abscissa of con¬ 
vergence for either sign have been designed by K. Knopp: tiber die Abszisse der 
Grenzgeraden einer Dirichletschen Reihe, Sitzungsberichte der Berlmer Math. 
Gesellschaft, Jahrg. 10 (1910), pp. 1-7 and T. Kojima: On the Convergence- 
Abscissa of General Dirichlet Series, Tohoku Math. Journal, vol. 6 (1914), pp. 
184-139. 

An excellent summary of the theory of Dirichlet series will be found in a 
monograph by G. H. Hardy and M. Riesz: The General Theory of Diriehlefs 
Series, Cambridge (1915), 78 p. For recent developments the reader is referred 
to E. Hille: Note on DirichlePs Series with Complex Exponents, Annals of Mathe¬ 
matics, vol. 25 (2nd series) (1928-24), pp. 261-278, G. Polya (see Bibliography) 
and G. Valiron (see Bibliography). 

The half plane within which the series (11.1) is absolutely con¬ 
vergent is similarly defined by the abscissa of convergence computed 
from the following formulas: 


m=l 

n=m 

where as before the first limit is to be used when the abscissa is posi¬ 
tive and the second when the abscissa is negative. 

If we now remove the restriction that the values of the set form 
a monotonically increasing series of positive numbers with oo as a 
limit and assume that they may be any set of complex numbers, we 
no longer find the region of convergence to be in general a half¬ 
plane. For convenience it will be assumed that series (11.1) con- 

00 

verges at the origin, that is to say, the series 21 Cn converges.* 

nrO 

It will first be shown that R, the region of absolute convergence 
of (11.1), is convex, that is to say, if the series converges for two 
'points and Xi in R, then it converges for all values on the linear 
segment connecting Xi and x^. 


*This discussion is taken mainly from Hille: loe. cit. 
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To prove this, suppose that the series is absolutely convergent 
for the two points Xt and .ra. Then any point on the linear segment 
can be represented by 

x = txt-\-{l — t)x 2 , Ogtsl . 

We then have 



where we use the abbreviations 

But the series 

CXi 

y r A ^ E 
»=0 

converges since (1) AJ g tAn + (1—(2) 
2|c„lA„ and 2\Cn\Bn are convergent by hypothesis. 

For complex Diriehlet’s series Hille defines a maximal region of 
convergence as follows: 

Let us write 

L„ = logical 

and let {L} be the set of the limit points of L„. Now take any point 
Lo 0 of the set {L} and join it to the origin by a straight line seg¬ 
ment. Through Lo draw a line perpendicular to (LoO), thus divid¬ 
ing the plane into two parts. Denote that half plane in which 

R (x/Lo) s 1 , 

where R denotes “the real part of”, by .-do- When this construction has 
been repeated for all the limit points, a region will be defined common 
to all the half planes, Jo, Ji, ••• J,n and this may be denoted by J. 
If any of the limit points is zero then the construction fails, but the 
division of the plane may be accomplished usually by a limiting pro¬ 
cess. Thus a set of half planes is constructed for some set having the 
limit point zero and the limit of this set of half planes is adjoined to 
the set Ax'. 

It is not difficult to show that any point exterior to the region 
A is a point of divergence for series (11.1). 

It may also be proved that if 

lim U„i/logfti= 00 , 

then the Dirichlefs series is absolutely convergent in the region A', 
where A' denotes the open region A minus its boundary set 
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Hille also defines a minimal region of convergence, assuming 
only that the origin is a point of absolute convergence for the series 
(11.1). This definition furnishes sufficient conditions, independent of 
the magnitude of the set {!„}, for the absolute convergence of (11.1). 
Under the condition that the series converges, it is clear 

that 


00 

•m-n 

converges to zero. 

Now consider the sets of points {P/J, where we define 

Pn iOg Rfi/• 

This set has a set of limit points which we may designate by {Pn}- 
Employing this set of limit points exactly as we did the limit points 
{L,J above, we can construct a ne^v set of half planes, Do, D^, ••• , 
Dfc, similar to the set of half planes Jo, Ji, ••• , J^, except we now 
assume that 

KUv/Pn) < 1 . 

The region D, common to the set {Dn), is inchided in the region 
A and series (11.1) converges absohitely within it. 

It has long been known that the convergence of a Dirichlet’s 
series also implies the convergence of factorial and generalized bi¬ 
nomial (Newton) series. In order to establish this connection con¬ 
sider the following series: 


.(X) (x + a,) i. (.r-f a„) 


wix)'='^ (—l)’'c„(a;—0.1) (r—Oo) ■■■(x — a„) /(ajO^ ■ ■ ■ an) , 

71=1 

(11.3) 

Let us now employ the following abbreviations: 

" n 

Iw '— 2 j 1/^»* f (^) 9 Hn(.a) 77 (1 X/am) . 

tii-i in=i 

Using these abbrewations we can now write (11.1), (11.2) and 
(11.3) as follows: 


u(x) =J^En{x) , 

n=i 


v(x) 



»=1 


1 

Hn{—X) 


En (Xl/) 
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00 


We now invoke Abel’s lemma for complex series which states 
that if the series is convergent, and if the series A (B,. —-S^i) 
is absolutely convergent, then the series 2:A,Mn is convergent. 

It will xi-ow be shown that if 

00 

«i=l 

converges, then the convergence of IE.nix) implies the convergence 
of (jc) and w(a;). 

In order to prove this, consider the difference 


mn (X) - ffn.i (X) 1 = ! (1—X/aJ |1 — (1—x/«.„n) 

‘ »l=:l 

= l H„(x)lK„lxiVI<^n.il^ , 

where K„ is uniformly bounded in every finite region of the ^-plane. 
Moreover Hn(x) is also similarly bounded and hence, since -l/la„l‘ 
converges by hypothesis, the series 

g [E„(x) —H M4-1 (x)} 


with Ahei. lemhta we see that the co^ver^hce 
of uix) implies the convergence of ?.y(x). A similar conclusion may 
be drawn without essential change in the argument for the convei- 
gence of v (x) .f 


♦See I. BromwicR: The Theory of Infinite Series. (2nd edition), London 
(1926), pp. 242-243. ^ , , 

tThe argument here follows that given by Hille whose proof is based upon 
that Wen bf3- Pincherle for «■(») and v{x): Sulle sene di /enf aliz- 

2 ate. Rendiconti del Circolo Matematico d% Palenme, val. 37 (1914), pp. o/y 
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LINBAjR SYSTEMS OF DIFFERENTIAL EQUATIONS OF INFINITE ORDER 

WITH CONSTANT COEFFICIENTS — THE HEAVISIDE CALCULUS. 

1. Some General Dynamical Considerations. In the preceding 
chapter we have discussed a number of methods for the solution of a 
differential equation of infinite order with constant coefficients. These 
methods have a general validity beyond the applications which were 
made there and need only slight modification in order to be applied 
to systems of linear differential equations with constant coefficients. 
As is doubtless well known to the reader such systems are fundamen¬ 
tal in many problems in dynamics. It is obviously beyond the scope 
of this work to enter fully into these dynamical considerations except 
through some special application. For this application we shall choose 
the theory of electrical conduction because it involves most of the ele¬ 
ments to be found in dynamical problems of the closed cycle type and 
thus may serve as a prototype of oscillatorj'- phenomena in general. 

It would seem to be useful to set forth a few elementaiy con¬ 
cepts. Let us assume that y is the displacement of some dynamic var¬ 
iable from a position of equilibrium and that this displacement is a 
function of time, 

y = yit) . 

Examples of such displacements are very numerous. Perhaps the 
simplest is the displacement of the bob of a pendulum from its posi¬ 
tion of equilibrium. Also y might represent the displacement of a 
bead on an elastic wire fastened at each end to rigid supports; it 
might represent the moving charge in a portion of an electric circuit 
or the displacement of a price index from its line of trend. 

It y{t) represents a simple harmonic motion, we can then write 
it in the form, 

y{t) ■=A cos(2at/r) -|- B sm{2nt/T) 

= (-f ^ sin {2nt/T -fa), 

where a arc tan A/B. In this representation T is called the period, 
(A^ 4-52)4 the amplitude and a the phase angle. The reciprocal of T 
is called the frequency of the harmonic motion. 

More generally a motion may be expressed as the sum of several 
simple harmonic terms 

a/(t)i=Ao4lj A„ cos (2:it/r„) 42 j B„&hii2nt/Tn) • (lA) 

n=l «=i 

If T„ = l/n and the summation extends to infinity, we have the case 
of a Fourier series. 
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It should be noted that the total energy (E) of such a system is 
given by, 

^ ^ [Co J^-o" -j- 2j Cn — j- ] , 

71=1 

where the C„ are the weighting factors determined from the physical 
conditions of the problem. 

All dynamical systems, when not sustained by impressed forces, 
tend toward positions of equilibrium. Free energy is dissipated and 
disappears into the lowest energy frequencies of the system, that is 
to say, into molecular frequencies. Under these circumstances we say 
that a damping factor has been present. In many dynamical systems 
this damping factor is accurately represented by the exponential 
function, e"''*, where r is positive and depends upon the physical 
properties of the system. It is obviously possible, therefore, to im¬ 
prove the description of the actual motion of a dynamical system by 
means of the damped harmonic series, 

N 

y{t)=Ao-{- ]^e-^<'*[A„cos{27it/T„) -\-BnSm {2nt/Tn)] . 


2. five Problem of Electrical Networks. In the problem of the 
flow of current in an electrical network we are concerned with cer¬ 
tain physical quantities called resistance, inducta'nce and capcbcity 
v,rhich are represented customarily by the letters R, L and C. Resis¬ 
tance plays a role similar to that of friction, inductance to inertia, 
and capacity to the spring potential of ordinary material systems. In 
addition to these quantities, the description of an electrical system 
includes impressed forces designated as e. m. f. s. (electromotive 
forces). 

The laws which govern the flow of electricity in a network may 
be stated as follows: 

(a) The algebraic sum of the currents entering a branch point 
of the network is always zero. 

(b) The total impressed force around any complete circuit in 
the network is equal to the potential drop due to resistance, inductive 
reaction and capacity reactance in the circuit. 

(c) The potential drop in a given branch with resistance R, in¬ 
ductance L and capacity C is equal to L d^Q/dP -j- R dQ/dt-\- Q/C , 
where Q is the moving charge. The current is computed from the 
equation I — dQ/dt . 
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These laws may be illustrated by means of the following two 
typical circuits. Let us designate by Z, (p) the operator L, -f 72, p 
+ l/Ci , where p = <i/dt . From (a) we have, 

dQi/dt = dQo/dt -f dQs/dt , (2.1) 

where the subscripts refer to the three branches of the circuit in fig¬ 
ure 1. 

By means of laws (b) and (c) we arrive at the equations 
^lip) QiZsip) Q3'= El , 

Qi — -2^3(p) -^Qz^Ei . 

Eliminating Qs by means of (2.1) we obtain 
iZi{p) ^Z,{p)^-^Qi — Z^{v) -^Q^ = Ei , 



Figure i 


These equations may be written more specifically, 

[ (Li -f- X/slp^ (i?i -|- Ri)p -t" (1/ Cl -j- l/t/s) ] — > Qi 

— (LaP^ + EaP 4- 1/C,) Q,c= El , 

— (Ls R, p -|- I/C3) Qi -[- [ {L, -j- Ez)P^ 

+ {R, + R,)p + (I/C2 + I/C3) . 

In the second circuit diagramed in figure 2 we designate the mu¬ 
tual inductance by M. The equations of the two branches are written 
down by inspection as follows: 

Ziip) ^Qi-\-Mp'^-^Qz = Ei , 

M p^ Qi-{- Ziip) Qi — E, . 
or more specifically, 

(Li p^ Ri p -{- 1/Ci) —^Qi-\-Mp~—^Qz = El , 

Mp^ Qt-\- {L 2 p^RzP 1/Cs) Q 2 = £?2 • 
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Other more complicated circuits are similarly reduced to opera¬ 
tors. 

In terms of the simple circuit, 

Zif) = -^Q{t) ^E{t) , 

the function, 

z(p) = Z{p)/p — Lp -\-R -\-l/ {Cp) , 

is referred to as the impedance function. 

When an alternating e.m.f. is imposed upon the circuit, then the 
function, 

z(a)i) =R-\- [L <0 —1/(Cct>)] i , 

is called the impedance of the alternating current and the real and 
imaginary parts are called the resistance and reactance respectively. 



Figure 2. 


The solution of the equation when unit e.m.f. has been impressed 
on the circuit at t = 0, namely, 

zip) =1 ,• f > 0 , 

is defined to be the indicial admittance. This solution is usually desig¬ 
nated by A it). 


PROBLEMS 


1. If a condenser of capacity Cg discharges into' two circuits with imped¬ 
ances equal respectively to Z^ip)Jp and Z^(p)/p, show that the charge Q on ttie 
conductor is governed by the equation 


{Z^{p)Z^{p) + (l/Cg)[Z,(3J) +Z^{pU)-^Q = Q . 

2. If in problem 1 the first circuit contains no capacity and the second no 
inductance, show that the equation reduces to 






\ /R, E„ B,\ 1 


3. A circuit is composed of an inductance and a capacity in parallel and 
tliis parallel circuit is in series with a resistance and an e.m.f., E. If the Im- 
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pedancGS of tlio inductance and capacity branches are designated respectively by 
z^ip) and z^(p) and the currents by 4 and 1^, derive the equations 

I., — Zs/[Ri(z^ + z^) +z^z^-] -^E , 

Jg = z^/[Rj^ (z.^ + Zj), + z^z^^ E • 

If is the current in the branch with the resistance R^, how may it be 
computed? 

4. By an electric filter is meant a system of circuits connected in tandem as 
in figure 1 .^ The impedances z^{p) and z^{p) for the circuit in figure 1 we shall 
call the series impedances and the impedance z^(p) the shunt impedance. 

Let us consider a filter of n circuits in which the shunt impedances are ail 
equal to z.^(^p) and the series impedances are all equal to ^x(p), except in the 
first and last circuits where they are each equal to V 2 Z^{p). If the first circuit 
contains an e.m.f., show that the circuits are governed by the following equa¬ 
tions : 


Vzz^ip) -> (^i —4) > 

V2Z,{p) I ,=0 , 

z,{p) + (/,.,-/,) =0 , 

r 1 , n. 


5. Discuss the electrical filter of which the following problem is the me¬ 
chanical analogue: 

Consider the motion of an elastic string on which are fastened n beads, each 
of mass m, whose distances apart are equal to the constant length a. If y^j y^, 
... , 2 /n represent the displacements of the respective beads from the position of 
equilibrium of the string, if these displacements are supposed to be at right 
angles to the string and in the same plane, and if S is the tension of the string, 
show that the following system of differential equations govern the motion of the 
beads: 


+ (S'/a) (j/i — 0 + 2 /i — 2 / 2 ) = 0 , 
wz/," + (S/a) (y„ — Vi + 2/2 — 2 / 3 ) =0 . 


'myn" + (S/a) ( 2 /„ — 2 /„-i + 2 /„ — 0 ) = 0 . 

[This problem was originally treated by J. Lagrange: Mecanique analyti- 
qm, vol. 1, Paris (1788), p. 390. See also; A. G. Webster: TJie Dynamics of 
Particles and of Rigid, Elastic, and Fluid Bodies, Leipzig (1904), pp. 164-173]. 

3. Fundamental Theorems. We proceed next to a discussion of 
the solution of systems of equations of the type derived in the last 
section. It will be convenient to limit the exposition to the case of a 
system of two equations, but no essential impairment of generality is 
thus introduced. We shall thus consider the system 

Aip) -^QAt) +B{p) ^QAt) =E^{t) , 

C(p)+n(p) =£'2(t) , 


(3.1) 
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■where the operators are linear and of finite order with constant 
coefficients. Since we are concerned here particularly with the Heavi¬ 
side problem, we shall assume that the two functions, Ej, (f) and 
E 2 {t ), are zero prior to f = 0. In the last chapter we showed that this 
assumption is equivalent to the determination of the functions Qi(f) 
and Q^it) so that they shall vanish to as high an order as possible at 
i = 0. In the actual circuit problem the operators are polynomials of 
second degree, but there is no reason in the ensuing analysis to make 
this limiting assumption. 

As a simplification which does not impair generality we will note 
that the solutions of the system can be obtained from the addition of 
the solutions of the two problems: 


A{p) -^Vr + Bip) ^V2 = E,{t) 

C(p) -^y, + D(p) = 0 ; 


(3.2a) 


A{p) = o , 

C(p) -^W, + D{p) -^W^^E^it) 


(3.2b) 


That is to say, Qi(f) = yii(t)-|- 1 ^ 1(0 and Q 2 (t) = ^■^ 2 ( 0 -j-1^2(t). 
Hence no loss of generality is suffered if "wie consider a problem of the 
form (3.2a). 

A further simplification of the problem is possible by replacing 
Eiit) -with a unit e. m. f. By what is known as the superposition 
theorem, 'which we shall discuss later, it is possible to derive the solu¬ 
tion of the general system (3.1) by means of a single quadrature of 
the solution of this system in which Ex{t) and E^^t) have been re¬ 
placed by 1. Let us therefore consider the following theorem; 


Theorem 1. If hi(t) and hzit) are solutions of the system 
A(p) —> h\{t) B(fp) hni^t) = 1 , 

(3.3) 

Cip) Ti-i(t) -1-H (p) -^h^it) =0 , 


where A{z) is a polynomial of degree a, B of degree h, C of degree c, 
and D of degree d, then solutions h^it) and h^it) exist which vanish 
together with their derivatives of orders up to and including a — 1 
and b — 1 respectively provided a-\-d>b~\-c.* 

Proof: If we replace hi (f) by Hi in (3.3) and drop the opera¬ 
tional symbols we obtain the generatrix equations 


*No esseatial restriction is imposed by assuming that a + d > 6 + c rather 
than 6 + c > a + d, because this assumption merely fixes the subscripts of 
*1 and hj. 
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C{p)H^ + D{v)H, = 0 , 
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which have for solutioiis 

H^ = D{p)/[Aiv)Div) —C(p)S(2))] 

H., = —C{p)/lA{p)D{p)—C{p)B{p)'] . 

Let us write A (p) ==A{p)D(p) _C(p)jS(p) as a polynomial of 

degree n, i.e., A (p) = a„p’‘ + a^p^-^ H-h , where it is clear th 

% - d, ..I - (ji 

Since D (p) is of degree d we may write in the form 
H, = (doP'* + d,p^-^ ^- \-da)/ (OoP" + <hP’'-^A -H On) > 

r= (l/p"-'*) (do + d,/p H-h drf/p**) (Uo + 

_|-^a„/p”)-" , 

= (l/p"-‘*) (Ao + ^./P + ^2/p' + + • • •) • 

Giving to 1/p" fit) the customary interpretation 

l/pn ^ fi^t) = r* (t—s)"-V(s) ds/(w—1)! , 

J 0 

we obtain as the value of Ji^it) the function 

h,it)=HAp) -^1 

— t"-‘®[Ao/(u—d)! -}- Alt/{n d4"l) ! 

4.A2t-/(n—d-f2) ! + •••] • 

It is dear tKat 

denvatoes at the point ^ S ^ argument ajK 

theorem relatmg to Mt) IS aeri,a- 

plies also to h^Kt) excepii nuw ^ ^ 1 > h _1, we es- 

lives vanish at t = 0. From the inequality > ■"' 

tablish that part of the theorem which applies t^^^^ 

It should be noticed that these operational 

directly as corollaries of were tiiose’of the outer Laurent 

expansions which were employed were tnose oi 

"" We have previously ^ssed the 

to single differential ^ ® systems of equations and we 

method immediately generalizes for systems oi 

may state it as it applies to system (3A). 
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Theorem 2. The problem of solving system (3.3) is formally 
equivalent to finding the solutions of the integral equations-. 


D{p)J[p r K(t)e-'“dt, 

(3.5) 

C 00 

-Cip)/ip Aip)] - h^{t) er»* dt 


Proof-. The proof of the theorem is easily effected by showing 
the formal equivalence of (3.4) and (3.5). Noting the integral 

j IP dt^nl/p” 

we have directly 


pco 

e-^%, it) dt = [1/ (p ■ p-^) ] [A„ + AJp + A,/p^ + ■ 

*/0 

= D{P)/[pA{pn 

We are now in a position to derive the solution of problem (3.2a) 
which may be stated in the following superposition theorem: 

Theorem 8, If Ihit) and Jhit) are solutions of system (3.3) 
vanishing together with their derivatives of orders a —1 and b —1 
respectively at t = 0, then solutions of (3.2a) are obtained from the 
formula 

Vi{t)~p^ { E^{s)hi{t — s)ds , 2, (3.6) 

da 

provided a-\-dy 6-j-c. Moreover V'i{t) and V^it) unll vanish to¬ 
gether with their derivatives up to and including orders a —1 and 
b —1 respectively. 

Proof: In section 4, chapter 6 we have identified the Carson so¬ 
lution of the equation 


F{z) -^u{x) ^/(x) 

with the solution described in theorem 2, chapter 6. If the resolvent 
generatrix is of the form 

l/Fiz)^P„.{z)/QAz) , 

where Pmiz) and Qn{z) are polynomials of degrees m and n respec¬ 
tively, m < %, it will be recalled tha,t the solution u(x) together with 
its derivatives up to and including order n — m — 1 vanishes at x i=0, 
provided that the expansion of the generatrix in the region exterior 
to its poles is employed. Since tlie Carson solution is identical with 
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this one, it must vanish together with its first {n — m —1) derivatives 
at the origin. 

Hence we see that Vi(t) are given formally by (3.6). Also from 
the explicit forms of H,_and it is clear that V^t) together with 
its first {n — d —1) derivatives and Vt>{t) together with its first 
—1) derivatives will vanish at t o. Since we have n—d —1 
= 0.-1 and n—c—1 > b—1, it follows that V^it) and V^it) will 
vanish together with their derivatives up to and including orders 
a —1 and b —1 respectively. 

The solution of system (3.2b) is obtained now by a simple ap¬ 
plication of theorems 2 and 3 and is found to be 


I 


Wi(t)=p-^ I £’ 2 ( 5 ) fci(f— s) ds 


1,2 


where the functions hit), i'= 1,2, are inversions of the equations. 


hit) e-”* dt , 

0 

J ' 00 

hit) dt . 

0 

It is also clear that IF, (f) will vanish up to and including order 
e —1 and W^it) up to and including order d —1. 

From this it follows that QAt) of the complete system (3.1) will 
vanish up to and including order p—1, where p is the smaller of the 
numbers a and c and that Q^At) will vanish up to and including order 
q —1 where q is the smaller of the numbers b and d. 

Example -. The following example will illustrate the application 
of these theorems. 

Let us find the solution of the system 

Q,"(t) _5Q/(t)+13Qi(f) +Q2'(f)-f 20Q2(f) , 

Qi^ it) -|— 2 Qi it) —(— Q2" it) —j- BQ2' it) “j- 3Q2 it) = e * , 
which vanishes to as high an order as possible at the origin. 

We first consider the reduced system 

hA — IS/i^i hA “I” 201^2 1 > 

Itx —1~ 2hx —f- h" Sh' ~f" 0 • 

Then hit) and hA) will be solutions of the equations 


p^ -f 3p + 3 


piP —l) = (p-fl) 


— (P+2) 
pip —l)®(p-|-l) 



it) dt 

e-f*hit) dt 
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Since we have 

+3p + 3]/[p(2)—1) = (P+1)] 

= -3/p + (l/8)/(p+l) + (23/8)/(p—1) 

— (ll/4)/(p—1) = + (7/2)/(p—1)^ , 

— (p-f2)/[p(p—l)“(p+l)] 

= 2/p — (l/8)/(p+l) — (15/8)/(p—1) 

4- (7/4)/(p—1) = — (3/2)/(p—1)^ , 
we can derive the values of h{t) and Ihit) from the formula- 

f*CO 

e-p^ (t^/nl) dt — 1/(p -{-. 

•Jo 

We then get 

h^it) =—3+ (1/8) (23/8) — (11/4) (7/4) Pe* 

hit) =2 — (l/8)e-‘ — (15/8)e‘+.(7/4)ie‘— (3/4)tV , 
and we observe that 

hiO) = V(0) =/i^(0) =V(0) = V'(0) =0 . 

Similarly for the system 

— 5JC]f 4" 13A/1 —1“ Jc2^ 4“ 20Aj2 0 f 
&/ + 2fci4-&2"4-3/f2'4-3fc2=l , 

we get 

hit) =20 — (19/8)e-'— (141/8)4- (64/4)te'— (21/4) iV , 

hit) =—134- (19/8)e-‘-f (85/8)e‘ — (33/4) tei«4- (9/4), 

where hiO) =&/(0) = h"i0) = hiO) = /c2'(0)= 0. 

Making use of theorem 3 we obtain the complete solution of the 
system in the form 

Qiit) I- J 6^ hit — s)ds-\- J hit s)£is] , 

,, 15 , 41 . 9,, , 7 . 3 - , .,15 , 19 

= o'(-^ + -8i-ji-+j2«‘>+<r*(X + ^«> . 

We also note that Q,(0) = Q'i(O) =Qs(0) =0 . 
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Ji,. The Heaviside Expansion Theorem. Central to many appli¬ 
cations of the Heaviside calculus is the so called expansion theorem. 
Numerous proofs of this theorem have been given and Heaviside him¬ 
self gave two as has been pointed out by M. S. Vallarta (See Bibliog¬ 
raphy) . 

The expansion theorem is easily written down from the results 
which we have previously obtained, being generalized, as a matter of 
fact, by formula (2.2) of chapter 6. 

To put the theorem in the form in which it appears in the theory 
of electric circuits, we consider the operational symbol 

G(p) ~ Pm{p)/Q„(p) , m<n, 

where Pm{p) and Qn{p) are polynomials of degrees m and n respec¬ 
tively. 

Referring to formula (2.2) of chapter 6 we see that we may 
write the expansion of the outer Laurent annulus, that is to say, the 
Heaviside expansion, in the form 

G(p) {PM/lajQ'Aai)]]e^^* {E(0)~{-E'(0)/aj 

3=1 

-f E" (0) /a/ + ...} + {G(0) + G' (0)p 4- G"(0)pV2! 

-^...}~^E{t) . (4.1) 

where tti, a^, ••• , a„ are zeros of Q,4p) . 

This may be formulated in the following theorem: 

Theorem 5. If G(p) is the operational symbol, 

G(p) =Pmip)/Qnip) , m<n , 

then G{p) E(t) as defined by (4.1) is equivalent to the operatio'ti 
upon E(t) of the expansion of G{p) in its outer annulus of conver¬ 
gence. 

Two special applications are to be noted, the first where E{t) is 
a unit e. m. E (t) t= 1, and the second where E (t) is an alternating 
e.m.f., E{t) . 

In the first case the expansion theorem reduces to 

n 

G(p) 1 = 21 » 

3=1 

and in the second to 

G (p) = V {Pm (%)V IQn '(%) (a.—li) ] } + <? • 

(4.2) 

This formula must be modified when H equals some one of the 
values of ftj, let us say a. This modification is made by means of 
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formula (2.4) of chapter 6. Referring to this formula and noting that 
F'(a) =Q'„(a)/P„.(a) , 

F"(a) = [P„.(a) Q",A(i) —2P',Aa) Q'„(a)]/P„,^(a) , 
we modify (4.2) to read 

G (p) -> = f {P«, (»;) e"j[/[Q,/ (a,) (a,—a) ]} 

J=1 

+ (e‘“P.„,(a)/Q/(a)}(t— [P,„ (a) Q„" (a) 

— 2P„,'(a)Q,/(a-) 1 /2P„.(a)Q/(a)} , 


where J' means that li = a has been omitted from the sum. 


Example : As an example let us solve the following equation, 


(Lp^H-Pp + l/C) ^Q(t) =1 , 

•which is the equation of the charge in a simple circuit upon which has 
been imposed a unit e.m.f. 

Making the assumption that 4L/C > R-, we obtain as the roots 
of the equation, L2J- Rp + 1/C = 0 , the values cti = —a coi, 
a^ = —a —wi , where we employ the abbreviations, a — R/2L, a> 
= (1/CL — PV4L-^) i. Noting that Q(p) ^ Lp-+ Rp + 1/C , O'(p) 
= 2Lp-f-P , we obtain Q'(»i) = 2Lco and Q'{<h) =—2La> . 

Employing these values in the expansion theorem we at once 
obtain, 

G{p) ->1= [e'^‘‘+“’'>'/(2L f(ua.i) + 6'“^“*’*/ (—2LicoG-2)] +C 


= (e-“ 72 L) [— 


CO- ■ Wool 


.. + <xooi 


-g-<oi! I -• ■ ] (J 


By means of ~ 1/CL, this expansion reduces to, 

G{p) 1 = Q (i) = C — C e-®' (cos co f + a sin co t/oo) . 

In order to obtain the current, l{t), we compute Q'{i) and thus 


Iit)=Q'{t) = (l/L(«)e-®‘sincot . 


If instead of the assumption 4L/C > RP, we have 4L/C < R^, 
the foimiulas for Q{t) and Q'it) are found to be 


Q{t) s= C — C • e-“‘ (cosh co't a sinh <o't/oo') , 
Q'(i) = (1/Lco') 6-“* sinh co't , 
where we abbreviate, co' = (R^/4L^ — l/CL)^/^ . 
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It is interesting to note that considerable algebraic simplification 
is attained if we compute the current directly. Thus we should have 

I{t) =pG(p) -^1 

= p/(Lp= + i2p + l/C) -^1 

^ (l/Lw)e-“* sin cot . 

PROBLEMS 

1. Solve the equation 

(Lp2 -j-, Jlp -j- l/Q'j Q ^ jg- ^ 

and obtain the solution 

E 

Q{t)~- : cos (mt — < 2 ;)-fF(t) 

where = + [(1/C) , tan a z=: Rm/[il/C) — msL] , and 

F(t) is a function which damps to zero. 

This problem furnishes a simple example of forced vibration, since the sys¬ 
tem is forced to assume the same period as the impressed force. It will be further 
observed that if (1/C) —m^L^O and if R is small, the amplitude of the vibra¬ 
tion will be large. This is the phenomenon of resonance, which is found in the 
heavy rolling of ships, the vibration of bridges under marching troops, etc. 

2. Solve the system 

Li(p) Lo(v) Q^^E^cosmt , 

L^(p) + -^Q^ = E^cosmt , 

and discuss the condition for resonance, 

3. Employing the methods of the Heaviside calculus, solve the following 
system: 

Sy" ~ 2 . 2 /' + 1/ + 6z" — Zz' -^4z = e2^ , 

2 /" 4 - 42/' — 3^ + 2z" -^2z' + z=z e-2t . 

4. A particle is moving in the x 2 /-plane under the influence of a central force 
directed toward the origin and proportional to the distance of the particle from 
the origin. 

Show that the equations of motion are 

x":r= — a^x, y" = — a^y , 

and hence deduce that the path is an ellipse. 

5. We are given a set of data forming a time series 

y: Vv Vz* 2/3> » Vn » 

and from this set we derive the first and second difference series 

%i. %2 ••• > ^yn > 

A2j/; A^y^ . A‘iy^ . 

If is the correlation coefficient of the second derived series ■with the firsts 
rj3 'the coefficient of the second derived series with the original series, and the 
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coefficient of the first derived series with the original, show that the equation 
connecting the three series is the following: 

, (A22/—A22/^) (Ai/—^2/o) + ■ -{y—Vo) = 0 , 

*^2 ‘'s 

where o-^, and 0*3 are the standard deviations respectively of ^-y, and y, and 
A 22 / 0 , A^/q, and 2 /,o are the respective averages of the series. 

Replacing A^/ by — 1) y and ^-yhy {eP — 1)^ y, solve the equation 
for y. Obtain the particular solution y — where 

A^R + C (4AC— 

log (-) ± arctan 

2 A—R 

in which we designate the coefficients of the difference equation by A, B, C res¬ 
pectively. 

6 . The Dow Jones industrial stock market averages by months from 1897 
to 1914, when subjected to the computations described in problem 5, yield the 
following numerical values: 


a,(forA 22 /)=: .512 , 

0^2 (for A^/) = 2.358 , 

^^(for^/) 15.150 , 

r ^2 = .1129, r ,3 = —.552, = —.234. 

Under the assumption that the averages of all the series are zero, show that 
the difference equation for the original series is the following: 

1.847A22/ + .OOOIA 2 / + M^y = 0 . 

Hence show that the period of y is 46 months. (Data furnished by the Cowles 
Commission for Research in Economics). 

7. Since the operator A zz; — 1 = p + % -j- ... ^ 2i.iid since A 2 zz: (eP — 

1 ) 2 ;= 3 ^ 2 +,_ ^ replace the difference equation of problem 6 by a differential 
equation of second order on the assumption that derivatives of order higher than 
2 can be neglected. Determine the period of y from this equation. What criterion 
is suggested by this problem for the justification of the neglect of higher differ¬ 
ences in a statistical problem of this type? 

8 . If the initial values of Xy x' and y, y' are respectively designated by x^y 
and 2 / 0 , show that the value of x determined by the following system; 

(p 2 - 4 p) ^ X - (p- 1 ) p zzz 0 , 

(p-f 6 ) -^x + (p 2 — .p) -^yzzzO , 

is given by a; = (l/ 12 )<e-^ ( 6 a;o ^x^ — + y^) — ( 1 / 3 ) e 2 i (—+ 2x^ — Po 

+ 2 / 1 ) + (1/4) esi (—2fl;,o + SXi — Po 2 /i) . 

[E. J. Routh^s Rigid Dynamics, vol. 2 (1892), art. 367; Bromwich: (1), p. 
497]. 

9. Using the notation of problem 8 , show that the value of x determined 
from the following system: 
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(p2—2j>) -^x — y= 0 , 

(2p —1) ->a: +p2-^2/— 0 , 

is given by x — {M^ + M^t + + TV e-t, where the values of M^, 

and N are determined by the equations 

2M2 = Xq + + 2/0 + 2/1 , 2 Mq + =zx^ + x^ , 

2M, + + a/o , M,^-i-N = x^ . 

[Routh: loc. cit, art. 373; Bromwich: (1), pp. 407-408]. 

10. Using the notation of problem 8, show that the solution of the follow¬ 
ing system: 

(p2 -f 1) aj 4. — 2p) y = 0 , 

(p^ + p) -^x ^p2-^y=:0 , 

is given by 

(^0 + V3) — (l/3)4e-3t ^ 

2/= (Uq — 2r^/9) {y^ + 2x^/Z)t -f (2/9) 

provided we assume that x^ — x^^ + 2a/i . [Bromwich: (1), pp. 409-410]. 

11. Prove that the system 

(p2 4 1) a; -f (p2 + p 4 1) i ^ 

p-> X (p -\-l) y — e^ , 

has the unique solution (without arbitrary constants) 

l-f t — 3e^ , 2/ 3:^ 2e^ — 1 . 

[E. L. Ince: Ordinary Differential Equations, London (1927), p. 145]. 

12. Solve the following difference system: 

u (t —1-2) — 3z^(t“{“l) -}“2?^(t) -j- 3 v(£~i"l) ^2111 £“h 1 , 
u(t+l) —2vit+2) +v{t-{-l) —2vit) =P — t-~2 . 

13. Find the Heaviside solution of the equation 

(p3 _ 7p 4 6) u(t) = 1 . 

14. Find the Heaviside solution of the equation 

(p4 — 1) cos2£ . 


5 . Applications to Certain Partial Differential Equations of 
Mathematical Physics. One of the most striking applications of the 
Heaviside calculus is to be found in the solution of certain partial dif¬ 
ferential equations of the general type, 


A^J^2B 
dx- ^ 


d^u 

dxdy 



— f{x,y) 


(5.1) 


where A, B, and C are constants and the solution u(x,y) is subject 
to boundary conditions suggested by physical or geometrical consider¬ 
ations. , \. 
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The actual method of procedure can best be illustrated by cer¬ 
tain physical examples. 

a. The Fourier Heat Problem 

We shall begin by considering Fourier’s problem of determining 
the steady state of temperature in a thin, rectangular plate of 
breadth L and of infinite length with faces impervious to heat. We 
shall suppose that the two long faces of the plate, AB and A'B', are 
kept at zero temperature and that the distribution of temperature 
along the short face, AA', is a given function of x, f(x). The tem¬ 
perature is also assumed to approach zero as we proceed indefinitely 
far from the base. A special case of this problem has already been 
solved by other means in section 8 of chapter 3. 

Y 


B 

B' 


u = o 


U-0 

A 

A' 


0 u = f(x) 1 



Figure 

3 


The problem, then, is to determine a solution of the equation 


d-u 3-m_ 


(5.2) 


where u(x,y) is subject to the boundary conditions: 


uiO,y) —0 , u{L,y) =0 . uix,0) =f{x) , lim 2 «.(x,i/)= 0 • 

!/='00 


To begin with, let us now regard this as a problem in the vari¬ 
able y, replacing Z'/Zx- by z-. We then are led to consider the differ¬ 
ential system. 


ZHi 


-j- 


0 , 


«(0) =/(a:),tt'(0) =0 . 
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Employing the abbreviation, o^/Zif- = q\ and referring to for¬ 
mula (2.13) of chapter 6, we see that this statement of the problem 
is formally equivalent to solving the algebraic equation, 

(q^ +3^) [/■==§=/(a;) (5.3) 

from which the desired solution, u(x,y), is to be attained by inter¬ 
preting the operation U(q,x) 1 by means of equation (2.8) of 
chapter 6. 

We now come to the magical aspect of fonnula (5.3) which is 
to be regarded as a differential equation in x by replacing by its 
equivalent symbol d-/dx^. Hence we turn to the solution of the dif¬ 
ferential equation 

(-^ + <^-)U^q-f(x) , (5.4) 

where U(x) is subject to the boundary conditions: 

U(0)=U(L)^0. (5.5) 

In order to solve this problem, we must have recourse to the 
theory of Green’s functions of a single variable, a theoiy w'hich is 
extensively developed in section 5 of chapter 11. We first observe 
that a set of fundamental solutions of the homogeneous equation, 

is furnished by Ui(x} — cos qx, U^ix) = sin qx. From a linear com¬ 
bination of these solutions we must construct a continuous function 
which satisfies the boundary conditions (5.5). This is the desired 
Green’s function. 

With reference to equation (5.4) of chapter 11, we then com¬ 
pute the Green’s function to be, 

G(x,s) =shi qx sin q(L —s)/(qsinqL) , x^s, 

G(x,s) c= sin qs sin q{L — x)/{q sin qL) , .rSs. 

If we designate the first of these functions by Giix,s) and the^ 
second by Go, (x,s ), the following limit is easily verified: 

lim [^Gi(a;,s) — -^G^iXyS)] e=1 • 

In terms of Gix,s) we express the solution of the system (5.4), 
(5.5) as the integral 

Uix) 


r G(a:,s) q^fis)ds , 

D 
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Uix) =~ j‘'G!,ix,s)q~fis)ds— j Gi(XyS)q-fis)ds 

= j [g sin qs sin q {x —L) /sin qL]/ {s)ds 

4- r [O'sin QX sin O'(s—L)/sin QL]/(s)ds . 

J a 

Finally, in order to attain the desired solution, we invoke the 
principle enunciated above. Uix) = U{q,x) is to be regarded as an 
operator in which q = d/dy, and the solution, u{x,y), of the original 
problem is supplied from the opei'ation, 

^^(x',y) = U{q,x) 1 . 

This expression is interpreted as the expansion (2.8) of chapter 6. 
To arrive at the explicit development we first abbreviate, 

Fiiq) = sin qL/iq sin qs sin q{x —L)] , 

Fiiq) = sin qL/[q sin qx sin qis —L)] , 

and note that the zeros, a,„ of each function are given by a„ = 'run/L. 
Hence we compute, 

■=Fi'{a„) = LVE’iasin(wis/L) sin(wjix/L)] . 

We next take account of the fourth boundary condition of our 
problem, namely, lim uix,y) = 0, which immediately excludes all 

terms of the form a > 0, from our summation. 

In order to avoid this obvious difficulty and to obtain a conver¬ 
gent series we replace y by —y for all positive values of n and hence 
reach the following solution: 


00 1 1 

where <5 is positive or negative as n is positive or negative. 

From obvious symmetry, this reduces to the familiar solution, 


oo ct 

» u(,x,y) = i2/L) 2] sin(»tox/L) J sin('WOTS/L)/(s)ds . 

n=i . 0 

b. The Problem of the Elastic String 

It is illuminating to begin our discussion with a derivation of 
the equations which govern the vibrations of an elastic string. We 
shall assume that the position of equilibrium of the string is along 
the axis of X and that the ends of the string are attached at the 
points X = 0 and x = L. Also let T be the initial tension in the string, 
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that is to say, T is the force necessary to hold a point P in position 
if the string were severed at that point. We shall assume further that 
the weight of the string is W and that its modulus of elasticity is E 
(Young’s modulus), that is to say, E measures the force necessary to 
increase the length of the string from L to L E d L. This law as¬ 
serting the linear increase in the tension with the extension of the 
string was enunciated by Robert Hooke (1635-1703) in 1676 amd is 
assumed to hold within the elastic limits of the material. 


Z 



We now let the string be deformed in such a manner that the 
point P with coordinates (x,0,0) goes into a point P' with coordinates 
X -]- y, C, in which f, rj C, are functions of the variables x and t, t 
denoting time. We shall regard f, y, C together with their derivatives 
DxS, Ex')], DxC as small variations of the first order the higher powers 
of which can be neglected in comparison with lower powers. Let Tp, 
be the force necessary to accomplish the described deformation, that 
is to say, T^, will be the tension acting in each direction from the 
point P'. 

Let us now, resolve the tension Tp, into its components Xp,, Yp,, 
Zp, ■ If 2, ,(t, V are the direction cosines of the tangent to the curve at 
the point P’, we have, 

X,,^ — XTp : — uT„ Zp, = — vTp, 

To X we now give an increment dx and obtain the point Q. In the 
deformation just described the point Q is displaced to O' with co¬ 
ordinates X dx 5 P®! dx, rj -f- dx, C -j- dx. 

Denoting the tension at Q' by T^,, we see that it can be resolved 
into the components. 
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{Xp,~^ DxXp,dx), 
Y^,^{Yp,-\-D,Yp,dx), 

Zg,= (ZDsZp, dx) . 

Hence the force acting upon the elementary segment ds of the 
elastic curve will be, 

FX = Xp,-\- X^, = DxXp, dx > 

Fy <= Yp, -j- Y^, c= DxYp, dx , (5.6) 

Fz <= Zp, -j- Z^, 1 = DxZp, dx • 

By Newton’s second law of motion these forces must be equal 
to the components of acceleration, 


AM 


'dp 



AM 


dK 

dP 


(5.7) 


where A M is the mass of ds, A M=W ds/gL, g denoting the accelera¬ 
tion of gravity. 

We now observe that ds = (1 -f Dxi)dx, provided differentials 
of a higher order than the first are neglected, and that the direction 
cosines are respectively: A = 1, ,u = Dxrj, v — D»C. 

Hence by an application of Hooke’s law and the neglect of terms 
involving differentials of higher order than the first, we get 

Xp, =—{T^EDx^), Yp,^ — TDxri, Zp, = —TDJ:. 

Substituting these values in equations (5.6), we readily obtain, 
Fx = EDx^^ , Fy = TDx^r) , Fz^TDxK . (5.8) 

Since we have also, A M = {W/gL) (1 -j- DxS)dx, we may sub¬ 
stitute this value in (5.7) and upon neglecting second order terms, 
obtain by equating (5.7) and (5.8), the equations: 


dp 


W‘ 


dx^ 


d-rj 

IF 


i!£ 

’ dP 




dx'^ 


(5.9) 


where we abbreviate: w- = ELg/W, t= TLg/W. 

The first of these equations defines the longitudinal vibration of 
the string and the other two the components of the transverse vibra¬ 
tion. The longitudinal vibration can usually be neglected in compari¬ 
son with the ti'ansverse motion and this assumption we shall make 
here. 

In order to simplify the problem for the sake of the application 
which we contemplate, we shall limit our discussion to a deformation 
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in a single plane. Hence we shall consider the solution of the single 
equation, 

d^u d^u 


imposing upon the function u{x,t) the following boundary condi¬ 
tions : 

(1) u{0,t) =u{L,t) =0 , 

( 2 ) u{x,0)r=f(x) , ( 5 . 11 ) 

(3) Dtu(x,0) =g(x) . 


It will be readily observed that setting the constant v- equal to 
unity imposes no essential restriction on the problem, since it may 
be absorbed in a transformation of the valuable t. 

In order to solve this fundamental problem by the operational 
methods of the Heaviside calculus, we now pi'oceed exactly as in the 
case of the flow of heat discussed in section (a). 

Abbreviating d/dt by p, we replace the differential equation 
(3.10) and the boundary conditions (2) and (3), by the single opera¬ 
tional equation 


^, — P^U = -W{x)+pg(xn. (5.12) 

where U must be determined so as to satisfy the conditions: 

17(0) = I7(L) = 0 . (5.13) 

A set of fundamental solutions of the equation, d^U/dx- — p^U 
== 0, is given by Ui{x) •= cosh px, ZJ^ix) <= sinh px. From these, 
with reference to equation (5.4) of chapter 11, we then compute the 
Green’s function for the system (5.12) (5.13) to be, 

Gix,s) =smh. px sinh piL —^s)/(p sinhpL) , x^s, 

G(a’,s) = sinh ps sinh p(L— x)/{psihhpL) , x^s . 

In fo rms of G{x,s) we express the solution of the system as the 
integral, 

(/(a:) t= P G(a;,s) [p^/(s) -f P5’(s)](^s , 

Jo 

= P [sinh px sinh p (L— x) /sinh pLJ [p/ (s) -f- s'(s) ] ds 
-f P[sinhpa:sinhp(L—a;)/sinhpL][p/(s)-j-fir (s)]ds , 
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As in the previous example we now regard the function Ufx) = 
ti(p,r) as an operator and obtain the desired function u(x,t) from 
an interpretation of the symbol, 

u(x,t) ^U{p,x) -^1 . 

This interpretation, as before, is made by means of the expansion 

TfattS?the^explidt development we first abbreviate, 

F^{v)— sinh pL /[p sinh ps sinh p(L—x )] , 

(p) = sinh pL/ [p sinh px sinh p (L—x) ] , 
and note that the zeros, a™, of each function are given by = nni/L. 
Hence we compute, 

F' (a„) = F' (a„) = LV {njix/L) ] , 

dpFi(p) d pFj p) czz. L/[sin{ivns/L)sin(riTix/L)'] , 

dp p^a, 

= (inF'{an) =anF'{an) . 

The desired solution is thus immediately expressed in the form 

n=-00 u L 

From obvious symmetry this reduces to the explicit solution. 

J h 

^ sin(njis/L)/(s)ds 

«=1 

+ (2/L) £(l/w) sin (wTix/L) sin (n^it/L) J sin(Jtos/L)fli(s)ds . 

n=i ^ 

PROBLEMS 

1 . A potential function, V{x,y), belonging to an electrostatic field satisfies 
Laplace’s equation 

aay 33F „ 

-4--=0 , 

3 a:2 3 2^® 

Set up the operational equation for the 
plate, which is kept at zero potential on three sides and at a potential /(x) on 

the fourth side. That is, assume 

y(0,j/) =V{a,y) =V{x,b) =0 , V(x.O) =/(«:) • 

2. Show that the solution of problem 1 is given by 

17 / 1 2 ^ sinh{mg(5—2/)/o} sm(OTira;/ft) sin(m'!rt/a) dt . 

V ^ gji (wTh/a) J o 


U 
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3. Solve the problem just proposed for f(x) = 1. 

4. Solve the above problem for / (a;) zzz x. 

5. Solve the above problem if f(x) nz 

6. Determine the value of V(x, 2 /) when the plate is of infinite dimensions 
in the direction of the y-axis, namely, if 6 = oo . 

7. If a string; is vibrating' in a resisting medium, equation (5.10) and the 
boundary conditions (5.11) are replaced by 


u(0,t) zz u(L,t) zrzO , 

2^t(il’,0) zz: f , 

D^(x,0) 0 . 

Set up the operational equation for this problem. 


8. If an elastic string of length L, fastened at each end, is displaced at its 
center through a distance A*, show that its subsequent vibration is given by the 
series 

oo 1 

u(x,t) z= 2 — sin Vzn'jr sin(7i^x/L) cos (n'lrt/L) 

n=i 

9, Show that the actual motion of the elastic string of problem 8 consists 
of three straight pieces, the center piece always moving parallel to the axis of 
x» [For a diagram of the motion see Lord Rayleigh: Theory of So^ind, London 
(1894-1896), voL 1, art. 146]. 

10. If the elastic string of problem 8 is displaced through a distance fc at a 
point (l/m)th the length of the string, show that the motion is given by the series 

2 ^ 1 

u{x,t) =-y — sinCwir/m) sin(w'ira;/L) cos(w!rt/L) . 

{m —l)‘3T-2 n2 


6. Applications in the Theory of Electrical Cond%i,ction. In the 
last section we discussed the classical problem of determining the 
vibrations of an elastic string which is subject to* a given initial dis¬ 
tortion. This problem is closely related to certain problems of elec¬ 
trical communication through a conducting cable which we shall now 
discuss. The situation with respect to conducting cables enjoys con¬ 
siderable simplification, however, due to the fact that the flow of 
electricity is set up by a known impressed voltage Vit) which is zero 
for values of the time prior to the time, conveniently chosen at 1 1 = 0, 
when it is impressed upon the cable. This simplification of boundary 
conditions makes the Heaviside calculus an unusually effective tool 
for the development of this problem. 

We shall begin by considering the case of the flow of electricity 
in a non-inductive cable with distributed resistance R and capacity 
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C per unit length subject to an impressed voltage Fo(^) at the point 
a: = 0. 

The differential equations of the cable are* 


RI = - ~V , 

ox 


C 



( 6 . 1 ) 


where x is the distance measured along the cable from a fixed point 
(a: £= 0), I is the current at the point x, and V the corresponding po¬ 
tential. 

Let us now replace d/dt by p and through the elimination of I 
obtain the operational equation, 


pRCV=- 


dW 

dx~ 


Then symbolically we have 


V{x,i) , (6.2) 


where we abbreviate a= {pRCY‘ and Fi(t) and V^^t) are arbitrary 
functions. 

0 

Since /(a:,t) = — r— Vix,t), we obtain from the differentia- 

Ot)0 

tion of (6.2) the symbolic equation 


Assuming that the cable is infinitely long so that the reflected 
wave is absent we may set V 2 = 0 and have as the symbolical solu¬ 
tion of our problem 

where Fi (t) is to be determined from the boundary conditions. Since 
this asserts that y(a;,f)la=o = yo(t) , it is clear that we may set 
Fi (i) ^ Fo (t) • Hence the complete solution of the problem is found 
in the expansion: 


a discussion of the derivation and significance of these equations see 
J. H. Jeans: The Mathematical Theory of Electricity and Magnetism, Cambridge 
(1915) pp. S32-385. See also H. Bateman: Partial Differential Equations of 
Mathematical Physics, Cambridge (193i2), pp. 73“76. 
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Hx,t) 


C, , , {AxY „ 


{Ax)-^ 


i c . . , (Aa:)= , , (Ax)^ 

\ 3I gl ~\ -)]-^'t^o(i) > 

where for brevity we have written A = ^/ItC . Therefore we get 


I(x,t) = 


C , ^ . {-^x) ~ (P 

Rji (It 21 clt- 


{Ax)^ 

~4! W 


^ / 

n 


'F„(s) 

(t—s)^ 


{Ax)'^ (A*)® d^ 


3! dP 


5! dP 




)-*V.<i) 


If Vo{t) = 1, that is to say if a unit e.m.f. is impressed at 
a; = 0, we get the well known solution* 

I(x,t) = (C/Rnt )'. 

If Vo(t) = sin CO t, that is to say, if an alternating e.m.f is im¬ 
pressed on the circuit, we have at x = 0, 


i C .. d r^smcos , 

= j.U=57.* 

, C .. C ^ cos cos . 

" J. T(=ir** 


/ 0 M I COS CO s , 

" J. 

In establishing the convergence of the series representing I (x,t) 
in the general case for real values of t greater than 0, it will be suffi¬ 
cient to assume that Vo{t) is analytic in the neighborhood of f = 0. 

Let us first consider I(x, t) as a function of x. If we replace Fo(s) 

00 

by a series 2]a«s" and make the transformation y = s/(t — s), we 
shall have 

A(«)r= [F„(s)/(f—s)^] ds= C I C^2/ , 

0 0 n =0 

00 

^ ^vr in^S/2) ] 

^Pcpit) , 

where cp (t) is an analytic function without singularities at the origin. 


* Jeans; Loe, ciUj p. 334. 
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Hence for values of ^ = 0, and for n sufficiently large, we have 
the inequality, 

<h’^n\ , (6.3) 

where A; is a constant independent of n. Making use of Stirling’s ap¬ 
proximation for oil, we obtain 


lim 

n~co 


A X I"" 

(2'/i—2) ! 


d"' 

'W 




1/n 

-.0 . 


Similarly the nth root of the general term of the second series 
leads to the same limit and the convergence of / {x,t) regarded as a 
function of x is established. Regarding it as a function of t, we may 
use 

00 

2]l A r n! &’>/ (2n4-2) ! 
as a dominating series for the first series and 


00 

1 A X nl k”/(2n —1)! 

^=1 


as a dominating series for the second. 

The case of a cable with distributed resistance R and capacity C 
with distributed leakage G per unit length leads similarly to the dif¬ 
ferential equations; 


RI-. 



(Cp + G)-^y. -—^i. 


If the cable is infinitely long we shall then have 


, xHRB) , x^iRBV , xHRB) 
U-h ^ 4; -+—g— 




{xiRB)^ 


x^(RB)^^^ x^(RB) 


5/2 




5! 




where we have used the abbreviation B = Cp G. 

The problem is thus reduced to that of determining the meaning 
to be attached to the operations, 


{Cp + ^ n (f) and {Cp -f G)« F„ (t) . 

But from formula (12.9) of chapter 2, these expressions may be 
interpreted as the following: 
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Fo it) =C>^ (p + G/C) ^ Fo (i) 

= Ci^ pi^ -> [e«'/^F„ (t) ] , 


where p is either or ». In the former case the interpretation of 

the operation is finally effected by means of the formulas of fractional 
differentiation. 

Hence employing the abbreviation 1 — G/C, v^e obtain the ex¬ 


pansion, 
F = 




.] -^{e^‘Fo(f)} 


o~\t 


yn 


.ix{RCVp 


xyRC)'^ 

3! 


2 /! 




r 


(6.4) 

Fo(s) 

_ as 

yt —s 


The solution for the case where unit e. m. f. is impressed at r = 
0 can be obtained with considerable ease by this formula. We first 
recall that: 


X 


-Xs 


0 V^- 


- ds ; 


X 






-ds ■ 


X 


: \/n/X e 


>kt , 


X 


■00 

^Xs 


' yt- 

-CO V 


yt— 

-__ds • 


■jds , 


Substituting this value for the integral in (6.4) and taking the 
indicated derivatives, we get 


. g-e(B0)J'2 


f »r 1 

+ Xi 2 


V 1 x(.RCV 


(t—sY 


3/2 


1 . 3-5 xyRcyj^ 

'2-2-2 5!(t—s)’^^ 


1-3 xyRcy/-^ 
2^2/ 

Ms-t) 

] t-^dt. 
yn 


(6.5) 


Making the transformation t — s = we reduce (6.5) to 

yWJ C 

y c= 4- — 

2\/jI dt 


” X 

jm 


iRC)x^ 


(RCyx^ 

2HUy 3 !( 4 |)^ ^ 


. g-ie(BG)’ 


yW f“_£ 

^ I 


2yn 




That this function, together with the value 
from it by differentiation, forms a solution of the original diffe 
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tial equations can be verified by direct substitution. The boundary 
condition is obviously satisfied. 

A third problem of similar kind is that of determining the vol¬ 
tage at a cable terminal when an e.m.f., f{t), is impressed on a long 
cable of distributed resistance R and capacity C per unit length 
through a condenser of capacity Co. We have just seen that the cur¬ 
rent entering a cable, the terminal voltage of which is V, is given 
by (Cp/R)- F. The current flowing into the condenser will be 
CoP -» [/(f) — V] since f{t) — F is the voltage across the conden¬ 
ser. 

Equating these two values and dividing by p we obtain the fol¬ 
lowing equation for the determination of F: 


iiC / R) ^ p-^- + Co]Cofit) . 


The solution of this equation is easily found since it is identical 
with equation (6.17) of chapter 6. Properly specializing the solu¬ 
tion of this equation we then obtain 

F(f) =/(0)e«''^^»“ 


+ r'[/'(s) — (C/iBCo=)/oW/(s)] _ 

Jo 

It fit) =1, this reduces to 

, i 

F(f) —e:‘^''''''’«^(C/^Co^^)'- ('‘[e-wscoygi] _ 

Jq 

The general telegrapher’s problem may be similarly treated, but 
the details will be left to the reader. If distributed inductance L is 
included, then the general equations become 


(Cp-f G)->F = . 


( 6 . 6 ) 


The elimination of I from the system leads to the equation of 
telegraphy, which E. T. Whittaker suggests might properly be called 
Heaviside’s equation' 


d^V 

dx’’ 


^CL 


d^v 

dP 


iRC + GL) ^-^RGV 


(6.7) 
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If we employ the transformation: 




■■ V e 


<-Rt/L 


both tlie system (6.6) and the equation (6.7) take simpler forms. 

— , [Cp-f {G-RC/Ln 

and 

0-i; 


0 a; 


-CL^-^(GL-EC)^^ 


PROBLEMS 

1. If a conducting cable is of finite length L, then the second term of the 
right hand member of equation (6.2) cannot be neglected. Hence assuming that 
at ir = 0, y = JE' and at x == L, V = 0, show that 


V{x,t) 


sinh a{L — x) 


sinh ah 

If E is constant, derive the expansion 


>E . 


GO 

V{x,t) =E{l--x/L) ~ (2EM 2 (1/w) Bm{'yn'irx/L) . 

wt=l 

2. If for a conducting cable of finite length L, we have the following ter¬ 
minal conditions: 

( 1 ) at 0 , y = £7 ; (2) at x = L , dV/dx = 0 , 
show that V(x,t) is determined from the operational equation 

cosh (i(L — x) 


cosh aL 

If £7 is a constant, derive the expansion 


- —^ E • 


V{x,t) =E— 2 (1/m) BmimTxnL) 

m-i 


8. If in problem 2 we have the conditions 

(1) sXx = 0 , V — E cosu.t ; ( 2 ) at a; = L , dY/da = 0 , 
show that V {x,t) is given by the expansion 

cosh [ % {RCa) ^ (1 +i) 1 

F (x,t) = Real part of E cosh [% (l?C»)Ml+'i)i] "■ 

00 si n(m-ya!/ 2 L) 

2 ^4 4" 16 EOL^ 

7M.=1 

4. Show that the voltage, V, at a cable terminal when an e m. f- . js 

impressed on a long cable of distributive resistance B and ^ity C per umt 
length through a terminal resistance Bq, is given y o eq 

11 + Ro(C/E)* P^ly w — f • 



334 


THE THEORY OP LINEAR OPERATORS 


Show that the solution for f(t) = E (a constant) may be put into either 
of the following forms: 

V{t)-E — ER^{.C/R'nt)i {1— (R^^C/2Rt) + 1 ■ B(,R^^C/2Rt)^ -} 

= B[1 —expCRt/Bo^C)] 

+ 2E{Rt/R^^-7rC){l + (2Rt/R^^C)/B + {2Rt/R^^C)/B-5 H-} . 

5. Let an impedance be connected at the transmitting* end, namely, with 

an e. m. f., /(t), of a cable of finite length L with distributive resistance R and 
capacity C, and let an impedance z^ be connected at the receiving end. Employ¬ 
ing the abbreviation a = show that the voltage in the cable is deter¬ 

mined from the following equation: 

(R^ + a^) sinh aL + (aR) (z^ + z^) cosh aL ^ 

--1-f- V(t):=:f(t) . 

aR sinh a(L — x) a- z^ cosh a(L — x) 

6. Show that when = 0, z^ = Rq, the current at x = L, under the con¬ 
ditions of problem 5 and for f(t) = E (a constant), is given by 


I^=:E/(RL-i-R^) +2Ey: 


K cos \ exp (— t/RCL^) 
V 2 sin 2 X„) 


where the summation is over the roots of the equation 


tanX = — (Rq/RL)\ . 

7. If the initial temperature of an infinite solid is given as a function, 
f(x), of the distance from some fixed origin at an initial time t = O', and if the 
heat flows in one direction only, then the temperature at any subsequent time is 
given by 

dT__ 

d t d ^ 


where a is an experimentally determined constant and T (x, t) is subject to the 
boundary condition: !r(a;, 0 ) — f{x). 

Show that the solution is given by 

1 - 
T{x,t)=—^ f (x +2 a Vt s) e-s" ds 

V®- J-a, 

Hint: Note that a formal solution is given by 

CO pi 

Now employ the integral 

r 00 f* CO 

e-r 2 ^.on dr = V2 e-s ds = 1/2 T (^^+1/2) . 
do do 

8 . If a sphere of radius R cools in air, the temperature, T{r,t)j where r is 
the distance from the center and t is the time, is subject to the equation 

d{Tr) d^(Tt) 

-zrr a- - 

9 t 0 r2 
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If the initial distribution of temperature is given as a function /(r) of the 
distance from the center of the sphere, and if the surface of the sphere is initially 
kept at a constant temperature then the boundary conditions are; 2’(r,0) = 
/(r), T(R, t) — Tg, where B is the radius of the sphere. 

Show that 


T(r,t) 


2 00 

= 7 ^ 2 exp (—n2 a2 cr 2 t/R2) sin (wTr/B) 

2J2 CD (— l^n 

+ ^0 (1 +^7;^ 2 —-— era t/R^) sin (n'rrr/R) } . 


J 


sf(s) sin{n'n-s/R)ds 


9. If the sphere of the preceding problem is placed in air at a constant tem¬ 
perature of zero into which it may radiate, the boundary conditions become 

Tir,0)=zf(r) , 


a 

~T(R,t) +hT(R,t) =0 , 


where is a constant which depends upon the conductivity of the surface of the 
sphere. 

Derive the operational equivalent of this problem. 

10. From the operator of the preceding problem, show that the solution may 
be expressed in the form 

r(r, t) = (1/r) 2^nexp(—a2X,,2t) sin\,,r , 

n=i 

where we abbreviate 


___ 2 (KR — 1)^ 


I 


R 

s f{x) sin X„s<is 


in which is a root of the equation 

\R cos\R + (hR — 1) sin X K = 0 . 

7. Infinite Systems of Equations with Constant Coefficients. In 
the discussions which have preceded this section, attention was de¬ 
voted mainly to the formal machinery of inverting systems of equa¬ 
tions with constant coefficients. We shall now consider existence the¬ 
orems for such systems in the general case where the differential 
equations are of infinite order and the variables infinite in number. 
The principal paper on this subject is due to I. M. Sheffer [ See 
Bibliography: Sheffer (4)]. His results, however, are an almost im¬ 
mediate corollary of the Cauchy-Bromwich method described in sec¬ 
tion 3, chapter 6 upon which one imposes properly specialized condi¬ 
tions derived from the existence theorem for infinite determinants, 
that is, from theorem 1, section 3, chapter 3. 

Let us assume a system of the form 


2 Aij(p) =Pj(t) , p = d/d,t, (ft 


- 00 , , 00 ) 
(7.1) 
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where we abbreviate 

00 

AiKp) = 2 tti,® P'' . (7.2) 

fc=-iX 

We shall make the following assumptions: 

(a) All the functions Aijip) share a common annulus of con¬ 
vergence: R < I p I < R'. 

(b) The elements of the determinant Aip) = | Aij{p)\ satisfy 
the conditions of theorem 1, section 3, chapter 3 for all values of p in 
the annulus of convergence. 

(c) A {t) has only a finite number of zeros in i? < | p 1 < R'. 

(d) The functions Pi(i) have the expansion 

00 

Qiit) — , 

«l=0 

where sup lim j Pim 1^''™ ^ r < R'. 

ms= 00 

We consider first the homogeneous ease of system (7.1), that is, 
the system 

% Aijip)—0, (i =— CO,---, oj ) , (7.3) 

i--oo 

for which we prove 

Theorem 6. If functions t’»(f) are defined by the Cauchy integral 
1 r 

-where ive define A{t) A^it) | a-nd A At) is Ait) with the ith col¬ 
umn replaced by P^it), P^l), ■■■ , where PAt), P^t), are arbi¬ 
trary polynomials which vanish attt=0 and are so chosen that Ai it) 
converges within the annulus of convergence, and if C is a path ivhieh 
lies within the annulus of convergence and includes the point t = 1, 
where Ail) 0, in its interior, then the functions Viit) furnish a 
solution for (7.3). 

Proof-. From the operation 

00 1 r* 

.2 Aijip) -^Viit) [P,(f) dt 

»=-cc] Am Jc 

we obtain formally 


00 
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since the right hand member is zero from the fact that Pi{t) ft has 
no singularity on or within C. 

The process of operation under the integi-al sign is justified by 
the corollary to theorem 1, section 3, chapter 3. Since the polynomials 
are bounded within the annulus of convergence, the expansion of 
Aiit) with respect to the tth column would converge uniformly with¬ 
in the annulus and hence, in particular, upon the path C. 

Considering now the non-homogeneous equation (7.1), we shall 
prove 

Theorem 7. If the functions Vi{t) are deflated by 


Vi{t) 


1 

2ni 


[j 


gxt 

t A {i) 


Ai{,t)dt 


(7.5) 


where Ai{t) is the determinant A{t) with the ith column replaced by 


Gi(t)^^g,„Jt"^ , 

and if C is a path in the annuhts of convergence ■which coniabis no 
zero of A (t) upon it and whose modulus exceeds r [see condition (d) 
above}, then the fiinctiom Vi{t) furnish a sohition for equation (7.1). 


Proof: Operating upon (7.5) with Aij{p) and summing with 
respect to i, we get formally 


CO 


2 


Ai;(p) 


^Vi{t) 



S A,t{t)Adt) 


c ^ 

I pxt V 

jc raw 

J G, (t)/t] dt 


dt 


t= Pi (f) . 

The justification for this formal summation under the sign of 
integration is derived immediately from the corollary to theorem 1, 
section 3, chapter 3. We first observe, from condition (d) above, that 
G{t)\ is dominated by the function 


00 

M-2r^V\i :ikf[l/(l —r/i i 1)], f>r. 

m-Q 

Hence G{t) converges uniformly along C and thus by the corollary to 
theorem 1, section 3, chapter 3, the expansion of A {t) according to 
the iih. column will converge uniformly along C. This is sufficient to 
justify the formal processes which we have employed. 

Corollary. The solutions obtained in theorem 7 will be of grade 
less than R'. 


This may be derived from theorem 6, chapter 5. 
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The Laplace Dipfbeential Equation of Infinite Order 

1. Introduction. The object of the present study is the Laplace 
differential equation of infinite order 

00 

2 (^no "f" “1~ “ ‘ =/(^) (1"1) 

?l=0 

where p is a positive integer and not all the quantities a„p are zero. 
If we employ the abbreviations z <= d/dx and 

a-n(x) = Ujio -j- -j- -[-••• -4“ > (1-2) 

we can write (1.1) in the abbreviated form, 

[ftoC®) + <h{x)z a.i{x)z'^ - 

-j-a„(x)z™-j-] ^mCx) i=/(x) . (1.3) 

The history and the present status of the theory of the solution 
of the Laplace differential equation of infinite order have already been 
summarized in section 6 of chapter 1. We shall attempt in this chap¬ 
ter to give the details of the formal solution of both the homogeneous 
and the non-homogeneous cases of this equation and present in so far 
as possible existence theorems which apply to a broad class of func¬ 
tions. 

It will be observed immediately that the general theory of equa¬ 
tion (1.1) formally unifies the theories of the following essentially 
different types of linear functional equations in which the functions 
Pi (x) are polynomials of degree not greater than p: 

* r 00 00 

(a) u{x) I '^Vi{x)(pi{t — x)u{t)dt ~ f (x) 

in which we assume that the <pi (x) approach infinity in such a manner 

Poo 

that I 9 i(s)s’*ds exists for all values of 

(b) m(x)- f I ^Piix)qiit)u{x-{-ct)dt —fix) ; 

Ja i~i 

(c) PmW U -f p,r.-i (r) u (x-t-m—1) 

- \-po(x)uix) c=f(x) ; 

(d) The Laplace differential equation of finite order. 

The formal equivalence of these types with equation (1.1) is ex¬ 
hibited by means of the Taylor’s expansion, 

w(T)=«(x) {T—x)u'{x) 4- (T—x)“tt"(x)/2!-f . 
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If we replace T by t and substitute in (a) we obtain an equation 
of the form: 

Po(x)u(x) +P,{x)u'(x) --f ••■=r/(x) , 

(1.4) 

where the coefficients are, 

Poi^) ^=1Pi{C€) I {pi(s)dSy 
^=1 Jo 

m ^oo 

Pn(x)~^Pi{x) <pi{s)s^^ds/n\ n>0. 

^=1 J 0 

Similarly for (6) we let T = x ct and obtain equation (1.4) 
with the coefficients, 

Po(^) =1+ r' ^Pi{x)qi{t)dt 

J a i=i 

m 

Pnix) '2Piix)qi(t) (ct)^dt/nl , n>0. 

J a i=i 

Equation (c) is transformed into the desired type by replacing 
r by a: -f- r, r = 0, 1, 2, , ■■■, m. We thus obtain the coefficients, 

wi w> 

Po(x) =2 Pi(a;) , P„(r) =r2 > «>0. 

i=l i=i 

The Laplace equation of finite order is derived from (1.1) mere¬ 
ly by assuming that a„i = 0 for all values of n greater than a fixed n'. 

It should be noted, incidentally, that the case for which p = 0 
has already been extensively treated in chapter 6. 

Calculation of the Resolvent Generatrix for the Laplace Equa¬ 
tion. We shall first consider the formal aspects of the inversion of 
equation (1.1). It will be convenient to employ the abbreviation 
F(x,z), which we define as the operational series 

OO 

F (X,2') = 2 (®»io "1“ a^niX —j- anzX~ -(- ... -|- O/npX^) z” . 

?t=0 

It is clear from section 10 of chapter 4 that the formal solution 
of equation (1.1) depends upon the determination of a resolvent gen¬ 
eratrix, X i,x,z) , which will satisfy the equation, 

X{x,z)-^F{.x,z) , 

or more explicitly, 

Fix,z)X{x,z) -f idF/dx) (fdX/dz) + id^F/dx^) (d^X/dz^)/2l 
_j-^ (d’‘F/dx’^) (0”Z/02”) /nl-\ -= 1 . (2.1) 
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If we make the abbreviation, 

QO OG 

Arix,z) =^'2 2 —r) !r! , 

7}=o 7n-r 

we can write (2.1) in the form 

Ao (x,z)Xix,z) + dX/dz + A^ {x,z) d^X/dz^ 

H- }- A^(x,z)d>’X/dz^ = l . (2.2) 

In order to integrate (2.2) let us assume that X(x,z) is a func¬ 
tion of the form X{XyZ) = e-^~X(z). Taking successive derivatives 
with respect to z we obtain, 

d^X(x,z) /oa:” = (z) — n.r (s) 

+ n (n—1) (a;) /2!-[- (—1) «.t"X (z) ] , 

»=1, 2, 3, •••. 

When these values are substituted in (2.2) an interesting sim¬ 
plification takes place and the generatrix equation reduces to 

{Ao(z)Z(z) -}-A, (z)Z'(z) +AAz)X"{z) 

H-^Ap(2)Z<i’>(z)}e-^'' = l , (2.3) 

where the Ai(z) are the functions, 

Ai(z) =2 • 

71=0 

We shall make the assumption at this point that a^p is different 
from zero. It will be noted that this is a restrictive condition, which 
■will be discussed in greater detail in section 15. The significance of 
this restriction here is found in the fact that the homogeneous equa¬ 
tion, 

Ao(z)X{z) -\-A^{,z)X'{,z) J^A^{z)X"{z) 

+ Ap(z)Z(^)(z) =0 , (2.4) 

■will have z = 0 as a regular point provided a-op ^ 0. There ■will then 
exist p linearly independent solutions, regular at the origin, which 
we shall designate by Xj (z), Z 2 (z), Zs (z), • • • , Zp (z). 

Similarly the adjoint of equation (2.4), which we shall call the 
adjoint resolvent, 

Ao (z) y (z) — ^ (z) y (z) ]-f. 


(2.5) 
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will have a set of p linearly independent solutions, Y^iz). 

Yaiz), ••• , Yp{z), regular at the origin. As is well known,* these 
solutions can be calculated in terms of Xi (z) by means of the formula, 

Yiiz) = (dlogW/dXi^f-^^)/Ap{z) , (2.6) 

where W is the Wronskian, 




X/ ■ 



X 2 

X/ • 




Xp' . 

•• Xp<*’-^> 


The solution of equation (2.3) may be written in terms of the 
sets, {Xi (z )}, {Yi(z )), and we thus obtain as the formal value of the 
operator X {x,z) the function, 

X(x,z) c= e-*~[Ci(r)Xi( 2 ) -\-C^(x)X 2 {z) - \- Cp{x)Xp{z)'} 

+ £ e^‘Wiz,t)dt , (2.7) 

where we make use of the abbreviation, 

W(z,t) =XAz)YAt) -AXAz)Y 2 (t) A-- + Xpiz}Ypit) . 

The functions Ci(x) thus far enter the solution arbitrarily, but we 
shall see that they are uniquely defined. 

It is well known that W{z,t) has the following properties:! 

/dz^dP I— 0 , i-r}<‘P — 1 » 

( 2 . 8 ) 

a‘«W(2,t)/0zWlt«= (—i)VA(^) •i+/=p —1 . 

From these relations it is clear that we shall have, 
d’-Xix,z) /dz%.o ='(d’'/dz’-) (r) X^ (z) 

-j- Cp (fl:) Xp {z) ] { 2=0 

= (^_a:)>-->{Cx(x)X,(2) 

az 

• “4” Cpix) Xp{z) 3 }iy-o 

for r less than or equal to 2 ? — 1- 

If this last equation be expanded and the coefficients of a; com¬ 
pared with the coefficients of cc in equation (12.5) of chapter 4 we 
obtain the following system of equations: 


*For tMs and other relations between the adjoint functions see G- Darboux: 
La thSorie des surfaces, Paris (1889), part 2, book 4, pp. 99-106. See also sec¬ 
tion 2, <iiapte!r 11 of this book. 

fSee Darbonx: loc, cit, p. 103. See also section 2, chapter 11 of this book. 
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Ci(a:)X(0) -1-^C,(fl3)Zp(0) ^Uo(x) , 

C,(x)X/(0)-\ - [-Cp(x)X/(0) ^u^(x) , 


C'i(.t;)X'i<*''"'( 0) H-h Cp(x)Xp^^-^HO) = Up-i(x) , 

where Ui (x) is the solution of (1.1) when /(_x) = • ,. „ 

If we further specialize the functions Xi(z) so as to satisfy the 

conditions, 

= dij , (2-9) 

where dij = 1, Sij = 0, i j, the arbitrary functions are identified 

with the special solutions zti (x), namely Ci{x) • 

We may formulate these conclusions in the following theorem. 

Theorem 1. The resolvent generatrix X(x,z) of equation (1.1) 
is expoMsihle in the form, 


X(x,z) =e-^^[^v,i.^{x)Xi(z)-{- ^ e^*W{z,t)df] , (2.10) 

1=1 J 0 

where the ui (x), i = 0,1, 2, •••, p—1, are solutions of equation (1.1) 
when f(x) = x\ Xi{z) are solutions of equation (2.4) subject to the 
defining conditions, Xi‘^'^’(0) = da, where da = 1, di,- = 0, i ^ h 
and W(z,t) is defined by (2.8). 


We proceed next to an explicit determination of the solutions 
Ui (x). The result that we shall prove is contained in the following 
theorem: 

Theorem 2. Let us designate by (t) and 4^*' (t) the follow- 
ing functions : 

(t) t= Aj (t) Yi{t) — [-A_;+i(i) Yi (t) ]' 

(—l)i^i[A,(t)Yi(t)]<>^^^ , ( 2 . 11 ) 


j\(t-^)’^^Ao(s)Yi(s)/(k—l) ! 

_ (A-s)^^Ax(s)yi(s)/(A:—2)! + ---+ (—l)''A^-i(s)yi(s)]ds , 

( 2 . 12 ) 

where the Yi(t) are the adjoints of Xi{t) as defined by (2.6) and 
(2.9). 

Then the solutions Ui (x) of theorem 1 are explicitly determined 
from the formula, 


Ui-iix) t= JJ (x) — 



e^^Yi{t)dt , 


(2.13) 
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where U (x) is a solution of the homogeneous equation and h is a 
path of integration between zero and any other point in the complex 
plane for which {t) t= 0, j~i, i+1, ,p, and (t) e^^ = 0, 

fc = l, 2, , i—1. 

Proof : We first observe that our definition of the solutions Xi{t) 
at t <= 0, condition (2.9), has uniquely determined the values of the 
ad joints Yiit) at the same point. Thus setting f t= 2 in equations 
(2.8) we have the bilinear relations, 

XAz)YAz) +XAz)YAz) +--+XAz)YAz) =0 , 

Xi' {z) Y I {z) -|- Xz' {z)Y 2 {z) -(--1- Xp^ {z)Yp{z) == 0 , 


(z) YAz) + (z) Y-Az) + ... + iz) Yp{z)= 1/Ap(z ). 

Setting 2 = 0 and noting the initial values of Xiiz) we obtain, 
y,(0) = 0, f = 1, 2, , p—1, 7^(0) = 1M„(0). Similarly letting 

j = 1 in equations (2.8) we get 7/(0) = 0, t = 1, 2, ••• , p —2, 
T’Vi(O) =—l/^p(0) ; and in general, 

7/«)(0)=0, i = l,2,---, p—1, 


7<V,(0) = (—1)VA,(0) . (2.14) 

From these values and those obtained by successive differentia¬ 
tion of equations (2.8) we obtain the following numerical equations: 

(0) = Aj (0) Yi (0) — (0) 7i (0) ]' 

H-h (—l)*’-^[A,(0)Yi(0)]<^^> = 0 , 

f t= 0,1, 2, • • •, i — 1, i -f 1, • • •, p ; Hi**' (0) = 1 . (2.15) 

These equations can be used to compute the elements of the 
Y-matrix, ||Yi<^-^> (0)||. For example, if p = 2, we have 

Fi(0) 72(0) 

||Y/^'->(0)l| = 

" " Y/(0) 7/(0) 

(2.16) 

0 1/A2(0) 

I/A 2 (0), [Ai (O)—A/ (0) ] /A/ (0) 

Assuming proper convergence of the integral in (2.13), let us 
differentiate Vi-i(x) = Ui-i(x) — U(x), n times. We thus obtain, 


(x) 




H^YA-t)dt 
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get, 


Substituting this function in the expression F{x,z) u{x) we 

F(x,z) (2.17) 

= — J (t) {.Afl (t) -j-Ai(t)r-|--1- Ap (t) dt . 

Let us now define a new function, 

17,(A) = JVi(s)A(s) (t—s)*^-W(fc—1)! . 

Eecalling the identity [see equation (6.4), chapter 2], 

r... ri/(s)(k’*= ry(s)(t— s)^-^ds/{n —1) ! , 

Jo Jo Jo 


we note that 


d'77,(A)/dt"=:l/fc.,(A) , k^r . 


Making use of this relationship and integrating by parts, we es¬ 
tablish the identity 

Yi (t) A it) e-^dt = {Ux(A) — xU, (A) 

-j-(_i)&-ia;*=t7,(A)} {—l)^x^Sif*Uk{A)dt . 

Employing this identity and recalling the definition of hit), we 
obtain the following expansion: 

j:e*‘yi(t)[Ao(t) -f Ax(^)x^- \-Ai.,it)x^-^} dt 

^{U^iA,) — xiUAAo) —UUA^)2 x^lUsiAo) —UAA) 

+ f/i(A,)]-1- (—l)*-V-=[f7i.x(Ao) — t7i.3(Ax) 

+ ••• ± U^iAl.,)2]e-%^ + (—l)Hr-’j;^e"*{LVx(A<,) 

— Ui-^ (Ax) -f • • • ± C7x (Aj.x) }dt 

= h^^Ht) —xU^^it) + (i)-[- (—l)KT‘-=L-x<')(t)}e"‘lj^ 

+ e**L.x<‘> it)dt . (2.18) 

A different integration by parts results in the following identity: 

S,Yiit)Ait)efm^{YiA/x— (YiA)Va;^+ (Y,A)"A^- 

H- (—1)»^HYxA) }e®‘| j, 

+ [(—1) Va^] Su • (2.19) 

Making use of this expansion and recalling the definition (2.11) 
of it) we obtain the following: 
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Si, (0 lA i,-i (0 + Ai{t)x'A -f Ap{t)xqdt 

( 2 . 20 ) 

= (i) + (i) 

H-. 

Combining: expansions (2.18) and (2.20) we get the equation: 
S, 6^‘Yi (t) {j4o(t) -{- j4i(t)a: Ap(t)x^‘} dt 


^ { S (—+ e"'', (2.21) 

7c=i i/j 

+ + (__i)i-i/,._^(i) (t)} dt • 


We must next establish the identity, 

7i-x<^>(t) + (—l)’-’i?i.i'’'(t) = J‘(t—s)*-277o<’'(s)ds/(7— 2 )! . 

( 2 . 22 ) 

To prove this consider the integral, 

Ho^^'is)ds = Id^Ht) . 

From equation (2.15) we see that 77/='(0) = 0 and the identity 
is established for t = 2. Similarly we have 


r' (t—s)F„«>(s)ds = 7J’)(f) -f 77 ,o)(f) 

J 0 

From this integration and the observation that 77o'^> = 0 the identity 
is established for i ■= 3. The extension to the general case follows in 
an identical manner. 

Returning now to equation (2.21) and recalling (2.22) we see 
that the integral of the right hand member vanishes identically since 
f7o'*’ (s) is identically zero. Furthermore we have h (0) = 0 for every 
k and from (2.15) (0) = 1, 7?/*’ (0) = 0, j yfc i. Hence making 

the assumptions of theorem 2 that there exists a path k from 0 to 
some point a such that lim 7)fc<'>(f)e** = 0, 7: = 1, 2, ••• . i — 1, 

t=a 

lim (t)e^* != 0, 3 t= i, i V > then it is clear that Ui-i(o:) 

t=a 

defined by (2.13) is a solution of equation (1.1) in which f{x) = 
The negative sign is chosen for the integral of (2.13) since we 
have arbitrarily assumed that zero is the lower limit of the integra¬ 
tion. 


Corollary. If the conditions of theorem 1 are satisfied and if 
there exists a unique limit a for all the padhs k satisfying the condi- 
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tions of theorem 2, then the resolvent generatrix of eqxiation (1.1) 
takes the form, 

Xix,z) =e-’^U(x) 2 X 4 ( 2 ) +e-^^ f E X-Ks) Yj (i)e^'di ■ 
i=l J a 1=1 

(2.23) 

If, moreover, a = —m, the second term in (2.23) can he written 
Xo{x,z) =e-^^ j' W{z,t)e^*dt 

r= ^'W{z,z—t)e-^*dt (2.24) 

where we abbreviate as before 

W{z,t) +X.C-)y.(t) + ... + X,(^^ . 

3, The Homogeneoiis Equation. In theorem 2 of the preceding 
section the functions Ui(x) which satisfy equation (1.1) for f{x) ■= 
were determined to within a solution of the homogeneous equation, 

F{x,z) ^{Ao(z) ^ AAz)x-+Ao(z)x- 

^- y Ap{z)x^]=0 . (3.1) 

It is the purpose of this section to show the efficacy of the La¬ 
place transformation in the solution of this equation. The present 
status of the problem may be briefly summarized as follows. The 
classical case where all the Ai(z) are polynomials was first system¬ 
atically treated by H. Poincare in 1885 and 1886.'*' Numerous memoirs 
have since contributed to the extension of these original ideas.f The 
case where the Ai{z) are polynomials in e^ is that of difference equa¬ 
tions and this has been the subject of extensive study by H. Galbrun, 
J. Horn, R. D. Carmichael, G. Birkhoff, N. E. Norlund, and others.! 


*Sur les equations lineaires aux differentielles ordinaires et aux differences 
finies. American Journal of Mathematics, vol. 7 (1885), pp. 2:08-258; Sur les in- 
tegrales irregulieres des equations lineaires. Acta Mathematica, vol. 8 (1886), 
pp. 295-344. 

^ fSee L. Schlesinger: Handbuch der Theorie der linearen Differential- 
gleickungen, vol. 1 (1895), pp. 409-414; E. L. Ince: Ordinary Differential Equa¬ 
tions, London, (1927), chapter 18. 

tGalbrun: Sur la representation des solutions d’une equation lineaire aux 
differences finies pour les grandes valeurs de la variable. Acta Mathematica, vol. 
36 (1913), pp. 1-16; ComyGes Rendus, vol. 148 (1909), p. 90i5; vol. 149 (1909), 
p. 1046; vol. 150 (1910), p. 206; vol. 151 (1910), p. 1114. 

Horn: Integration linearer Differentialgleichungen durch Laplacesche Inte- 
grale und Fakultatenreihen. Jahresbericht der Deutschen Math.-Vereinigung, 
vol. 24 (1915), pp. 30i9'-329; Laplacesche Integrale als Ldsungen von Funktional- 
gleichungen. Journal fur Mathematik, vol. 146 (1916), pp. 95-115. 

Carmichael: Linear Difference Equations and their Analytic Solutions. Trans. 
Amer. Math. Soc., voL 12 (1911), pp. 99-134. 

Birkhoff: General Theory of Linear Difference Equations. Trans. Amer. 
Math Soc., vol. 12 (1911), pp. 243-284 

Norlund: See Bibliography. 
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A comprehensive discussion of this problem together with an inclu¬ 
sive bibliography is given in the well known treatise of N. E. Nor- 
lund: Vorlesungen iiber Differenzenrechnung, in particular chapter 

11 . 

The first example knowfi to the writer from the point of view of 
the present chapter was given in 1908 by T. Lalesco [see Bibliography: 
Lalesco (1)], who solved the special case (e- — x) n{x) = 0, and 
the domain of solutions was further extended by E. Hilb in 1920 [see 
Bibliogra/phy: Hilb (1)]. 0. Perron (see Bibliography), employing 
results in the theory of equations of the form 

2 (^H —1“ byini) - 0 » '171 ' ■ Oj 1, * • * 

17 = 0 

gave an existence theorem for solutions of equation (3.1) which satis¬ 
fy the restrictive condition that they shall be of finite grade. 

Returning to the problem of this section let us first observe that 

B{z)Fix,z) ^u(x) r={F{x,z) ->B{z)} -^u(x) . 

This follows immediately from an application of (3.1) of chap¬ 
ter 4 since we have 

F(x,z) -^Biz) — [E-R] {x,z) ^F{x,z)B{z) . 

We thus conclude that if B («) is a factor common to all the A i(z}, 
then the set of solutions of equation (3.1) may contain as a sub-set 
the solutions of 

Biz)-^u{x) =0 . (3.2) 

If we designate by v (x) a solution of the reduced equation, 

\ 

F{XjZ) =0 , 

it is clear that corresponding solutions of the unreduced equation are 
immediately obtained from 

B{z) tz=:v{x) (3.3) 

This non-homogeneous equation with constant coefficients has 
been discussed in chapter 6."^' 

Proceeding to more general considerations we now' write, 

=S^€^^Yit)dt (3.4) 

*Let us note that the general solution of (3.3) which contains also the solu¬ 
tions of (3.2) in its complementary function may not always furnish a solution 
of the unreduced equation. Thus the equation 

— g -f I2z(z^ —1) X + (z^ —1)2a-^} —> u(x) = 0 

may be written 

(^ 2 _i) (30 + 24 /(i 2 ; 2 —1) + 12zx + (z^-~l)x'^} -> i6(ir) = 0 . 

But the unrestricted solution of (z^ —1) tt(x) = where ^(a;) is a func¬ 

tion which satisfies the reduced equation, will not satisfy the original equation. 
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where L is a path in the complex plane, and substitute this function 
in F{x,z) We then get 

F(x,z) (t) {Ao{t) +Ai(t)x 

-|- \- Ap{t)x^} dt . 

Employing integration by parts, formula (2.20), and recalling 
the definition of Fo (f), (2.11), we easily reduce this expression to 


F{x,z) ->uix) = xH 2 it) -|- x^-^Hp^t)} 




(3.5) 


If we now define Y (t) to be a solution of the equation 


H„(t) =0 , 


(3.6) 


and choose L to be a path in the complex plane at the extremities of 
which we have simultaneously, 

(3.7) 


then u(x) as defined by (3.4) is a formal solution of (3.1) 

If we note the following identity: 

e^-’Xiz) -^/(r) =r-^[X(s) -^/(x)] 

= X(z) ►/(x) |j=o = const, 

it is possible to give the solution u{x) a more symmetric form than 
that of (3.4). Let X^iz), Xz^z), ••• , Xpiz) be a fundamental set of 
solutions of the resolvent equation (2.4) and Yx{t), Yzit), - , Yp{t) 

the corresponding adjoints. Let L be any path in the complex plane 
for which equations (3.7) hold. 

We may then write the solution of (3.1) in the form, 

ui^x) =e-^~ ^^e^*W{z,t)dt^f{x) , ( 3 . 8 ) 

where W(z,t) == Xx{z)Yx{t) + Xz{z)Yz<,t) 4-h Xp(.z)Yp{t), 

and f{x) is arbitrary to within the existence of the hight hand mem¬ 
ber. 

The case of constant coefficients is immediately included in this 
form-ulization by writing, 

Wiz,t)^F{z)/Fit) , 

where we use the notation of sectmn 2, chapter 6. 
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U. Some Pai ticular Examples of the Solution of Homogeneous 
Eqmtiom. Before proceeding to more general considerations, it will 
be useful to examine some particular examples of the application of 
the theory set forth in the preceding section. It is a problem of much 
difficulty to formulate general theorems, since these theorems depend 
in an essential manner upon the singularities of and these sin¬ 
gularities in turn depend upon the singularities of the adjoint resol¬ 
vent generatrix equation which defines the function Y{t). 

The examples which are treated below illustrate many of the 
difficulties in the situation and will serve to introduce the more gen¬ 
eral discussion. 

Example 1. Let us consider the equation, 

{(1-f .4a;) + =0 

(4.1) 

The adjoint resolvent is at once seen to be, 
ay(0/(ft—f) —AY'{t) =0 , 

which has the particular solution, Y {t) = {t —a)\ X — — a/A. We 
also find JTi(t) ~AY{t). 

Let us first assume that 1 is a negative integer, X ~ — n. Then 
fl'i(f)e®*|i, is zero provided L is a closed path and, in particular, a 
closed path around the point a. In this case the solution is, 

u{x) = fj^e^*(t — a)-’'dt , 

= 2;iie“a;"-V(«—1) ! • 

It is immediately obvious that when n ~ 1, this function renders 
the original equation divergent. A similar conclusion is reached for 
all other values of n. 

We shall now assume that i is positive, but we shall not restrict 
it to integral values. Also assuming that the real part of a; is greater 
than zero we see that Hx{t)e’’*\L is zero for the Laurent circuit of 
figure 1. Hence we obtain, 


•oo 



Figure 1 

^00 

tt(x) t=: (1 — eS’rojgM. s^e-««ds , 

Jo 

It is proper to inquire in what sense this function is a solution 
of the equation since it is obviously of infinite grade. 
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We observe first the operational identity, [see (12.9), chapter 2], 

^ _ gax (g-j-ffl) ™ -> X-”^= e“[r (m) 

— + n(n—l)r(m-f2)a’*-2x-(™^2)/2j 

+ ...]/r(M) . 

Employing Borel summability we replace the factorials in the 
n um erator by the integral 

The identity then becomes, 

i^CO 

I (ct—t/a;) ”dt/r (w) . 

Hence if <p(z) is a power series in either ^ or I/ 2 , we may write, 

^00 

e<^x-’‘^ = e“x-'^ er*t^'^(p{a — t/x)dt/r (m) , (4.2) 

provided the integral exists. 

Applying the operation defined by (4.2) to our solution u{x) 
we get, 

{1 + Aa; 4 - 2 /<x-f- iz/a)^-{- {z/(iY-\ -} ->w(x) 

= (1 — /: V*tHaA-/t)dt +Ar( 14 -l)e“/a;^ . 

If i > 0, the integral converges and the right hand member of 
the equation becomes, 

(1 (eax/a;.v) (ar(A) + Ar(A+l)} = 0 . 

Since the application of the operator defined in (4.1) may be 
open to some objection in the present instance, it is worth while jus¬ 
tifying the solution on other grounds. 

Since the operator B{z) =1 -j- z/a, ( 2 / 0 .) ^ -j- • • ■ is equivalent 
to 1/(1— z/a) and since this function has the Laurent expansion 
Bt{z) 1 = — {a/z 4 - a-/z- 4- •••) "we! may consider the relationship of 
the latter to the differential operator. But we loiow from theorem 1, 
chapter 6, that { 5 i( 2 ) — B{z)) where f(x) is arbitrary to 

within the limits of the existence of the operator, is a solution of the 
equation B (z) = 0. It may be proved without difficulty that this solu¬ 
tion is identically zero provided the integrals of B-l (z) are taken over a 
proper path to infinity. In the present instance this path may be 
chosen from —00 to x. The essential equivalence of Bj(z) and B(z) 
is then assured. 
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Operating with (z) upon u(x) and noting that 


1 / 2 ™ -4 u(x) = r (a;—! dt , 

J -00 


we get 


B,(z) = —(1 —e2«^)r(l+A)a r{l + a(a;—t) 

J~cc 

4- (x—t) V'2 ! + •••} dt 

= —(1 —e=«^)r( 14 -A)ae“ T 

J -CO 

== (1 — e“/a:^ , ;i > 0 , 

Example 2. Let us examine the equation, 

{2(1+ 2= 4-2^ 4-2^-1-) 4-4a: (2 4-23 4-2:5 _j- ) 


— x^) -i-u (x) = 0 . (4.3) 

Since we have, 

Ao(z) =2/(1—24, Ariz) =4z/{l—z-), A. = —i , 
the equation, H^it) = 0, becomes, 

[2/(1—t4]L— (d/dt)[4ty/(l—14] — d==r/dt= = 0 . 

A fundamental set of solutions is found to be, 

YAt)=t{P—l), Y,{t)=l — P , 
in terms of which we compute the four functions, 
fl-4»(t)= —(t^4-l), H4^)(t)=2t; 

F4=>(t)=t= —1 , 

where we have adopted the notation of (2.11). 

In order to determine a point, t = a, for which we have Hj (a) = 
0, j = 1, 2, we consider 7 (t) = aa7i (t) 4- 0^272 (t). When this func¬ 
tion is substituted in the equations Hj (t) = 0, we obtain the system, 

(t) 4- (i) = 0 , 

-f a2F2(">(0 =0 . 


A necessary and sufficient condition for the existence of Oi, Os 
is that the determinant, ] F/*> (t) \ shall vanish. 


D(t) 


it) F4"’ it) 
H,<^Ht) H^^^Ht) 


0 . 
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In the present case this gives, 

D{t) = —(1—. 

•which yields the values t = l and t = —1. Corresponding to these 
values we compute 0,1 = 0 ^ and 1 = —a, respectively, and hence re¬ 
place the original fundamental set of solutions by the following: 

= (t— 1 ) y..{t) = (i+1) 1) , 

for which fl'i(t) and H^{t) equal zero when t = 1 and t = —1, re¬ 
spectively. Since lim = lim = 0 when R{x) > 0, 

t=-oo i=-oo 

we obtain as solutions of (4.3) the two functions. 


v^{x) t= r {t- —1) (t—= e*(4/a;^ — 6/aj^) 

J -CO 

(4.4) 

U, {x) = rV^—1) (t-fl)c*'d:t = — e-*(4/.r= -f Q/x^) • 

J-00 

It is to be observed that neither of these solutions is a function 
of finite grade. Hence it ■will be instructive to see in what sense these 
functions may be said to furnish a solution of the differential equa¬ 
tion of infinite order since ob'viously a direct substitution leads to a 
divergent series. 

Applying the operational identity defined by (4.2) to equation 
<4.3) we have, 

{2/(1—^2) -j- 4 xz/(l—sO — x^-} {A/x^ — 6 /x) 


(4eV2!) J e-‘i2a:-"{2/[l—(1—f/x)^] 


-f 4x(l—t/x)/[l—(1—t/x)=] —x^} dt 

/»00 

— (6eV3!) J e-'t=x-"{2/[l—(1—V*)"] 

+ 4x(l— t/x)/il —(1— t/x)-] — X-) dt 

/'CO 

= {te’^-*/x*){2x^~\-A(x—t)x^- + xHr- — 2tx)}dt^0. 


We thus see that tti(x) is a solution of equation (4.3) in the 
sense that if it be substituted in the left hand member of the equation, 
a divergent series is obtained which is summable to zero by the meth¬ 
od of Borel. A similar interpre'tation applies 'to the statement that 
U 2 (x) is a solution of equation (4.3). 
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Example S. Let us now consider the following equation: 

{1/(2—1) + 1 /( 2 —2) + 1/(2—3) + 2x} u(x) = 0 . 

(4.5) 

We derive a particular value of Y{t) to be, 

Yit)^l(t—l)(t—2)(t—2)V , 

corresponding to which we have the function, Hi(^) =2Y(t). 

For the purpose of discussing this equation we introduce a cir¬ 
cuit which was first studied by L. Pochhammer and which may be 
described as follows:* 

If we designate by La a circuit in a positive direction around a 
and by a circuit in the opposite sense, then it will be clear that if 2 
traces the path Lab = LaLjLa-^Lj,-^ a function of the form Y(t) = 
(t — a)^(t —will return to its initial value. 

The integral of this function, if A and are fractions greater 
than —1, will have the value, 

ii{x) = (1 — — Cit—n)^(t—b)t^yit)e^‘dt . 

J a 

(4.6) 



The function u{x) can be given a useful formulization in the fol¬ 
lowing manner: 

Let us write. 


u{x) 


J a. 


(a — t)^ib —, 


4 sin nu sin nX X 


Noting the identity, sin na = n/[_r{a)r{l —a)], and using the 
abbreviation, K = — ^Xp/T (1— y)r{l —^A), u{x) may be written. 


.5 (0—t)H&—0*^ 
u{x) <=K £ r{X-^l)riu+l)^^ 


*See L. Po'clihaminer: tiber ein Integral mit doppelten Umlauf. Mathema- 
tische AnnaleUj vol. 35 (1890), pp. 470-494, 
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u{x) =K 



r(/z+i)ra-fi) 


y{t)dt 


— K 



r(2+i)r(M+i) 


y(t)dt 


= K (J,) /r(2+l) 


_^Z),-a.i)(6_ay2/(ft)/r 0^4-1)} . (4.7) 


Returning now to the problem, it is immediately seen that the 
following three particular solutions of (4.6) can be written down by 
properly specializing (4.6). 

Hence three particular solutions of the equation are, 


u^ix)^ J'[(i— 1) it—2) (f—3)]5 e^*dt , 

U,(x) = J'[(f—1) it—2) it—S)y , 

u,{x)= r'[(f_l)(t- 2 )(t—3)]^e^'di . 


But these solutions are obviously not independent since v^ix) 
= thix) -f Usix). That they do in fact furnish two independent so¬ 
lutions of the equation is proved by direct substitution and observa¬ 
tion of the operational identity <piz) e°® = e“^(ft). For example, 
substituting Uiix) in the left hand member of the equation we get, 

-f l/it-2) -f l/(f—3) 

-\-2x'][it—l)it—2)it—Z)Ye^*dt . 

One integration by parts of the last term yields, 

£{l/it—l) 4- l/(t—2) 4- l/(t—3) — (Si= — 12t 

4-ll)/(f—1) it—2) (t—3))[(i_l) {t—2) (f—3)]ie*‘dt , 
which is identically zero. 

A third independent solution of the equation is given by the in¬ 
tegral, 

uix) = f" C(t—1) (t—2) (t—3)]V*dt , R(x) > 0 . 

"t -oo 

Example A. Let us consider the following difference equation: 

xix-{-l)uix-\- 2 ) —2a:(a:-|-2)w(a;4“l) 

4- ix-{-2) (a:4-l)tt(a;) =0 . 


(4.8) 
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Employing the symbolic identity e"- u(x) = «(.T-J-a.), we may 
write this equation in the form, 

{a;2(e2*_2e*+1) + a;(e=-' —4e-'-f 3) +2} -^u(x) =0 . 

The adjoint generatrix is then derived to be, 

(e*—l)^-Y"(t) l)P(t)+2(e=f + e* + l)r(t) = 0, 

with solutions, 


Yiit) =eV(e*—=e7(ef— 1)2 . 

Particular solutions of the original equation are immediately ob¬ 
tained from the following integrals; 

{e'''+o7(ef — 1 ) 3 } dt , 
lu^x) = ^ 

where the path of integration is about any of the points t = 2«ni , 
n = 0, 1, 2, - • • . 

These solutions are shown to be, 

Ui(x) = ni e~^‘~{x^ —a;) , (.r) = 2:ii . 

Since linear combinations of these functions are solutions and 
since sums with respect to n are solutions, we readily derive the fol¬ 
lowing more general solutions: 

Ui{x) —n{x)x'^, U 2 {x)=n{z)x , 

where 7i{x) is any function of unit period, ;z(a;-}-l) = - 1 ( 3 ;). 

We can readily show that {Ux{x), U^ix)} forms a complete set 
of solutions as follows: 

Let us write, Y{t) = 7i{t) -{-XY^it), and hence compute, 

H,{t) = —(21—1)e‘H-2(1—/)}/(e'—l)^ , 

H2(t) =e 71 e* + l —l}/(e*—1) . 

If R{x) exceeds 2, it is clear that lim — lim H 2 it)e^‘ 

t~-CC I=~‘X) 

=3 0. We now seek a point 1 1 = a in the finite plane such that (a) 
!= Hs (a) =0. If we designate by m, we find that tn must satisfy 
the equations: m = 1—1/1, (21—l)m 2(1—^1) = 0. Eliminating 
m from these equations, we obtain (1—1) /I = 0, which yields a = 
— 00 and a = 2ivn, % t= 0,1, 2, • • •. Since the first point is not in the 
finite plane and the other points have been used in obtaining U^ix) 
and Usix), no path L other than those previously employed can be 
found to yield a third solution of the equation. Hence {Ui (x ), U 2 {x )} 
forms a complete set of solutions. 
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Example 5. Let us now consider the following three equations, 
the last one of which (C) we have previously discussed in example 2. 

(^) {( 302 = —6) + ( 122 = — 122 )a:-f ( 2 = — l)=r=} i£(r) =0 , 

{B) {( 62 = —42 — 2 )/[( 2 —1) = (2+1)] 

—2)/( 2 —1) -t- -^u(x) !=0 , 

(C) {2/(1— 2 =) +4a:2/(l— 2 =) —x^}-^u(x)=0 . 


It will be found upon examination that these equations share the 
same adjoint generatrix, 

(^P-.l)^Y" — 4t{P — l)Y'+ (6t= + 2)y = 0 , 

two independent solutions of which are Yi = t(t- — 1) and = 
1 — P. 

Considering equation (A) we compute the values of H/-'* (t) and 
thus obtain the following expressions; 

= (f2_l)2[ft, (5f=+l) — 6ta,] , 

ftifl'a'’-’ + = (^^—l) = [ait— aj\ , 

both of which obviously reduce to zero for t = d= 1. 

Hence differential equation (A) has four solutions, two of which 
are given by the integrals. 


Ml 



(f2_l) {h-DetHt 


— (4/a;s _ 6/xO e* + (4/a:= + 8/x= + 6/£C^) e-^ , 


Uiix) = J" {t- —1) (t-\-l)e^*dt 

= (—4/a;=-f-8/a:= — 6/x‘')e*4- (4/®=-|-6/a;'‘)e‘‘' . 

The other two solutions are obtained by integrals to infinity and 
are easily found to be. 


v-z («) = r (i^—1) (t —1) e‘’*dt = e* (4/a;= — 6/x‘) , 

J ~00 

u^{x)= p(t2_l) (f+l)n= _e»(4/a;= + 6/a:*) . 

J -CO 

The distinguishing difference between the two sets of solutions 
{tti(a;), u^ix)} and {tt 3 (a:), Mi(a:)} is found in the fact that the for¬ 
mer are of finite grade while the latter have poles at the origin. 

Proceeding to equation (5) we obtain from the values of (t) 
the expressions. 
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OmH 1*'* -j- 1= (2i® “1“ 1) ct-i — (3^^ -j- 2i —1)0-2 > 

Upon explicitly substituting the values t = ± 1 in these expres¬ 
sions we see that they reduce to zero provided ch = Ck, that is for 
y = {t- —1) {t —1). Hence equation (B) has one non-singular solu¬ 
tion, and the two singular solutions Us{x) and tii(x). 

In the same way we find for equation (C) the expressions, 

-f- a-offi*-* c=—2ta2 , 

-f — 1) (—toi -f a,) , 

which cannot be simultaneously reduced to zero by the values t = ± 1. 
Hence equation (C) has no non-singular solutions and only the two 
singular solutions ihix) and ?-i 4 (r). 

We may note that the essential difference between these three 
equations is to be found in the rank of the following matrix: 

A,(a)Y,'ia), A,ia)Y,'(a) 

^ ^ AAa)YAa), AAa)YAa’) 

~ A,{b)Y,'{b), A,{i)Y.'ib) 

A,{b)Y, (6), A,{b)Y, (b) 

One may easily verify that for a = 1, b = —1, the rank of A is 
zero for equation (A), one for equation (B), and two for equation 
(C). It may also be shown by explicit substitution that the function 
(x) is a solution of the first two equations, but is in no sense a 
solution of the third. 

PROBLEMS 

1. Solve the equation 

(x--f2) (2x4-1) w(x-l-2) —4(x-|-l)2tt(x+l) + x(2x+3) u(x) =0 . 

2. Show that the following equation: 

(—4x2 — 2x + 6) it(x+2) + (Sx^ + 12a —14) ?t(a-l-l) 

-f (—4x2 — 10a) u(x) =0 

has as special solutions two quadratic polynomials. 

3. Show that the equation 

u(x) =x'u(x — r) 

has as its general solution the function 

u(x) =ir(a/r) r®/>T(l + x/r) , 
where w(a) is a function of unit period. (Pennell). 
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4 . Show that u,(*) = r{x) and u,(x) = 1/T(x) are particular solutions 
of the equation 

(a:+l) 2 (K— 1 ) u(,x+2) — (a;^ + a: + 1 ) + a; — 1 ) «(*+!) 

+ x^{x+2) u(x) =0 . (Wallenberg and Guldberg). 

Solve the following equations: 

5 _ ( 3 x 2 — 2x — 1) u(,x+2) — (15x2 — 4x — 4) m(x+1) 

+ ( 12 x 2 4 -16*) u(x) =0 . 

6. (x2 — 5a>+ 4) m(x+ 2) — (3x2 — 13 * + 8) it(x+l) 

+ ( 2 x 2 — 6 x) m(x) =0 . 

7 . x 2 ti(x+2) — ( 4 x 2 + 2x + 1) it(x+l) + ( 3 x 2 + 6 x + 3) w(x) = 0 . 

8 . Show that ^^(x) — w?,’v^i.x) ax^ + 6 x + c are particular solutions 
of the equation: 

{ (m-l) a x2 + [5 («^-l) -2a] X + c(m-l) _ a — 6 ) m(x+2) 

_(a(OT, 2 _l) *2 4 . [&(m 2 — 1 ) —4a] X + (m 2 —l)c—4o — 26}w(x+l) 
4 . ((Mt 2 — m) ax2i + [(m2—m)5 + (Sm2—4m)a] x + (m2 4m)a 

* 4 " — 2fii)h - 4 " — ’lYi)c] z:i :0 . 

9 . If in the equation 

A(x) m(x+2) +B(x) w(x+1) 4 -C(x) w(x)=0 

the functions A(x), B{x), G{x) are quadratic polynomials, determine their co¬ 
efficients so that i 4 (x) = a x 2 + 5x - 1 - c and W 2 (x) = a x2 -f X + r are par- 
ticular solutions 

10 . Express the integral equation 

j ^[t 2 U{t—x) (t—x) 2 ] uit) d:t =:0 

•J a 

in the form 

(x 2 / 2 : — 6 x/z 2 -f 6M) m(x) = 0 . 

From this obtain the general solution m(x) = c x^, \ = V3 . 

5. The Homogeneous Equation — Case of Degree One (p=l) 
with Polynomial Exponent. Proceeding now to more general consid¬ 
erations it will be convenient first to discuss the case where the gen¬ 
eratrix is an equation of first order. 

If we let p = l, then equations (2.4) and (2.5) become, 

Ac,(2)Z(2)+Aa(2!)X'(2)^0 , 

A,{z)Y{z) -^{A,iz)Y{z)} = 0 , 
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with the explicit solutions: 


XT/ X —J''{^e(»)M,Cz))& 

X(z) =e 
Moreover we have 


Y(z) 


■■ e' 




/A^iz) 


(z) = (z) Y{z) = e-^ _ 

If now we assume the following expansion: 

Ao (z) A4i ( 2 ) = ao + a,z + a,z= -j-[- ctnZ’^ _ 

4“ 2 [«ii/ (~ 2 i) * -j- an/(z — Z-A ’■ 4- an/{z — z/) * 


4-h «mi /(2 -~m) ’] 

then we may write Hi ( 3 ) e*- in the form, 

Hi(2)e“ = (2—2i)">i(2— z^A^'^iz —23) (2— Zm)°^ 

where we employ the abbreviations, 

(p (i2) = (tto 4" ^ 4~ «'i2V2 4" -1-, 

V'( 2 ) =2 — i) ( 2 — 2 : 1 ) *-^ 4 -a is/( 1—0 ( 2 — 

i=2 

4-h aim/ (1—i) ( 2 :— 2 :m) *'4 

For convenience we shall refer to the function 95 ( 2 ) as the ex¬ 
ponent of Hi ( 2 ) and shall limit ourselves in this section to the case 
where ip ( 2 ) is a polynomial: a, 0 , a„ = 0 for n > s. 

If we replace 2 by r and ««/ (a4“l) by H e°*, then we may write, 

as2«+V{s4-l) — 2er"+ie(s+i)<>i4o» 

_ j[jj.s+i{cos[(s-j-l)^4-a] -l-tsin[(s4-l)i?4"a]} • 

Let us set cos{ (s4-l)^4^} ■= 0> from which we get, 
i?„t= [(2?i—1)V2 —rt]/{s4-l), w=l,2,---,2s + 2 . 

For values of ■d such that ■d'^n-i < ■& < ’dm, we see that the real 
part of a 32 *+^/(s-f-l) will be negative. Hence if we choose a path to 
infinity lying within one of these intervals, it is clear that Hu ( 2 ) will 
approach zero. Evaluating the integral j"e®*F(t) dt over a path which 
does not enclose any of the points 2 i, 22 , • - •, 2 ,„ and which approaches 
infinity in two of the above intervals we shall have a formal integral 
of the equation. In this manner we obtain s -|- 1 independent solu¬ 
tions of the eqvjation. 

If 2 i, 2 - 2 , • • •, 2 m are simple zeros, that is to say if «;,• = 0, i > 1, 
and if ou, oia, •••, «!,» are fractions, then we can obtain m — 1 solu¬ 
tions of the equation by means of Pochhammer integrals. In case any 
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value of Uij is a negative integer this factor is excluded from the Poch- 
hammer circuits and a Cauchy integral is substituted. If all the aii, 
are negative integers no infinite branch is necessary to obtain the to¬ 
tality of solutions. If any two an are positive integers, for example 
flu, ai 2 , then modified Pochhammer circuits, 

J' Y {z)&‘~dz 

can be employed. If only one an is a positive integer then the path 
must be taken with one infinite branch terminating in s,-. 

In considering ■^( 2 ) let us assume that there exists an integer 
Sx such that as^i ^ 0, «« e=0, n > Si. If we represent z — z by r e” 
and a,,/(I— Si) by R it is clear that we shall have, 

.,/[(!— Si) (z — 

By means of an argument which does not differ from the one pre¬ 
viously employed we find that the real part of 

a,J[{l-Si) (Z-Z.)®-^] 

will be negative for values of ^ within the sectors: < ^ < 

where we define to be, 

[(2n —1)V2 —a]/(l—Si) , n = 1,2, , 2Si —2 . 

Hence if a path be chosen which does not include any of the 
values Z 2 , • • • j 2 ,„, and which consists of a loop emerging from Zi in one 
of the sectors defined above and returning to Zi in another of the sec¬ 
tors, then the integral taken along this path furnishes a formal solu¬ 
tion of the equation. It is thus clear that we shall obtain Si — 1 in¬ 
tegrals. Considering the other values Zo, Za, ••• z,„ in similar fashion 
we thus obtain Si -f S 2 -+-••• -f Sm — m integrals . 

Combining these solutions with those previously obtained we thus 
obtain a total of s -f- Si S 2 -f-+ S,„ formal integrals. 

An example is supplied by the equation: 

{l/(z-l)^-f [1/2 (z+1) 

— l/(z+2) +1/2 (z4-3)]x} ->%(*) =0 , 

where the operators are written for convenience in their closed form, 
but are to be regarded as equivalent to their power series expansion 
within the unit circle. 

It follows readily that we have: 

AJAi = (z+1) (z+2) (z+3)/(z—1)2 

= 8 + z + 26/(z—1) +24/(z—1)2 , 
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from which we compute, 

Hi {z) = e<s+®)5+»=/2 e-2V(^-i) —i) =6 , 

Y(z+2) (2+3) . 

It will be immediately perceived that there exist three formal 
solutions which can be obtained by integrating Y{z) e^= over the three 
paths indicated in figure 3. The axes of X and Y are respectively the 
axes of reals and imaginaries. 

Y Y Y 



Figure 3 


6. The Homogeneous Equation — Case of Degree One (p = 1) 
with Transcendental Exponent. An extension of the argument of the 
preceding section is possible if <p{z), the exponent of Hi{z), is an 
entire function of the form, 

{p{z) — e‘'^'^h{z)-If-k{z) , (6.1) 

where giz), h{z), and k(z) are polynomials. 

Let us assume that the degrees of these polynomials are p, q, and 
r respectively and that the coefficients of the highest powers of z in 
each are G e^\ H e^\ and K e^' . 

For sufficiently large values ot z — R e®* we should then have the 
asymptotic value, 

{z) CNO ^ Siu(pd+g)} 4- {q0-t^)i)i ^ 

OC i?H«[cos{# + /i, + GR^ sin(j9!)+g)} + i sin h 
+ GR^ sm{p&-{-g )}] X + KR’’{co& (rih^k) 

+ i sin (r&-\-k )} . 

Let us define a family of curves in polar coordinates by means of 
the equation: 


q-d' -if-h-}- GB^ sin (pdt-{-g) (2n — l)n/2, n<= 


1, 2, 3,.- 

■1, — 2, —3, • - • 
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If we use the abbreviation, A = 'this equation may be 

written, 

R‘>’={ (2w—1) np — 2q (/— g) — 2ph)/2Gp sin A . 

( 6 . 2 ) 

It is evident that the cun^e represented by (6.2) has infinite 
branches in the direction A = 'n7i, n^O, ±: 1,±;2, ■■■, r!- p and these 
branches divide the plane into regions within which the real part of 
the coefficient of e®®" is of one sign. Let us designate by 

any region within which the real part is positive and by a region 
within which the real part is negative. 

If a second partition of the plane be made by means of the lines 
p& g := {2n — l)nf2, n — 1, 2, ■ ■ • , 2p, then cos(p& g) will be of 
one sign in each region so constructed. Let us designate by Z>i a re¬ 
gion within which the sign is positive and by Bo a region within which 
the sign is negative. 

If still a third partition of the plane be made by means of the 
lines H k = (2n — l)n/2, n = 1, 2, ■■■ , 2r, we see that the real 
part of KR^{cosirg k) i sin(n^ -f /c)} is positive in one set of 
regions and negative in the other. Let us call such regions Ci and 
C 2 respectively. 

Let us designate by the symbol L(„j) a path between two points 
a and b, by AL^ahy a path from the point a to the point b which lies 
wholly with the region A, and by a path between a and b which 

lies wholly within a region common to A and B. 

Returning now to a consideration of the problem of evaluating 
the integral, 

u{x) — {t)dt , 

it is clear that a formal solution of the differential equation is given 
by means of this integral provided the path of integration avoids the 
singular points of Y {t) and consists of the following branches: 

{bo:,) (6.o) 

There may in particular exist an infinite number of such circuits 
and hence an infinite number of formal solutions. 

Two examples will illustrate these principles. 

Example 1. Let us first consider the classical equation, 
li(x-l-l) — xu{x) =0 , 

which defines in particular the gamma function, ito(x) t= r(x). 

Symbolically this equation can be written in the form of a dif¬ 
ferential equation of infinite order, 

(e® — x) -^u(x) =0 , 
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from which a simple computation yields, 

(p(z) xz , ^^(z)=0 . 

Referring to the notation of (6.1) we have p = r = 1, q = 0; 
G <= H <== 1, K = X; g <= k = 0, h = ji. Equation (6.2) becomes, 

R = {i2n — ^)ncsc§}/2 . 

The partition of the plane is made by a series of lines parallel 
to the axis of reals and spaced at intervals of n, the first at a distance 
n/2 from the axis of reals. The second and third partitions are co¬ 
incident, being merely a division of the plane into two parts by the 
axis of imaginaries. 

Axis op Imaginaries 


57T 
■ 2 


D 

3TT 

2 

B C 

r ^ _ 

TT 

2 


E 

A 

_ H 
2 

0 

3TT 

2 


STT 

2 



Figure 4 


One path L can be composed of the segments OA and OE. We 
thus obtain, 


u(x) = r er^’^^^dz r . 

Jo J-00 

Changing variables by means of the equation t = we get, 

TOO 

■u{x) = ^*ti^^dt , 

Jo 

which is the familiar integral representation of r{x) for the real 
part of r > 0. 




gg^ the theory of linear operators 

It is of interest to choose for a path of integration the se^mts 
AO f OB + BC at the extremities of which vanishes. We thus 

obtain, 


„(*)= fo--*+ re--»idy+ <=•-”' 

Joa 

_ (e^irix j: V-c-‘i(+ 




.-ev'i-niidy . (6.4) 

The second integral may be evaluated as follows: 

Integrating by parts we find, 

—1) "i" 

+ (x~l) {x—2) ■■■ ix—n) + ■••} . 

This series is obviously divergent but may be summed by Borel’s 
method. Thus employing the Borel integral 


J lOO 


•p^dt^nl 


we get. 


+ (^_1) (^_2)fV2! + --- 

_j_ (ai—1) (a:—2) ••• {x—n)t''/n\ -j- } dt 

^CO 

Substituting this value in equation (6.4) we find 
identically zero for this path. Employing still a third path (AOBD) 
and noting the results just obtained, we compute, 

(1—e="‘") r er‘^^^=dz , 

J 00 

__ re-V-^dt+ (i_e=«»-)jV‘t-^dt —, 


^00 

£ 3 =_ e-^P-'^dt . 

Since the coefficient of the integral is a function of unit period 
and since the employment of paths parallel to BD in higher a missi 
strips serves to multiply the exponent of e by n, we are able to inter 
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that the most general solution of the original equation for values of x 
in the right half plane is 


u(x) = 



er*p-'^dt 


where n{x) is any function of unit periodicity. The solution of the 
equation for values of x in the left half plane for the poles at the 
negative integers is obtained from a well known generalization of this 
integral.^ 


Example 2. A more complex example is furnished by the equa¬ 
tion, 


— (1 -f 2z-) e~- -f x) ii (x) = 0 , 


from which we have, 


cp{z) — — ze-^ iz*xz, v(z)=0 . 

Referring to the notation of (6.1) we find, 
p = 2, q = 1, r t= 4; G^H = K~l;g = 0,h = ::i, Jc — ■n/2 . 
Equation (6.2) then becomes, 


= {{2% — Z)nJ2 — d}/sin2d . 

If we replace sin 2d by 2 sin d cos d and let a; = E cos d, = 
R sin d, this may be written 2xy — {2n — 3):^/2 — d. Taking the tan¬ 
gent of each side and noting tan d = y/x, we reduce this equation to 

y — xi3.n2xy . (6.5) 

Introducing the parameter p = xy, we obtain equation (6.5 )in 
parametric form, 

aj == dr (|i< cot 2 It) * , 2 / 1 = ± (u tan 2^u) ^ . 

The graphical representation of this function is given in hgm’e 
5, the branches being numbered (1) for identification. From the fact 
that the derivative, 

dx/dy = X [1 — 2 (ce^ -}- y^) ] /y [1H-2 (x^- -f y^ 

= cot 2/t (sin 4p — 4p) / (sin4,« -j- 4 ,m) 

vanishes when /t = 0, we find one maximum and one minimum at the 
points of tangency with the circle of radius The branches shown 
in the figure correspond to a range of p from 0 to ^n/ 4. Other similar 
branches, not shown, exist for larger values of the parameter. 

A second partition of the plane is given by the equation d = 
(2n—l)ji/4. These lines are marked (2) in the figure. A third par- 


*See for example, Whittaker and Watson: Modem Analysis, Cambridge 
(1&20), 8rd edition, p. 243. 
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tition is made by means of the lines, marked (3), given by § = 
{n — 1 ) 31 / 4 . 

Referring to equation (6.3) we see that two formal solutions of 
the equation exist provided the path of integration L is chosen to be 
either AOB or AOC. 


Y 

(3^ 



Figure 5 


7. Perron’s Theorem. We have seen from the examples of the 
preceding sections that the various solutions of the homogeneous 
equation 


F{x, 2 ) M(a;) = 0 , 

(7.1) 

which appear in the form 


%{x) — f e®' Y(t)dt , 

■ •JL 

(7.2) 

where Y{t) is a solution of the equation 


Ho[r(t)]=:0, 

(7.3) 


may be conveniently classified according to the characteristics of the 
paths L of the integral. These paths of integration may be either 

(1) Pochhammer circuits around two zeros of Ap{t ); 

(2) Cauchy circuits around single zeros of/Ip (i); 
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(3) Laurent circuits (see section 7, chapter 2) around single 
zeros of Aj,it) ; 

(4) Circuits not included in the first three classes. 

The first three types of circuits may be conveniently referred to 
as regular from their relationship to the regular singular points of 
equation (7.3) ; the other circuits are accordingly irregular. 

If in equation (7.3) the function Ap{t) has n zeros (multiplicity 
counted, but in no case exceeds p), and if the other coefficients, Ai{t), 
satisfy the conditions of regularity,* then it is easily shown that pos¬ 
sible paths for L are in general the following: 

(1) n — p Pochhammer circuits; 

(2) s Cauchy circuits; 

(3) p — s Laurent circuits: 

The regular singular case of (7.1) was studied by 0. Perron [see 
Bibliography: Perron (3)], who stated the following theorem: 

Theorem 3. If in the equation 

Ao{t)X{t) Ai{t)X'(t) -j--4.2(t)X"(t) 

+ ....+ ^(t)X^^>(i)c=0 , (7.4) 

all the functions Ai{t) are analytic and satisfy the conditions of reg- 
ularity in the circle 1^1 q, and, if within the domain considered 


*We recall the following definition: A differential equation of the form 

(a;_a)« 2 / 00 (*) -f (x—a) (») - 

+ (X—a) P„_i(x) y'{x) +P„{a!) y(x)=0 , 


where Pi(x), P^(x),-- - , P„(a:) are analytic in the neighborhood of x — a, is 
said to have a regular singular point at x = a. Such an equation 3»ay oe c^led 
a Fuchsian equation since the character of its solution was first 
Fuchs in 1866. The theorem in question states that, for a linear Iwnwgeneous 

differential equation of wth order to have ®th^ 

no singularities other than poles and branch points in the naghlwrhood of the 
point a, it is necessary and sufficient that the coefficiei^s be of the form indicate 
above. The solutions of the equation are then of the form 


y(x) — (x—a)^[Pi(x) + gA«:) log(»- 


-a) -I- gsisn) log2(x— a) H- 

+ g.^Ax) log*’(x—0.)] 


where gjx), ^,(x), • ■ • , g„.^(x) are functions analytic at the point 

The value X is a root of the indiaial equation (fundamental characteristic 
equation) 


/(X)=X(X_1) 


(X_n+1)+ Pi(a)\(X—1) (X—11-1-2) -1- 

-fP„_i(a)X+P„(®)=0 


If the roots of this’ equation are distinct and if the difference between the 
real parts of any of them is not an integer, then the logarithmic singularity is 
absent from the solutions. 
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there exist zeros {multiplicity considered and in all instances 

assumed less than or equal to p) of Ap{t), then there will exist 
n—liTiearly independent integrals of (7.1) the grades of which 
do not exceed q, where s is the number of linearly independent inte¬ 
grals of (7.4) analytic within the circle \t\'^q* 

Proof: By assumption the n zeros of Ap{t) are regular singular 
points of (7.4), so for any one of them, for example, t = a, there will 
exist p linearly independent integrals of (7.4) of the form 

X{t) = {t—a)^P{t) , 

where A is a root of the indicial equation (see footnote to this section) 
X{X —1) ••• (A——jP“|~2)&P-1 

-]-...+ f,o = 0 , (7.5) 

and P{t) is analytic &i t <= a (or has at most a logarithmic singu¬ 
larity) . 

Similarly the adjoint equation (7.3) will have a set of solutions 
of the form 


Y{t) = {t—ayQ{t) , 

where Q{t) is analytic at the point t=-a (or has at most a logarith¬ 
mic singularity) and g is a root of the equation 


(^-fl) {pi-2) i,u+p)bp— (,«+l) {p+2) ...(,u+p—l)Vi + -- 

+ (_l)i>6„ = 0. (7.6) 

It is obvious upon substitution that the relationship between the 
roots of (7.5) and (7.6) is given by the equation 

—1 . 

Hence if Y (t) has a pole of any order at t ^ a, the correspond¬ 
ing solution of (7.4) will be analytic at tt= a. 

Let us first consider the case where the real part of p is negative, 
but where p is not equal to a negative integer. Then the integral (7.2) 
will be a solution of (7.1) provided L is a Laurent circuit about the 
point t — a. In assuming the existence of a Laurent circuit we make 
use of the following theorem due to A. Liapounovif 


*If n — p is negative, then s integrals satisfying the conditions of the theo¬ 
rem will exist provided s is the number of linearly independent integrals of ('7.4) 
analytic within the circle. 

tProbleme general de la stabUite du mouvement. Anrmles de Toulous, vol. 9 
(series 2), (1907), pp. 208-474. (Originally published in 1893 in the Comwmi- 
cations of the Math. Soe. of Kharkov). 
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If the coefficients Pr{x) in the equation 

P<i(.x)yix) Pi{x)y'ix) - \-Pn-iix)y<'‘-'^'> (x) (a;) =0 

are bounded in the interval (0, oo ), then there exists a value z such 
that, if y{x) is any solution of the equation, the following functions'. 

y e'^ ,y'e~^. /(«-i) 

all tend to zero as x <xi . 

If we assume that w > p, it is clear that there will be in general 
n such integrals, but of these only p are linearly independent. We 
now remove the restriction that the real part of ,« is negative. If the 
real part of p is positive or zero, then the Laurent circuit about t = a 
is replaced by a line integral from t — aiot<= oo. The path of inte¬ 
gration avoids the singular points of the diiferential equation and ap¬ 
proaches infinity in a sector which makes the integral converge. 

The remaining n — p integrals may now be found by combining 
the singular points in pairs to form Pochhammer circuits. 

If p is a negative integer, then the Laurent circuit is replaced by 
a Cauchy circuit about the singular point. If there are s such values 
of p, and if the corresponding integrals have no other singularity 
than the pole, then s of the p Laurent circuits are replaced by Cauchy 
circuits. But if Y {t) has no singularities other than poles then the 
corresponding ad joints, that is to say, the corresponding solutions of 
(7.4) will be analytic. 

If % < p, then all the solutions of (7.1) will be derived from 
Laurent circuits, unless s of the characteristic values p are negative 
integers, in which case s of the Laurent circuits are replaced by s 
Cauchy circuits. 

We now examine the character of the solutions and we may readi¬ 
ly show by the methods of chapter 5 (see problem 5, section 2, chap¬ 
ter 5) that the following are true: 

If in the integral (7.2) L is a Cauchy circuit about the point 
t = a, then the grade of ^t(a;) is j a |; if L is a Laurent circuit about 
the two points t<= a and ti b, then the grade of u (x) is equal to the 
larger of the two numbers a | and I & |; if L is a Laurent circuit 
about the point tc= a, then the grade ot ii{x) is infinite. 

Combining these results we see that we have established the 
theorem. 

8. The Non-homogeneous Equation of First Degree (p t= 1). 
Having in previous sections discovered conditions under which for¬ 
mal solutions of the homogeneous equation exist we now turn to tiie 
problem of solving the non-homogeneous equation. Before proceeding 
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to more general considerations we shall first examine the equation of 
first degree, 

We shall assume in the beginning that the functions, 

00 ^ 

A (z) = 2 «'»2” and B (z) =2 bnZ’^ > 


are analytic in a circle about the origin of radius not less than q, that 
we have bo 0, and that f{x) is an infinitely differentiable function 
but not necessarily of finite grade. 

Equations (2.4) and (2.5) thus become, 

Aiz)X{z) +B( 2 )X'( 2 ) =0 , 

A{z)Y{z)—■^{B{z)Y{z)} = 0 . 


The solutions of these equations which satisfy the conditions: 
X(0)=1, X{z)Y{z) =l/B{z) , 

are clearly, 

x(2)=e‘’’ , y(«) 

Referring to equation (2.23) we see that the resolvent genera- 
trix becomes. 




X<.x.z)=e-’‘’X(z)U(x)+er‘’X(z) fe"Y{t)dt, (8.2) 

Ja 

where Uix) is a solution of the homogeneous equation and a is any 
.point such that 


lim {H{x,z) = e* 


r={.4(s)/B(;)}& 

0 


} = 0 


As an example consider the equation, 

uix-\-l)—xu{x) <=fix) , (8.3) 

which in the notation of this paper becomes, 

{e‘ — x) ^u{x) = f{x) . 

The values of X{z) and 7(2) are determined from the equa¬ 
tions, 

X'(2) — e*Z(2) =0 , 

Y'(2) +6*7(2) t=0 , 

X(0)=1, Z(2)7(2) t=—1 , 

whence we find: X ( 2 ) = e«7e, 7 ( 2 ) c= — e • e-®’. 
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The general solution of the homogeneous eo(uation has been shovt’n 
in example 1 of section 6 to be, u{x) = Ti{x}r{x), where n (x) is any 
function of unit periodicity. 

Obviously the point a may be either -j-cc or —Choosing the 
latter and introducing the new variables u = e‘, -p = e~\ we have, 

X(x,z) =e-^~Xiz)7i(x)r(cc) ~ 2 r' . 

The second integral is recognized as the incomplete gamma func¬ 
tion which has the expansion, 

yip) = = pV.t -4- p-'-Vic («-f 1) 

-f p«A-{a-+l) (a--f2) +••• . 

Since we have the operational identities, 

p™-»/(«) =/(a;_f-n) and er^'X{z) -^f(x) = a constant , 
the solution of equation (8.3) becomes, 

uix) = 71 (x)T'(it') —{.f (•i')/"^’/(it'-p l)/.r (.r—|—1) 

^f(x+2)/xix+l) (a;4-2) + ... } .=^' (8.4) 

If a second expansion of the incomplete gamma function be em¬ 
ployed, we obtain, 

p-®y(p) t=e‘‘p-^rix) — {1/p -f- (a;—l)/p- 

+ (a:—-1) (.T—2)/p2-{-} . 

Operating upon f{x) with this new operator we get, 
uix)=nix)rix)—{fi0)-^fil)/ll + f(2)/2l + -}rix) 

4 - {fix—l)+ ^x—l)f{x—2) -f- (.r—1) (rc—2)/(a;—3) 

+ -}.t (8.5) 

This solution is usually though not always divergent. An ex¬ 
ample is furnished by the equation, 

uix-{-l) — xuix) =r(a:-f-l)e^"'^ . 

*This is a well known result due to H. Mellin: Zur Theorie der linearen Dif- 
ferenzengleichungen. erster Ordnung. Acta Mathematica, vol. 16 (1891), pp. 317- 
384. 

fSince we have > fisc) = p-* —> e? -» f{x) = -» {1 -f p .+ 

?>2/2! -t- • • • } —5- f{x) = p-* —> {/(*) /(®+l) + /(a;+2)/2! +•••} = 
/(O) + /(I) + /(2)/2! + •■• . 
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If we merge the divergent coefficient of the second r(x) in 
(10.5) with the arbitrary function n(x) we find, 

f(x—l) + (a;—l)/(x—2) + (x—l) (x~2)f(z—S) 

= r (x) -j- r (x) + r(x)e -^-{— 

= r(x)e^e/(e —1) , 
and hence obtain, 

u(x) r=n(x)r(x) -l-r(x)e^^'^/(e —1) . 

Borel summability will also serve to rescue a solution in many 
divergent cases. If as before we merge the constant coefficient of 
r(x) with the arbitrary function of unit periodicity, ji(x}, and ap¬ 
ply the Borel integral to (8.5) we obtain, 

7 i(x) =^n(x)r(x) + J^”e-‘{/(x—1) + (x—l)f(x—2')t/ll 

-f (x—1) (x—2 )/(x—3)t 72 1 -j-■■■} dt . 

An example is furnished by the equation, 
zt(x-l-l)—xtt(x)=l , 

for which we obtain, 

j 'OO 

e-‘ . 

0 

9. The No7i-homogeneo7is Equation — Expansion of the Resol¬ 
vent in Powers of z. Three different forms for the resolvent genera¬ 
trix can be given if the expansion is made: (1) in powers of z, (2) 
in inverse factorials in x, (3) in negative powers of x. The first of 
these expansions has been extensively studied by Hilb and his results 
will now be attained through the methods of the present chapter. 
Hilb’s actual method of solution by means of the theory of bilinear 
forms is given in section 13. 

Neglecting for the moment the contribution made by the homo¬ 
geneous equation let us consider the operator, 

Xo(x,2:) =e-“ (p(s) , 

where we employ the abbreviation 

^{z) =Xiz) £d‘*Y{t)dt . 

The expansion of this operator in powers of z is obviously 
Xq (,z,z) = -j- y^iZ tp^z~/2 ! —■ • • -I- / m ! —|— • • • , (9.1) 
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where we abbreviate, 

— ^)(m)( 0 ) —Tdx (0) +m(m—D. t^ <?('"-=> (O)/2! 

-± a;”'#(0) . 

Explicit calculation then gives, 

yj„{x) ^X( 0 ){— jy*Yit)dt} = XiO)Uo(x) , 

y’i(x) =4>'(0) —a:0(O) 

= (Z'(0) —xZ(0)}i!„(x) +Z(0)Y(0) , 

ip,{x) c=#"(0) — 2a:^''(0) 

= {X''{0) — 2a;X'(0) +a;=Z(0)}no(.i.-) 

+ 27(0){Z^(0) — .rZ(0)}-fZ(0){P(0) +•‘^5^(0)} , 

If we adopt the notation, 

[Z]“ = X'"’’ (0) — TOxZ'"'-^ (0) 

-[- m (m —1) (0) /2!-± x’'X (0) , 

(9.2) 

{7}“ = r<'"' (0) ■+ (0) 

4- m (m—1) (0) /2! -1-^rc“7(0) , 

the general term may be conveniently written, 
y,,„ix) =Uo(x) m{y)»[Z]"-^ 

+ l){Y}[Z]'’-V2!4----+{5^r''ra® • (9-3) 

If we place in these symbols the explicit values of X(z} and 
Y ( 2 ) as calculated in the preceding section and represent by A**' 
and the numerical values (0) and 5'** (0), this solution may 
be exhibited in terms of the coefficients of the original equation. We 
thus obtain to four terms the expansion, 

Xoix,z) =Uo(x) +{1—{A+ Bx)uo{x)}z/B-}-{—A—B' 

— Ba; 4- (A= — BA' 4 - AB' 4- 2 a:AB 

-j-x^B^-)udx)}z^/B’^2l (9.4) 

4- {A= — 2 BA' 4- 3 AB' — BB" 4- 2 B'^ 

-J^iBB' + 2AB)x-\-BH^ 
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-I- [SAA'B — SA^B' + 2BB'A' — B^A" 

ABB" — 2AB'^ — A® 
— 3a; {A^B — B^A' + ABB') — 

— B^x^']tiu{x))z^/B^Z\~\ -, 

where we use the abbreviation 


Ax)^— j^VY(t)di . 

The complete operator is obtained by adding U (x) e^’^-X (z) to 
this expansion. 

As an example consider the equation, 

— xuix)!=x- . (9.5) 

Since we have 

A( 2 ;)=e-, Biz)= —1, Uix) <=n{x)r(x) , 

tto(a;) =— C =— rV'^c^-“d-it , 

J-oo Jo 

the operator becomes 

X{x,z) =7i(x)r(x)e-”Z(2) — (1 (1 — x)z 

+ (2 —2a; + a;=)2:V2+ (5—6x +3.a;= — x8)2V6+••• } 

— {s+ (1—.r) zV2 -f (3 — 2x + x^-) sV6 + • • • ) . 

Applying this operator to fix) = x- and merging the constant 
e~^'Xiz) -» with nix) we obtain for the solution of (9.5) the func¬ 
tion, 

uix) -nix)Fix) — 1 — X — 2 j u^-^e^-'^du . 

^ We shall refer to equation (9.1) as Hilb’s solution of the differ¬ 
ential equation since the xpm may be identified with those obtained by 
this writer in a different manner. Consideration of the convergence 
properties of the operator will be postponed to another section. 

10. Ex'pansion of the Resolvent in a Series of Inverse Factorials. 
A second form of expansion for the operator of the last section may 
be obtained as follows: 

Let us integrate by parts the integral in the operator, 

Xoix,z) ^e^-Xiz) f>‘y(t)df . 
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Recalling that lim e^<Y(t) = 0, we thus obtain, 

t^a 

Xo (x,z) == X (z) Y iz) /x — {z)/x) (i) dA, . 

Jd 

Writing the integrand in the form (t)e~* and extending 

the original assumption as to the value of a to include the limit, 
lim = 0, we obtain the following fonnula by means of a sec¬ 

ond integration by parts: 

Xo ix,z) = X ( 2 ) Y (s) /x — X (z) Y'iz) e-=/x (r-f 1) 

+ {c-»--X (z) /X (r+1)} r ~ {Y' (t) e-*} dt . 

J a 

Employing the abbreviation, 

w„( 2 ) , Woiz)=Y(z) , (10.1) 

and assuming that we have, 

lim=0 , (10.2) 

t=a 

for all positive values of n, we are able to continue the process out¬ 
lined above and thus derive the following factorial expansion: 

Xo {x,z) — X (z) {Wo (z) /x — (z) e~/x (.r-fl) 

-j- W2(z)e^-/x(x-{-l) (r'4-2) 

— W 3 {z)e^~/x{x-\-l) {x-\-2) {x~{-2))-\ -• (10.3) 

To obtain the complete operator we must, of course, add to this 
the operator e-‘^^X {z)U (x) where U{x) is a solution of the homo¬ 
geneous equation. 

It is of some interest in particular applications to obtain the 
condition under which (10.1) is a finite series. An examination of 
the function w„ (z) shows that we have, 

(z) = er'Y' (z) 1 = er'D Y (z) , 

where D represents the operator d/dz, 

w-iiz) = 6"“(P—1 )D -^Y , 

iOa (z) = e-^^(D — 2) (P—1) D -^Y , 

and in general, 

Wn{z) (D — M.-(-l)-”(P—1)P Y . 

If we note from explicit values that 

(P-^ Y)/Y={A(z) — P'(z)}/P(z) =ie(z) , 



376 


THE THEORY OP LINEAR OPERATORS 


we observe that we may write w„ (z)/Y(z) = (z), where (z) 

is expressible in terms of Riz) and its n —1 derivatives. For example, 

{ (D—l) D Y}/Y = (RY' + R'Y — RY)/Y = + F' — K , 

{(J9—2) (D— 

= 72® + SR'R — 372® — 372' 4 . 72" + 272 . 

It is clear that these expansions furnish a criterion for the ter¬ 
mination of the factorial expansion of Xix,z) since we need merely 
assume that the coefficients A (z) and B (z) satisfy the equation, 

(D-n-j-l) ■■■ (D~l)D->Y(z) =0 . 

Thus we reach the conclusion that the expamion of the operator 
(10.3) loill terminate tvith the nth term provided A{z) and B{z) 
satisfy the equation, 

1 ) ... (7)_1)777(2) =0 , (10.4) 

which expresses a differential relationship between them. 

The explicit derivation of the equations corresponding to the first 
two cases will be of interest, the first case in particular applying to 
the theory of singular operators. 

The condition 75 -» Y = 0 is equivalent toA(s) — B'{z) =0. 
Hence the equation, 

{<p'{z)-\-<piz)x)=f{x) (10.5) 

where cp (z) is an infinite operator with constant coefficients, has for 
its resolvent generatrix the function, 

Xo(x,z) t=l/[^(z)x] . 

The condition: (75 — 1)75 Y = 0 leads to the equation, 
72'_72-f 72® = 0 . 

The solution of this equation is, 

72(2) = ley (1 + le-') , 

where 1 is an arbitrary parameter. From this we obtain the rela¬ 
tionship, 

A (z) — B (z) (Ae~/(1-j-Ae~)}-j-B'(z) , 
and hence we may conclude that the equation, 

{<p(z);ieV(l-l- le^) -j-q?'(z) -^xqi(z)} -->u(x) =f(x) , 
has for its resolvent generatrix the function, 

Xo(x,z) c=l/[5(z)«] — Ae‘’/[B(z) (14-le“)a:(x4-l)] . 
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11. Expansion of the Resolvent in Negative Powers of x. A 
third expansion of the resolvent generatrix is possible if we assume 
that a value a exists such that 

lim (t) 0 

t=a 

for all values of n. 

Under this assumption we may apply the integration by parts 
formula to the resolvent: 

X^{x,z) = (z) rVfF(t) dt 

and thus obtain, 

Zo ix,z) =X{z)Yiz) /x — {e-^-LY (z)/x} C'e^^Y' (t) dt , 

J a 

= X(z){Y(z)/x — Y'{z)/x^- 

-I-1_ 

J a 

■.Xiz){Y{z)/x~Y'{z)/x^ 

-l-y"(2)/.r= + . }. (11.1) 

An interesting special case is obtained when Y {z) is a poly¬ 
nomial of degree m since the resolvent generatrix then consists of a 
finite number of terms, 

Z„ {x,z) = Z (z) {7(2) Jx — Y'(z) + 7" (z) /x^ 

-± 7'“) (2)/x"'"*) . (11.2) 

The special form of this operator immediately suggests a simple 
way of obtaining the solutions of the corresponding homogeneous 
equation. If we assume tliat A (z) is of the form 

A(2) =P'(2)B(2)/P(2) +5'(2) , 

where P(2) is any polynomial, we obtain 7 (z) in the desired form, 
namely 7 (z) = P(z). 

Since Z ( 2 ) t= 1/[7(2)5 ( 2 )] has poles at the zeros of 7 (z)B(z) 
we can apply the method of Cauchy circuits as explained in theorem 
1 of chapter 6. Hence designating by Zo<*> (x,z) a Laurent expansion 
of Zo (a:, 2 ) regarded as a function of z within one of the annular re¬ 
gions bounded by concentric circles through successive zeros of 
7( 2 )5 ( 2 ) and by Xo(x,z) the expansion of the operator in the re¬ 
gion about the origion, we obtain a solution of the homogeneous equa¬ 
tion from the function, 

u(x) <={Xo<'Hx,z)—^o(x,z}}->f(x) , (11.3) 
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where fix) is arbitrary to within the limits of existence of the right 
hand member. 

An example of this method is furnished by the Bessel eqiiation, 
{x^z^ xz-\- ix- — } -H- y (a;) = 0 , 


for the special case where n is half an odd integer. 

By means of the transformation y this equation becomes, 

{xz--{-{2n-\-l)zx]uix)—0 . (11.4) 

We then find Yiz) = (1 -f- which is a polynomial when n 
is half an odd integer. For n = 1/2 we obtain for -Yo(a;,z) the func¬ 
tion, 


X,ix,z) =l/[a;(l+z^)] = (l/2x){l/(14-?z) = 1/(1—«)} . 

Since we have two zeros on the unit circle in this case we must 
slightly modify the method outlined above by considering each term 
of the expression in brackets separately. We specialize the function 
in (11.3) by setting / (a:) c= 1. Then since we have, 

1/(1 -|- iz) -» 1 = (— i/z-\- 1/z- -J- i/z® — l/z‘-) -> 1 

= 1 — cos X — i sin X , 

1/(1 -f- «z) -»• 1 = (1 — iz — -) _» 1 = 1 , 

we obtain as one solution of (11.4) the function, 

tii(x) = (—cosx — isinx)/(2x) . 

Similarly since we have 1/(1— iz) -» 1 == l — cos x -f i sin a: 
for one expansion and 1 for the other we get as a second solution, 

(x) = (— cos X -(- i sin x) / (2x) . 

Linear combinations of these obviously lead to the solutions in 
customary form, 

?;i(x) t= A{cos x}/x , Viix) •= B{smx}/x . 

For «, = 3/2 we have the operator, 

Ao (x,z) l/x (1+z^) — 2z/x2 (l+«2) = + 2/x= (1+z") = , 

t=S/il-{-iz)^ + T/il-\-iz)-\-s/il—iz)^-{-t/il—iz) , 
where we abbreviate, 

S = — i/2x^ + l/2x* , T = l/2x + l/2x* , 

sc=i/2x“=-f-l/2x* , t = l/2x + l/2x^ . 
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Proceeding as before and regarding the operators separately, we 
obtain, 

u^(x) — — cos x/x^ — sin x/x^ -|- i (cos x/x^ — sin x/x^) , 

v^{x) = — cos x/x^ — sin x/x"^ -j- i (— cos x/x- -J- sin x/x^) . 

As before linear combinations of these yield the solutions, 

Vx (x) A (cos x/x^ -)- sin x/x"^) , (x) = B (cos x/x- — sin x/x^) . 

12. Extension to hiclvde Solutions for the Getheral Case. It will 
now be desirable to formulate the results exhibited in the last three 
sections for the differential equation of first degree (p = 1) so that 
they will include the general case. In order to achieve this end we 
return to the statements of theorems 1 and 2 from which we shall 
derive the following theorem: 

Theorem 4. If there exists a point a in the complex plane for 
which we have, 

limHiCPi] (f)e^* = 0 , i = f, i-j-1, •••,p ; 

t-a 

lim hlYi} (#)= 0 , = 1,2, • • •, i—1 , 

ts.a 

then the resolvent (2.23) can he expanded in the foUo^ving series'. 
(A) A(.x,^) = 17(.r)e-«Y(^)> (12.1) 

i=i 

where we abbreviate 

(x) =Um (a?) — rnx (x) -j- m (m—1) x- Um-z {x) /2! 

-± (r) , mg p —1 , 

%p,„{x) =2 {Mi_i}(x) [Z.i]“-l-m{Yi}“[Zi3™-^ 

t-1 

+ m (m—1) [Yi] [Z«]«-V2! + ••■+ {Yi}”^^ [Z^]“ , 

m> p — 1 , 

in which ^ve write, 

Ui{x) c=— j ^*Yi{t)dt , 

[Zi]"* = ZiO") (0) — mxZi<*^» (0) 

_^^n(m —l)a:=Zi<'«-«(0)/2!-±x«‘Zi(0) , 

{Yi}’" = Yi'**' (0) + mxYi^”’-^^ (0) 

-\- m{in —l)x^Yi^®~*H0)/2! 4-[-x’"Yi(0) . 
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If the additional conditio'ns are fulfilled, 

lim e^*Yd'“> (t) <=0 , m ^ 0,1,2, • • • 

t-a 

then the resolvent has also the expansions, 
X{x,z)^U{x)e-^’^Xiz) 

_!_{(— /x{x-\-l) ••• {x-\-p 1)} 

X e.-/(,x -\-p) 

4- (2,z) od'-J (x + 2?) “1“ } ’ 

( 12 . 2 ) 


where we abbreviate, 

w„ {z, t) = Wn-x {Z, t) I e-‘, iPo {z, t)^W (2, t) 

^%Xx{z)Ydt) . (12.3) 

X {x,z) = U (X) r-X (z) + {(—1) 

(C) X iW,.x(z,z) — + W„.x(z,z)/x^- — ■■■J 

(1Z.4) 

in which we use the notation. 


WAz,t) ’ 


Wo{Z,t) 


:W{z,t)=ixdz)yiit) • ( 12 . 5 ) 


Proof. The derivation of the formulas contained intos theorem 
proceeds from the formal expansion of the operator (2.^o). It 


Xi(z)e-*"and 


r e^^Yi{t)dt 

Ja 


be expanded in po^ver series in .and ^en ^he J 

conditions (2.9) and (2.14) we obtain (12.1)^ (A) is thus P 
series solution of the generatrix equation (2.2). ^ ^ 

Assuming next that a point exists such that hm « Y. K ) 

^vle can perform the following integration by parts: 

JV» W {z,t) dt c= {z,z) fx — m}e-Htfx 

_ fasm (vz) ix — e®®e“(e-*0TF {z,t) /dt}t=!ifx (a:+l) 


_i fe^x*2)t i_ f [dW iz,t) /dti] €-^)e-*dt/x (a;-|-l) 

1 
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I e®* W {z,t) dt = (z,z) /x — (z^z) e?lx (.r+1) 

*'« 

+ Wo ( 2 , 2 ) e^~lx (se+l) (x-\-2) -} , 

where we use the abbreviations (12.3). 

From (2.8) however, we observe that the first p — 2 terms are 
identically zero and we thus obtain expression (12.2). 

Finally the operator (C) is derived by means of a similar inte¬ 
gration by parts and the employment of (2.8) to eliminate the first 
p — 2 terms. 

It will be of interest to consider an example: 

{2(1 2 ^ -f- 2 ® -|-) 

-j-4r (z -f 2 ®-f- 2 ®-)— x^} ^ ii{x) =f{x) . 

The homogeneous case has already been dsicussed in example 2, 
section 4, where the solutions: 

[17i(a:) =e®(4/x® —6/rO , t7,(a:) =—e-®(4/.r®-f 6A-^)] , 


were found. From the resolvent, 

2X + 4zZ'+ (z= —1)Z^' = 0 , 

and the adjoint resolvent, 

[2/(1—2=)]y— (d/d2)[42Y/(l— 2 "-)]—P' = 0 , 

with account taken of conditions (2.9) and (2.14), we derive the 
fundamental sets of solutions: 

( 2 ) = 1 /( 1 — 2 ^) , Z 3 ( 2 ) = 2 /( 1 — 2 ^) , 

YAz)=z^ — z, y,( 2 ) = — 2 ^-f 1 . 

Making use of (12.1) and neglecting the contribution of the first 
term of the operator which is easily constructed from the values of 
(7i(x) and U^(x) given above, we can write, 

Xo{x,z) = f (z—t)/il—z^-)}dt , R{x) >0 , 

J-CO 

={—1/a:® A 6/^* 4" — 42 /a;®)/ (1— z^) . (12.6) 

This is obviously expansion (C) of theorem 4; expansion (A) 
is easily made through multiplication of the expression in braces by 
the series 1 2® -jr z* -|-. 

In order to obtain series (B) we resort to the following calcula¬ 
tion; 
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= 1 )( 0 —i)/(l— 2 ^) ; 

Woiz,z) =0 , W„'( 2 , 2 ) t=l , 

Wo" ( 2 , 2 ) = — 42/ ( 1 — 2 =) , 

Wo'"(2,2) =—6/(1— 2 ®) , Wo*"* ( 2 , 2 ) =0 , > 3 . 

Tihe derivatives are here taken with respect to t and then 2 is 
substituted for t in the resulting functions. 

From these values we next compute: 

Wa( 2 , 2 )i=e-® , W 2 ( 2 , 2 ) =e-®-( 2 ® — 42 1 )/( 1 — 2 ®) , 

Wa ( 2 , 2 ) = e-®' (— 22 ® + 122 — 4) / (1— 2 ®) , 

Wi ( 2 , 2 ) = e-*' ( 62 ® — 442 -|- 30) / (1— 2 ®) , 

Wg ( 2 , 2 ) = e-®- (—242® -j- 2 OO 2 — 186) / (1— 2 ®) , • • • . 

Adopting the notation: a;*-”* = l/[a;(a:4-l) (a-’+S)--- (»-|-»^—l)j, 
we then obtain the resolvent operator in the form 

Zo(a:, 2 ) ={(—l-f 2 ®)x'-®> - 1 - (—1—42+2®) a;'-®* 

+ (4—122+22®) + (30—442+62®)x<-=* 

+ (186—2002+242®) «<-«> + •••}/ ( 1 — 2 ®) . (12.7) 

This expression is easily verified by substituting in ( 12 . 6 ) the 
following identity: 

l/x^^ = 2 (—l)Vn-aa5/®-’‘*/[a;(«+l) (a:+ 2 ) ••• (x+s+w)] ,* 

s~0 

where the Bernoulli number of order m and degree s, is ob¬ 

tained from the series: 

00 

{t/ {e^ — 1 )}»' = 2 ! , \t\ <2n ■ 

.S-0 

For values interesting to us here Bs*"'* is found explicitly to be,t 
—1 , —m /2 , 

Fa*™* = m(3m — 1)/12 , Fs‘“* = — m® (m—1 )/8 , 

F/™> = m(15m® —30m® + 5m + 2)/240 , 

F 5 *“> = —m®(m —1) (3m® —7m —2)/96 . 

Substituting the explicit expansions of 1 /x®, 1/x®, and 1/x* in 
( 12 . 6 ) we obtain series ( 12 . 7 ). 


*See N. E. Norlund; Differenzenrechnung, Berlin, (19|24), p. 243. 
tNorlund: loc. cit,^ p. 146. 
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PROBLEMS 

1. Solve the equation 

=r(a:+l) . (Boole) 

2. Discuss the equation 

(6 + 5J=) tt — 2x 'll' + 6w" — 2a: m< 3) -!- — 2a: tt<5) 

+ 6m<®)— 2a: =/(a:) . 

Note that a particular set of solutions of the specialized resolvent (2.4) is 
given by P^(s) = %(3z2— 1), Q^(z) ~ % P,(z) log[(z+l)/(z— 1)] _ 3z/2. 

3. Solve the equation 

(acosz+ a:) -» 2 t(a:) =/(*) . 

4. Obtain the solution of the equation in problem 2 -when /(x) — . 

5. Employing the method of the illustrative problem of section 11, compute 
the explicit values for the Bessel functions of orders n = 5/2 and n = 7/2. 

13. Other Methods of Inversion — Limited Bilinear Fo'rms — 
Appell Polynomials. In this section we shall consider two methods of 
solving equation (1.1). The first of these, the method of limited bi¬ 
linear forms, is due to E. Hilb (see section 6, chapter 1), who has 
thus furnished an excellent example of the practical application of 
the theorems relating to these forms. Because of the complexities of 
the general problem the discussion will be limited to the case p = 1 
and the reader is referred to Hilb’s paper for other details. 

The second method, that of Appell polynomials, is due to S. Pin- 
cherle who applied it to the case p = 0, that is to say, the case of 
differential equations of infinite order with constant coefficients. The 
extension to the general case was effected by I. M. Sheffer. A brief 
account, together with a bibliography, of Appell polynomials is given 
in section 6, chapter 1. 

The Method of Limited Bilinear Forms. 

We shall consider the solution of equation (1.1) for the case 
p = 1, that is, of the equation 

2 (<*» 4-&»*)> (13.1) 

TJaitO 

where the functions 

00 00 

A (2) = 2 , B (2) =2 bn z" 

are analytic in a circle about the origin of radius greater than q, and 
where bo ^0. 
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If equation (13.1) is differentiated an infinite number of times, 
an infinite system of linear equations is obtained, which is a special 
ease of the general system discussed in section 13 of chapter 4. Re¬ 
ferring to (13.5) of chapter 4, we see that the matrix of the coeffi¬ 
cients of the unknowns (a;) is given by 

I -j“ (^*^ 1) 5a-fc+l "j— (13.2) 

where a» and bm are zero for m < 0. 

If the A:th equation of the system is divided by [k —1] where 
[fc—1] 1 = k —1 for k '^2, [1—1] = 1, and if (x) is replaced by 
qn (13.2) becomes 

I I ik —1) bn-jc x] q’*"’- 

I i ^ [fe—1] 

The problem resolves itself essentially into three parts: (1) to 
show that the bilinear form 

00 

(A) ^'20>nlcXnyk 

ri,?c=i 

is limited; (2) to find a matrix ^ which satisfies the equation 

^•A = A-<P = I ; (13.3) 

and (3) to show that the bilinear form 

on 

(^) 2 Vn 

is limited. 

(1) To show that (A) is limited. 

This first problem is easily disposed of by means of theorem 11, 
chapter 3. Thus replacing n—k by m we consider 

00 00 

1 (^) 1=221 *4" -1) 4“ ^ 1 

M=:0 k^l 

Since [&—1] ^ 1, we obtain the inequality 

00 00 

1 (A) 1^2 2 {I I 4" I j 4" 1 11^1} 1 1 I 2/m+7c 1 • 

m=o k=i 

00 00 

But since 2 and 2 converge absolutely within the 

? H =;0 « te ;0 

circle of radius q, theorem 11, chapter 3 applies and the matrix A is 
limited. 


k — i 


Vm+k 
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( 2 ) To find, the matrix ^ . 

If we designate by 0 the matrix 

^ ^ fpnh 0”^^ [n - 1 ] 

then we must determine so as to satisfy equation (13.3). 

If the forward inverse is equal to the backward inverse, we are 
led to the equation 


-}- (w-1) -j- a;] |j = |j dnk I 

<13.4) 

It will now be observed that the function 

<pk{z) 

yn-1 

satisfies the differential equation 

L\_<pi,{z)'] = [A ( 2 ) 4- a;5(2)] <pkiz) +5(2) ^<pk{z) . 

(13.5) 

Conversely, the coefficients of the series development of each in¬ 
tegral of (13.5) satisfy the matrix equation (13.4). 

It is also clear that the singular points of (13.5) are the values 
of 2 for which 5 ( 2 ) t= 0. Moreover, for 2 < [ 2 i j, where 2 i is the first 
zero (i. e., with smallest modulus) of 5(2), there will exist an in¬ 
infinite number of solutions of (13.5) and hence there will exist an in¬ 
finite number of inverse matrices. In order to get a single inverse we 
must limit 2 to the annulus between 2 = and z = | 2 . 1 , where 
22 is the first zero of B{z) of modulus greater than \z^ j. Then the 
series 

00 

<Pkiz) =2 <Pmic [m — 1 ] 

converges only if the integral of (13.5), i. e., 

( 2 ) = e-®" M ( 2 ) [ [ Nk ( 35 , 2 ) dz + Ykl (13.6) 
where we abbreviate 

M( 2 ) =exp [— r'[A(2)/5(2)] dz , 

Nk (a;, 2 ) <= z^^ [5 ( 2 ) M ( 2 ) ] , 

is regular at the point 2 = 21 . 
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Let US now write 


[A {zy/B (z) ] X Cx iz — Zi) -j- C2 (z — Zi) ■-!-•••]/ —^1) . 

It then follows that, for values of A > 0, the expression inside 
the brackets of (18.6) will be 

(Z—Zx) ^ P (Z—Zx) 4- K , 

where P(z — Zx) is a series in positive powers of (z — Zx) such that 
P(0) 0, and K is an arbitrary constant. 

From these considerations the value of yk in (13.6) can be easily 
calculated. If A is a positive integer, one sees that yk = 0. If this is 
not the case, then let z make a circuit C about the points 0 and Zx and 
identify the new integral <Pk(z) with '^k(z). We thus get 

fpk (z) = 6“*- M(z)[ J" Nic ix,z) dz 

_j_ e 2 «-u [ Nk{x,z)dz -\-yk]—(pk(z) . 

J 0 

and it follows by comparison that 

(3) To show that (<?) is limited. 

We must show finally that the bilinear form 

CO Q'^~^ 

((5) = 2 <Pn. [’I—1] Xk Vn 

n,k=i H 

is limited, where Xk and y,, are subject to the limitations 

00 00 

2 I a;, ^ 1 , 2 12/» 1^ g 1 • 

7c=i n-i 

First, applying the Schwarz inequality (see section 9, chapter 3), 
we have 


CO 00 CO 00 

1 2 1 ^ [ 2 1 q^^^ 2 1 Xk p]' ^[21 <Pirc p q^^^Y 

. 7c=l Tfcl fc=i 

But <pxk = <pk(0) c= yk and we have 

yk = 0 ( J ] ] dz) 1 = 0{q^/k) , 
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where we employ the customary notation that g(,k) = 0[/i (A;)] im¬ 
plies that I g(k)/h{k) \ is limited as /b -» cc . 

Hence we see that 


00 00 

. 2 Xfc 1 g M( 2 l/k-)'- = Mn . (13.7) 

We next consider a form (3>'), which is identical with (0) ex¬ 
cept for the deletion of the term in yi. From the expansion of 
and (13.5) we see that 


°° d 

2(n—1) =^^;.(z)i=z= 


Biz) 


x<fk{z) . 


Since d cpuiz)/dz is regular at the point z = the right hand 
member must also be regular at this point. We now write 


dz 


<pk{z) =h{z) -\-g„iz) 


where we define 

h,iz) + iz'‘-^ — z,’‘-^)/[(z—z,)BAz^)l , 

gkiz) ^ — Aiz)Piz)^kiz) —xcpkiz) —aiz)<fj:iz)/B,iz) 

— Aiz,) l<p,iz) —<fkiz^)]/lBdz^) (Ml)] , 


in which we use the abbreviations 

BAz)^Biz)/iz—z,) , aiz)c^[A(z)—A(z,)}/(z—z,) , 

(z) = IB,iz,) —B,{z)}/1 iz—z,)B,iz,)BAz)l • * 

Since both hiz) and g^iz) are analytic about 2 = 0 they can be 
expanded into the following series 

OO ^ 

h^z) = 2 /?„-)i0”-= + 2 2"-=«i'‘-VSi(Si) , 

«=fc4-l W=2 


00 

g„iz) = '29knZ^^ . 

n=2 

It follows from (13.6) that if 0 g ^ and if l/|a e” — 2i| 
remains bounded, then <pkiq e'O -= Oiq^/k) and consequently 

gkiqe^^) =0[q^^/ik—l)1 . 


*Iii deriving this identity use was made of the fact that if z — z^ in (13.5), 
then A{z^) since B{Zj) = 0 . 
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We know, moreover, that* 


j; 


CO 

gu(qe^^)Y-d'&^2n'2 \gkn q 

n-2 


72 (n- 2 ) 


(13.8) 


From this and the fact that 
we deduce that 

CO 

21 fficn ^ q^<’‘-^V(fc—l)= . 

»t=2 

Returning to the main problem, namely, to show that (0') is 
limited, we obtain from the Schwarz inequality 


2 2 


rvfc-2 


■ Xfc 1 /n 1 g 2 1 [ 2 1 fflcn 1 ^ 2 I 2 /n 1 ^]' 

7c=i 


tl=2 

00 


^ 2 ^\x,\q[-E\g.n\^ 

fc=r2 H ^ - J“ «=2 

00 00 

^ {M/q) [ 2 1 a:*: 1^ 2 V (&—1)+ M' = C, , 

7Cs=2 ?C—21 

where Ci is finite. 

In a similar way we can show that 


(13.9) 


00 ft /7>t~2 7 c-n 
y /Li 


, 2 2--a:^ i/„ + 2 2 „ , . . „ 

fcin=l:+i 9 " fci 


00 


Xjz Vn 

Co , (13.10) 


-Jx^”^”'^'(l— |;2x|/«)j5,(0O 
where is finite. 

By combining inequalities (13.7), (13.9) and (13.10), we have 
proved that (<?) is a limited bilinear form. 


*Thus if 


00 00 

9Tzi«) =29to,s"-^ = 2 

n-2 n=2 


so that 

S’*; (? e’*) = 2 C®s;b cos (n—2) e — 6j.,^ sin (n —2) e] 


+ * 2 9’""C^fc» cos (w—2) e + Ojcn sin (n—2)9] , 


equation (18.8) is readily deduced from the fact that 


J 

4/ n 


sin sin me de : 


j: 


CO'S ne cos me de = 


where is the Kronecker symbol, and that 


^2Tr 

Jo 


sin ne cos me dez=zO 
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We can now state Hilb’s theorem on the basis of the three results 
obtained in this section: 

Theorem 5. If q is a number such that \ z^\ < q < j ^2 i» where 
and Z 2 are the two zeros of B{z) of smallest moduli^ and if f{x) is 
a function of grade not greater than q, then there exists one arid only 
one solution, u(x) of equation (13.1), whose grade is not greater than 
q, and this solution is given by 

00 

U(X) • 


The Method of Appell Polynomials. 


In section 6, chapter 1, we have already defined Appell poly¬ 
nomials by means of their generatrix to be the pohmomials Pni^) in 
the expansion 

00 

= . (13.11) 

n=o 

Well known examples of such polynomials are the Bernoulli poly¬ 
nomials of mth order, and the Hermite polynomials, 

Kix) .f In the first case we have 

A(i) 1)“ , PAx) 

and in the second 

P„{x)=Kix)/nl . 

The definition given in (13.11) admits of a slight extension 
which will be useful to us here. Thus, adopting the notation of Shef- 
fer, we shall refer to the polynomials (x) defined by the expression 


[Ao(t) -f xAa(t) ^- ^x^A,{t)l e-'* = 2G„(x)t'‘ 

■ 71=0 

(13.12) 


as generalized Appell polynomials. 

Identifying the functions Ar{t) with those given in section 2, 

00 

Ar(t) , 

71=0 


*For further information concerning the Bernoulli polynomials consult N. E. 
Norland; Vorlesungen uber Differenzenrechnung, Berlin (1924), or H. T. Davis: 
Tables of the Higher Mathematical FunctionSf vol. 2 (1935), pp. 181-272. 

fTwo forms of the Hermite polynomials are in common use connected by the 
relation _ 

We use the definition 

See example 3, section 1, chapter 12, 
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we see that the polynomials G„(x) are explicitly given by the formula 

00 r x^'~^ 

Gn 2 ®om ^ “I" ‘ • 

Conversely, the values of the functions Ar{t) can be expressed in 
terms of the Appell polynomials by means of the relationship 


{G<^>(0) - .C.G^-)(0) + .C.Gi:-)(0) - 

7 ; n=c 

4 - i—l)\CrGn-r(0)}t- , 

where rC™ is the mth binomial coefficient. 

Let us adopt the notation 

F{x,t) A(,{t) -{- X Ai (i) —j- • •" —j- • 


Then since the functions are analytic at f 0 we may obviously write 


Gn 


1 rF(x,t) 

2ni J, 


dt 


where C is a path about the origin. 

Turning now to the solution of equation (1.1), we shall first con¬ 
sider the case where p = 0. In section 3, chapter 6, the solution of 
the equation 


Ao(3) ^ 

u{x) !=f{x) 

(13.13) 

was obtained in the form 





(13-14) 

where we define 



V {t) — fo/t -j- fi/t- -j- -j- 

O 

J 

11 

(13.15) 


and where G is a path about the origin. 

Operating now with Ar,{z) upon (13.14) we obtain formally 


‘=S^:«G«(a:) , 

W=0 

where the coefficients are defined by 


(13.16) 
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If, then, in (13.14) the function is expanded as a power series 
in xt, and if account is taken of (13.17), the following solution of 
(13.13) is obtained: 


u{x) ^^knx’^/nl . (13.18) 

The convergence of series (13.16) may be readily established 
provided the coefficients are subject to the limitation 

suplim 1 kn 

«=00 

and Aoit) is analytic within the circle ] 11 = r, where r > R. 

If A represents the maximum value of Ao(t) on the circle 
\t\i=r, and if C is the circumference of this circle, then, taking ac¬ 
count of Cauchy’s inequality [see equation (2.1), chapter 5], we ob¬ 
tain 


Gn (,X^ 


1 rAo(.t)e^» 
2m 


dt ^ A/r« , 


Hence, since r > R, we have 


x\=X . 


00 00 

I 2 &»(?”(«) I < MS {R/ry = M/il—R/r) . 


Not only does this equality establish the uniform convergence of 
(13.16), but it also shows that the series represents an entire func¬ 
tion. 

The method which we have developed above for the elementary 
case may be generalized in the following manner: 

Let us assume that u{x) may be expressed as the integral 

where (7 is a suitably chosen path about the origin. We shall then 
have 

f(x) t=F(,x,z) -^u{x) J" Uit)F{x,t)e‘* dt 

•4 CO ^ 

= U{t):2Gn{x) t^dt ='2.KGn{x) , (13.19) 

2t7li J CL n=0 

where we define 


k, 




(13.20) 
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As in the previous case u{x) has the expansion (13.18) in w.iich 
the coefficients of Gn{x) are defined by (13.20). 

The problem of inverting the original equation (1.1) in any giv¬ 
en instance is, of course, the determination of the function V (t) . Al¬ 
though this determination might be made by inverting (13.20), a 
more effective method of procedure is the following: 

Let us assume that uix) may also be written in the form 

u{x)=-^ {v{t)X{x,t)dt 
2m Jc 

where V (t) is the function defined by (13.15). 

Operating upon u{x) with F(x,z) we obtain 

f{x) =F(x,z) -^u{x) [-f’(a:,s) -^Z(x,)5)] dt 

from which it follows that we must have 

F{x,z) X{x,t) = . (13.21) 

But this equation is precisely (2.3) and hence X(x,z) is the re¬ 
solvent generatrix of (1.1). Hence, since (13.21) is also equal to the 
original equation (1.1) with the function fix) replaced by we 
shall have 


X ix,t) <= X ix,z) e®* = e-®- Xo ix,z) e®* = Xo ix,t) 

where Xoix,t) is a particular solution of equation (2.3) in which z 
has been replaced by t. Let us observe that Xo ix,t) is not uniquely 
defined since to any particular solution of (2.3) there must be added 
the general solution of the homogeneous equation (2.4). The restric¬ 
tions imposed by theorem 1 will be assumed here. 

If finally it happens that Xaix,t) has the following expansion: 

Zo ix,t) = Xo (i) + (t) x + (t) xV2! +. • • , 

then u (x) may be written 


uix) 


1 

2m 



X„(t)x 


■ dt 


e='^k„x’'/nl . 

«=:0 

Since /(x) has the expansion (13.19), it follows that 

fix)^^ (vit)%X„it)GMii • 

^71% J c jtaO 
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1. Prove that 


PROBLEMS 




where G^ix) are the generalized Appell polynomials given by (13.12), defines 
an entire function of grade not greater than i?, provided the functions Aj.(t) are 
analytic in |t | < R, and pro\nded sup lim j ji/n — R. (Shetfer). 

2, Prove that L(x'^) = P^^{x), where we define 

00 

L(u) —^L^,(x)u(n)(x) 

n=0 

PJx) = -f a; + ... + , 

LJx) = (1/k!)[P„(x) - +,_C,x-2P„_,(x) + 

■ • • + (—1)» x" P„ (») ] . (ShefFer). 

S. If the operator L(u) is defined as in problem 2, show that L(u) — \it 
— 0 has a polynomial solution if and only if \ is one of the characteristic num¬ 
bers X„ = . (Shelfer). 

H, Validity of the Solutmis. We shall now investigate the char¬ 
acter of the solutions which have been formally defined in the pre¬ 
ceding sections. We have seen that the general resolvent operator 
for equation (1.1) is the sum of terms of the form 

Xix,z) c=X(z)F(x,z) , (14.1) 

where we abbreviate 

F(x,z) r&‘^Yit)dt . (14.2) 

Ja 

Let us first observe that 

X(x,z) ->/(«) ^F(x,z) [Z( 2 ) -^/(.r)] , (14.3) 

a result immediately obtained by forming the Bourlet product [F • Z] 
of section 3, chapter 4. But from theorem 6, chapter 5, we see that 
the grade of the function gXx) = X(z) f(x) is the same as the 
grade of / (x), provided X (z) satisfies certain mild restrictions. These 
conditions we shall assume are fulfilled by X (z). Hence we need con¬ 
sider only the function 

uix) =Fix,z)g{x) . (14.4) 

There are several cases to be studied, which may be listed as fol¬ 
lows : 

(1) The function g(x) is of finite grade. 

(of) The limit of the integral in (14.2) is finite. 

(bi) The limit of the integral is infinite. 
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( 2 ) The function g(x) is of infinite grade. 

(Oa) The limit of the integral in (14.2) is finite. 

( 62 ) The limit of the integral is infinite. 

The case (o-i) has already been covered by theorem 7 of chapter 
5, and its first corollary, where it was proved that the grade of ti{x) 
does not exceed the larger of the tivo mimhers q and . provided 
Y (t) is analytic throughout the interior of the circle q E, where 
R is larger than q and | «• |. 

The following two theorems pertain to case (&i) : 

Theorem 6. If Y(z) and g(x) are functions of finite grade Q 
and q respectively, then u{x) exists in the region [ a? [ > Q and is in 
general of infinite grade. 

Proof: To establish this theorem we employ formula (12.4), 
which for simplicity we limit to the case p =1, 

Fix,z) =Yiz)/x — Y'iz)/x^-\-Y"iz)/x'^ -. (14.5) 

From theorem 6, chapter 5, we know: that Y(z) g{x) is a 
function of grade q and hence, from the assumptions regarding Y (z), 
we have {z) -> p(x) I ^ M„Q", where lim = 1. Hence we 
find a majorant for F(a;, 2 ) g (x) in the series 

Mo/\x\-\-M^Q/\x\^ + M,Q^/\x\^-\-MsQ'VM^ + --‘ , 

which, from the fact that lim = 1, is seen to converge for 

n~(X) 

|a;| > Q. 

We thus establish the existence of a function in a region which 
does not include the origin in its interior. Since, in general, a singu¬ 
lar point is included in the region bounded by the circle q = Q, the 
function u(,x) is in general of infinite grade. 

If we admit the validity of the semi-convergent series of the 
form 

?’(ic)(u-o ~j“ u-i/r 0-2/x^ —j— a^/x"^ —j— *** ) , (14.G) 

as an asymptotic representation of u(x), where the expression in 
braces satisfies the Poincare criterion (see section 4, chapter 5), then 
a further extension of the region of definition of u(x) is possible. 
This we state in the following theorem: 

Theorem 7. If Y ( 2 ) is a function of unbounded grade hut other¬ 
wise satisfies the conditions of theoy'em U for the ease p = 1 and if 
gix) is a function of grade q, then F(x,z) -» g{x), where F{x,z) is 
defined by (14.5), yields a semi-convergent series which is the asymp¬ 
totic representation of the integral 
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/»0O 

u(x) t=: F {x,z)g {x) t= (l/x) I e-*{Y(z — t/x)g{x)} dt 

(14.7) 

in the sense of (14.6), where r(x) is a, function of grade not greater 
than q. 

Proof. Representing by Sn(x,z) the operator 
Sn(x,z) =2 (~1)«-iYw-i)(2)/x“ , 

m=i 

let us consider the remainder operator, 

Rn{x,z) r=F{x,Z) — SniX,z) 


J-QO 


Making use of equation (3.7) of chapter 5, we obtain the in¬ 
equality, 


jicl” \R„{x,z) -^fix) I 


g(0) J''e**rw(t)dt + P(0) £>rw(t)dt +|e^^S(.'r)| . 

By hypothesis Y'”’ (t) is bounded by lim = 1 and 

W=00 

satisfies the assumptions of theorem 4. Hence the inequality may be 
reduced to 

l^l” \R„(x,z) -^fix) I 

^ {e'i^M„A”nl -f- !P(0) -f e'J*|S(x) IjrrD/lxl 

< c"*T'(.'r) , 

where T{x) is a positive function of zero grade which dominates both 
\x\ and \S(x) | |a;| . 

We then conclude that the function r{x) of (14.6) is dominated 
by a function of grade q and hence is a function of grade which does 
not exceed q. 

In order to attain the integral of which (14.6) is the asymptotic 
representation, we apply Borel’s integral (see section 4, chapter 5) 
to (14.6) and thus obtain. 


/•OO 

F (x,z) <= (l/x) J e-*Y (2 — t/x)dt . 

The integral representation of u{x), (14.7), follows as an im¬ 
mediate consequence. 

As an example illustrating Theorem 7 consider the equation; 

[] (1 x^ -j- z "-I-'' ■ ] ^ u ( 3 ;) '— f (.xy • 
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Since we have X{z) =1 — z, Y(z) ~ 1/(1 — z), the solution 
is given by the operator, 

?i(x)=e-“(l — z) r {e"’V(l — t)]dt-^f(x) 

J-QO 

= {1/x—1!/(1— 2 )a;^ + 2!/(l— 

— 3!/(l— z)^x*-\ - . 

If we set /(a:) =1 we replace z by zero and thus obtain the 
asymptotic development of the integral, 

i^OO 

u(x) = \ {e-V(a; +s)}c(s 

If, however, we set /(«) = e“, 0 < a < 1, we get 

u(x) — e’“(l/a; — 1 !/(l — n)a;^ + 2 !/(l — a) 

— 3!/(l —+ } . 

This series is the asymptotic representation in the sense of 
(14.6), where g{x) = of the formal solution 

u{x) "(1 — a) J {«■*/[(! — a)a; -j-s] • 

We turn next to a consideration of cases (a-o) and (b^) above. 
The situation here presents numerous theoretical difficulties, but a 
partial solution is furnished by theorem 10, chapter 5, where condi¬ 
tions are stated which are sufficient to secure Borel-summable equi¬ 
valents for u{x) when gix) is a function of infinite grade. In gen¬ 
eral the grade of u{x) is infinite. The reader is referred to theorem 
10, chapter 5, for further details. 

If the limit of the integral (14.2) is infinite [case (bo)], this is 
equivalent to adding 

/»CX) 

p(0) J er^*Y{—t)dt (14.8) 

to the solution obtained in case (oa). The conditions imposed upon 
Y it) by theorem 10, chapter 5, assure the co'uvergence of the integral 
in (14.8). If, then, fi'(O) exists, the function (14.8) may be added to 
the solution obtained in case (Os.). The grade of «(») is infinite. 

Finally let us consider the convergence of the factorial form of 
the operator (14.1) as given by the expansion (12.2), which for con¬ 
venience we shall specialize for the case p = 1. 
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Since the »th term of the series is readily seen to be of the form 
w„(2:)e“= (D_n + 1) ... (D — 1)D-^Y 

= (~l)«-i(w —1) !Z)(1 —Z)) a — D/2) 

••• [1 —Z)/0^—1)] -» Y(z) , 

where D — d/dz we are led to a consideration of the operator, 

A„(Z)) =Da — D) (l — D/2) ... [i_D/(n—1)] . 
Product operators of the form, 

D(l~D/a,)a — D/a^) ... (l — D/a^) ■■■ , 

OC.) 

where 2 converges, have been extensively studied by J. F. 

Ritt,* but it is clear that the condition imposed by him is not satisfied 
in the case of the operator lim A„{D). 

n-ic 

We may then proceed as follows; 

Introducing convergence factors into the product A„ we have, 
AniD) =[D(1 —Z)/2 )e®/==... {l_D/(w.—1) 

^ g-D{l+V2+...l/(n-l)} _ (14.9) 

For sufficiently large values of n the product in the brackets may 
be written, — e^°/r{ — D) -|- Sn(D), where C is Euler’s constant 
and Sn(D) is a function that tends to zero as n oo.f Similarly the 
coefficient of —D in the exponent of e may be written log n -j- C„, 
where the difference C„ — C becomes vanishingly small with increas¬ 
ing n.t 

We can then write (14.9) in the form, 

An(D) = l—l/n—D) + £,.(Z))]e-"’“s”. 

Employing theorem 6, chapter 5 and recalling that l/r(D) is 
analytic in the entire plane we see that An(D) -> Y (z) is a function 
of grade less than or equal to Q provided Y (z) is of grade Q. If in 
particular Y (z) = e"®* where Q is a positive number, we shall have 

A„(D) ^ Y(z) ={—l/r(Q) +8 „(—Q)} e-o<'^-®”) , 

from which we infer that, 

A„(D) -^Y(z) ^O(n0) . 


♦See section 6, chapter 1 and section 10, chapter 6. 
fWhittaker and tyatson, Modem Analysis, 3rd ed. (1920), p. 236. 
tJbid.: p. 236. 
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More generally let us consider the case where Y{z) is any func¬ 
tion of grade Q. Operating upon Y{z) with l/r(—and 
recalling theorem 6, chapter 5, we obtain a new function R(z), which 
is also of grade Q. Operating upon R (z) with e -°« -^e get 
R(z — log n). Since R (z) is of grade Q it is dominated for large 
values of the argument by a function of the form e^'P (z), where P{z) 
is a suitably chosen positive function of genus 0. Hence we can write 
\R{z — log n) I ^ n^e^~P{z log n) for n sufficiently large. But 
since P(z) is a function of genus zero, P(z log n) is dominated by 
where ^ is an arbitrarily small positive constant,* and we have 
\R{z — log ■n.) I < . 

We are thus able to assert that 

An{D) Y{z) =o{n0^), ^ > 0 , (14.10) 

provided Y (z) is a function of grade Q. 

The situation is much more complicated if Y( 2 ;) is a function of 
infinite grade. An important special case, however, is furnished by 
the series, 

Y (z) fl-Q “j— d^c ■—j— • —|— 0,1^6^^' —{— (14.11) 

where On = 0(1/%!), which from the example of section 8 is seen to 
include the classical operator — x%i(,x), that is when «-„ = 

(—l)V»i! • 

Operating with A„ (H) and noting that A„ (O) -» e”'- = 0 if m ^ 
n — 1, and (—1) ’“'■‘r(m -(- !)&’''/P{n)r{m — n -j- 1) if m ^ n., we 
shall have 

A„(I)) -^Y{z) = (—l)’'-%e’‘~’{a,. -f (X„+i(n-[-l)e71! 

-j- Ujn-2 ('^ 'H“ 1) H“ 2) (i~'/'2i ! —|- ■ ■ ■ } 

= (— 1 ) «-^m„e'*-{l -|- a„,i (w -f 1 ) e'/l !u« 

-f- tln+2 (^ 1) — } . 

Under the hypothesis that (Ln = 0 (1/% 1) it is clear that the func¬ 
tion within the braces is entire and bounded with n and hence that 

A„(0) Y{z) =0[e’*V(’J—1) !] (14.12) 

We now turn to a consideration of series (12.2) when p = 1. 
Let us first examine the case where (14.10) applies. 


*Tliis follows from the fact that 

lim P (z + log n)/rfi — lim P (z + x) — 0 . 
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From the operational identity 

(_l)»(jz_l) !A„(D) Y(3) 

we write equation (12.2) in the form, 

Xa{x,z) <=X(z){Y(z)/x + (^0 ^ Y)/x (x -(- 1) 

+ y)l!/x(x-f 1) (x-f2) (14.13) 

+ (A,-^ Y)2!/x(x+l) (x + 2) (x + S) . 

We now recall (see section 11, chapter 6) the fundamental con¬ 
vergence fact associated with a factorial series 

00 

F cin 2 (^n+ 1 ^^ l/x (^X —j— 1) * * * i^X —}— ) j 

w=o 

namely, that this series converges with the exception of the points 0, 
—1, —2, • • • , for values of x the real part of which exceeds a value, 

X, called the abscissa of convergence. If the series A t= 2 di- 

verges then 1^0 and is determined by the limit, 

lim sup log is “-n+i /log P • 

If the series A converges then 1^0 and is determined by the 
limit, 

lim sup log 2 /l°'g P • 

The abscissa of convergence of (14.13) is easily obtained in the 
two cases already discussed : (1) equation (14.10); (2) equation 
(14.12). 

OO 

In the first case the series 2 diverges for Q -|- <5 > —1. 

n=o 

Hence employing the abbreviation q = Q -1- d, we compute, 

2 (O' + 1) + V^P'^ + q.Fip9-V2!-. 

n~0 

From this we obtain 

= lim sup [log { (? +1) log p} — 1] i= q . 

psOO 

We are thus able to conclude that the abscissa of convergence for 
the case where Y (z) is a function of grade Q is not in general smaller 
than Q + d, although the special case Y ( 2 ) = where m is a posi¬ 
tive integer, shows that it may be —00. 



400 


THE THEORY OF LINEAR OPERATORS 


In the second case, equation (14.12), the .series 2 e’‘-/(n — 1)! 

W=0 

obviously converges. Hence from the function, 

00 

/(p) = 2 — 1)! 

7l^P+l 

= {e(p«)VpI}{l + eV(P + 1) 

+ e“/(p + l)(p + 2) + •••} , 
we compute the abscissa of convergence to be, 

Aj = — lira sup I log f(v)\ /log p 

= — liml (n 4- 1 ) 2 : — logp!|/logp — —00 • 

p=00 ' 

We are thus able to state the theorem: 

Theorem 8. If Y(z) is a function of grade Q then an abscissa of 
convergence exists for series (14.13) which is in general 'not smaller 
than l = Q;if Y(z) is a function which has an expansion of the form 
(14.11) then the abscissa of convergence is X — —co. 

15. Operators with Regular Singularities. In the discussions 
that we have made hitherto of the inversion of the Laplace equation 
which we shall write conveniently in the form, 

{A^{z) -\-xA:_{z) -\-x-A^{z) -1- l-x^’Ap^z)} -^u(x) ^fix) , 

p>0 , (15.1) 

where the Ai(z) are the functions, 

00 

Ai (s) = 2 > 

n-Q 

it has been necessary to impose the restriction 4.,,(0) 0 . 

0. Perron has formally removed this restriction in the following 
manner:* 

If in equation (15.1) we make the transformation, 
uix)—^‘’v{x) , 

then, from the fact that 2 ” u{x) = e" (2 a)“ v{x), equation 

(15.1) becomes, 

2 x”^Am (z-j-a) -¥v (x) — e-"/ (x) (15.2) 

m-0 


*See Bibliography: Perron (3), in particular p. 41. See also Sheffer, (1), 
p. 351, 
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Hence in the transformed equation the coefficient of x” has the 
value Ap(a) when 2 = 0 and the auxiliary parameter a is then to 
be so chosen that Aj,(a) = 0. 

The resolutions of the difficulty in this manner, however, is only 
apparent as may be seen from the following elementary example: 

(1 — xz) -»%(*) =x . 

If we make use of (15.2) and (2.24) wie get 

^00 

M (a;) = 6“ J {(«+“•) (2:+a—s) ds . 

But if we recall the operational identity, 

F (x,z) (x,—a) -|- FJ (x,— a) , 

and apply it to the present problem, we observe from the singularity 
of the integrand that the solution cannot be attained in this manner. 

The nature of the difficulty is revealed, however, if we set a = 0 
and observe the expansion 

Z(x, 2 )= { 2 e-®V( 2 —s)2}ds = l — e-^-&li(e^) , 

= 1 — e-® + log ^ + ^V2 • 2! + ^V3 • 3! + } 

where = X 2 and C = .5772157••• (Euler’s constant). The appear¬ 
ance of log 2 in the inverse X(x,z) suggests that the resolution of the 
problem is to be found in an interpretation of the logarithmic opera¬ 
tor which was discussed in section 11, chapter 2. 

The object of this section, therefore, is to discuss the operational- 
theoretic problem involved here for the case where the multiplicity 
of the zero of Ap(z) at 2 = 0 does not exceed p. It will be necessary, 
also, to make the assumption that the generatrix equation (2.4) has 
only a regular singularity at z = 0. 

We shall find it convenient to begin by proving several lemmas: 

Lemma, 1. The opera,tor 

A^(x,z) ~<p{z) j e -®®(2 — s)-''ds , E(x) >0 , 

where v is any constant and tp (z) is any function analytic about the 
origin, is equivalent to the operator 

Bo ix,z) = 2-” ^ ( 2 ) /x)} , 

where 2 -” is the fracti/mol integration operator defined by (7.1) of 
chapter 2. 
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Proof: In order to establish this identity let us consider the so¬ 
lution of the following differential equation of infinite order, 

{z''Q'iz) xz''giz)}-^u(x) =:f{x) , (15.3) 

where q (z) is a function anal 5 d;ic about the origin and not vanishing 
there. 

Since this is an equation of the singular type excluded from the 
general theory, we apply the transformation of Perron and obtain 
the limiting case where a =0. We thus easily find 


Z(.2)=e(0)/e(2) , y(2)^i/[z’'-e(0)] , 

and hence the resolvent operator 

XAx,z)^{1/q{z)} j e--‘{z—sy''ds . (15.4) 

To obtain a second form for this operator we expand the integral 
formally as a series in 1/z and thus find, 

Xoix,z) = {1/q ( 2 )) j 6 '*“' ^■''{1 + VS/Z 

+ r(r-l-l)sV2--2!4 ----}cte , 
c= {x/q {z) }Z-'’{1 v/xz -f- V (j'-l-l) / {xz) 2 

V{v-{-l) {v-\-2) / (xz) ^} . 

When z->^ is replaced by its operational equivalent, 

z-t^— , 

this series reduces to 

Xoix,z) ^{l/o{z)} JV<*-*>{(x—t)''-Vt-r(r)}dt . (15.5) 

In order to effect a further transformation we now compute 
z''u{x) = z''{Xo{x,z) -^f(.x)} , 
where Xoix,z) is the operator (15.5). We thus obtain: 


z'' u(x) 


~ 1 

r {X- 

’ dt 

dx J 

L r(i- 

-V) 

X 

r 

,, (t—sy- 

1 

c 

sFir) 

d 

r ix- 

-t)-'' f 

dx J 

K ra- 

=^0^"' 1 


■ds{l/Q(z)} -^f{x) 


‘#(s) 

s r{v) 


ds , 
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z'’ -^u{x) 


I f'lw* ( 

Jc ® Js 


(x — t)-'' dt 


where we use the abbreviation a:) = [ 1 /^( 3 )] fix). 

Making the transformation, (x — t)/it — s) = (1— y) /y, we ob¬ 
tain the last equation in the form 


■u(x) 


d 

dx 


Jo « Jo 


il—y)-vyv 


dy , 


that 


Or(l—)0 

--■&ix)/x . (15.6) 

From this we deduce that uix) =z~'' {?9(x)/x}, and hence 


Z„ ix,z) = 2 ->' ^ {[ 1/0 (z) ] /X} . (15.7) 

Let us verify this conclusion directly. We first note by use of 
the Bourlet product (3.1) of chapter 4 that 

is'iz) xoiz)}z'’— z''Q'iz) -i-xz^giz) . (15.8) 

Computing likewise the operational product, 

Aix,z) = {l/[e(3) • a;]} {o'( 2 ) + X 0 (a:)} . 


we get, 

A (x,z) = (q' -j- qx) /igx) Q (— q'/xq-) = 1 , 

which establishes the fact that 1/{_q(z) ■ x] is the inverse of 

0'(2) 4-X0(2) . 

Combining this with (15.8), we immediately derive (15.7) as 
the inverse of the operator z''Q'iz) -f- xz''Qiz) . 

If we finally replace l/giz) by <piz) in this argument, we see 
that we have established the lemma. 

Lemma 2. The operator 


^i(X,2) 



) iz —S)-’' ds , 

Rix) > 0 , 


is equivalent to the operator, 

ix,z) = z-'’ \og z {(p (s) /x} , 

where <piz) is a function analytic about the origin and z-'’ log z is the 
operator defined by ( 11 . 1 ) in chapter 2 . 

Proof: Employing the abbreviation, 

0 = f V® 4 og( 2 —s) (z— s)-^ ds , 
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we may write, 0 t=z L M, where we define, 

r oo 

log z • z-’'(1— s/z)-'’ ds , and 


/»CO 

M — z-'' J e-®- log (1— s/z) (1— s/z ) 


ds . 


Limiting our attention to the first element, we shall have 


L->f(x)= I e-**(l— s/z)-'’ds{z-'’logzfix)} , 


{1/x + v/zx^ + V iv-}-l)/z^x^ + • • • } 


{z-'’ log z f (x)} , 

= + vix—t)/x + (»'+l) (x—t) Vx^2 ! + •••} 

X{^'’'^ogz-^ fix)\x^t}dt/x , 

t= r {t/x)-''dt r it — s)''-'‘[ipiv — 1) 

V e c 

— logit—s)} fis)ds/ixriv—l)} , 

= r/(s)ds (\t/x)-'’it—s)^-^U>iv—l) 

V c s 

— iog(i— s)}dt/[xr(^— 1 )] , 

where y)iv) is the psi function defined by yiiv) = F' iv) /F iv). 

Employing the transformation 1— y = (f— s)/ix — s), we can 
write this equation, as follows: 


■ fix) = J 


* /(s) ix — s)' 
. Fiv—1) 


>1 ( 1 — 2 /) v -2 




— log [(a:—s) (1— y)}] dy/x , 

f is) ix—s)'’-'- ds 

-{v(>'—1) — log(a:—s)} — 


r fis)ix—s)''-^ds 0^1—2/)’'-% ,, ,, 

I r(^i) V I 


where we abbreviate p = ix —s) /x . 

Similarly for the second element we get 

M-»/(x)i= — 2(1/™) J* e-'“is/z)”'il — s/z)-'’ds 

[z-’'-»/(»:)] 
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M-^/(a;) = —2(1 /to) (—— - 

(m-i-2)!v(r-j-l) 

1 21 ■ 


= -2(i/m) J 

[(x -1)™ 

v(x—J/(v+l) 

L1 

* 2 ^ 



1^1-^ _> f (^) 1 — , 

' 1 X 

= —Sd/m) 

(x —^ 

t. X"‘ 1 

/ X dt it —5)^-2 

(l) vj, 

= —2(l/m) 

J 

f(s) 

(fs pj- / a-—i Y" / a; V 

‘'t' 1 ) {*) 

r(r—l) 



X (t—S)''-^dt, 

_ p /(s) 

r* Iao* ( f // i\ y (f _C ) 1^-2 

J,. r(v—1) 

— 1 \ 

Ja 


Making the transformation 1 — 

2 / — (i— s) / (x — s), we reduce 


the last equation to 


M^f(x) 


r"_ 

J, riv 




where we abbreviate as before p = (x — s)/x. 
Now combining L and M we obtain 


O-^fix) = (L + M) 

' f{s) (x - s)''-^ 


i: 


ds 


r{v) 


{y,iv-l) —logiXS)}^ 


+ Je 


'®/(s) {x - 

riv—1) 


I{p)ds/x 


where we abbreviate, 


HP) 


r 


(l_^)v-2 (l—jpy) 

(i—py)^ “ ( 1 — 2 /) 


dy . 


For the evaluation of I (p) we note that 

X 0==^ (1-^) (»'-i) 

^ (:r/s){l/(r—1)^} . (15.9) 
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Eacalling the functional equation 

1) i==y(j') -f 1/v , 

and introducing (15.9) into 0, we get 

/(s) (x —s)’'-^ 

r{v) 

= z-'’ log z (fix) /a-} . 

The lemma follows from this fact, since qtiz) is an operator in¬ 
dependent of X and hence permutable with the symbol z-'’ log z. 

Lemma 3. The operator 


0-^fix) 


= f 


(■i/'(’’) log(a;- 


. , ds 

-s))-, 


^00 

An(x,z) =(p{z) j e-^Mog”( 3 — s) (z — s)-'’ds , 

R{x) > 0 , 

is equivalent to the operator 

Bn ix,z) = z-^ log” s [qj (z) /x'] , 

where (p(z) is analytic about z — Q and zr'’ log” 2 is defined by ( 11 . 10 ) 
of chapter 2 . 

Proof: The equivalence stated in the lemma can be justified by 
an analysis wihich differs from that given above only in the intro¬ 
duction of a greater complexity of detail. 

If, however, we note the principle introduced in the derivation 
of ( 11 . 8 ) of chapter 2 , namely that differentiation with respect to 
the parameter v is justified when the operator involves z'”, we derive 
from the operational identity 

AqI^XjZ) =Bo{x,z) = z~'’ —¥ (z)/xj , 

the desired result 

-^Ao{x,z) = Anix,z) = (—l)”B„(x,z) , 

We are now in a position to prove the following theorem: 

Theorem 9. If the differential equation (2.4) has the origin as 
a regular singular point and if the numbers of the sequence {li} , 
i c=r 1 , 2 , • • •, p, where the Ai are roots of the indieial equation, 

Ao (0) + Aj,' (0) A 4 - A/' (0) A (1—1) /2! + ■ •• 

+ A4”) (0) A (1—1) •.. ( 1 —r+1) /%! ^ 0 , 

do not differ by integers, then the formal resolvent operator for equa¬ 
tion (15.1) is given by 
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Xa{X,z) = t/i (z) ( 2 ) jx\ 

+ 2-’^=-^ 2/2 (z) \Z'>^’-X2 (z) /«] -\ - 

ZT^r-^ yp{z) Xpiz)/x\ , (15.10) 

where the z^‘ Xi(z) are a fundamental set of solutions of equation 
(2.4), the 2 -^*-^ Viiz) are their Lagrange adjoints, and zr'‘ is the frac¬ 
tional operator previously defined. If r of the values {Xi} differ by 
integers, then in general r members of (15.10) will be replaced by 
terms which contain operators of the form 

2 ;m log-’* zy{z) [ 2 ^ log”* 2 X ( 2 ) /x] , m and n integers, 

where z-'' log® 2 is defined by ( 11 . 10 ) of chapter 2 and y{z), x{z) are 
functions regidar about the origin and do not vanish there. 

Proof: In order to prove this theorem let us first note that the 
function, 

W{z,t)=^X;{z)Yi{t) ’ 

i-1 

which appears in the resolvent operator, 

Xo(.r,z) rVTf( 2 ,t) dt , fi(.r)>0 (15.11) 

J-00 

may be written in the form, 

W{z,t) ^^z^>t-^-^^xdz)yi{t) , (15.12) 

1=1 

where the Xi are roots of the indicial equation. We assume that the 
differences X, — X,- are not integers. The functions Xi(z) and yi(t) 
are regular about zero and do not vanish there. 

Making in (15.11) the transformation t = 2 — s, and substitu¬ 
ting the right member of (15.12) for W(z,t) , we obtain 

^00 P 

Xdx,z) = e-“ 2 2 -'^* —s) Xi(z) yi (2 — s) ds ■ 

Jo i=i 

(15.13) 

Finally taking account of lemma 1, we get from this equation, 
Xdx,z) = 2 ( 2 ) [ 2 ^* a;i( 2 )/a;] , 

i=l 

which, establishes the first statement of the theorem. 

If we now remove the restriction that the differences Xi — X^ 
are not integers and assume instead that r of the characteristic num¬ 
bers differ by integers, then the fundamental solutions Xi (z) and 
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Yi (t) may contain terms of the form z>^ log” z x (z) and log” ty (t). 
Hence r terms of W(z,t) will be replaced by a function of the form 

^ {z,t) = zH-^-^ 2 log"" i ■ log” 2 . 

where the functions ^mniz,t) are regular about the point ( 0 , 0 ). 

r 

Furthermore the functions iz,t) have the form 2 •2’r {z) Tr(t), 

r-1 

from which it follow's that terms will appear in (15.13) of the form 


z^ Zr{z) \og^ z ^ 6"*® log® (2 — s) {z — s)-'^-^Triz — s) ds . 

But by means of lemmas 2 and 3 we see at once that this expres¬ 
sion is equivalent to the following: 

g-l-X ]Qg9 2 Tr{z) [2^ Zr (Z) lOg** z/x] . 

These results combine into the second statement in the theorem. 

We shall now apply the foregoing results to obtain the formal 
inverses of two linear equations. The first is a singular integral equa¬ 
tion of Volterra type, the second a difference equation which is used 
by G. Wallenberg and A. Guldberg (see Bibliography) as an illustra¬ 
tive example throughout their treatise. We have previously exam¬ 
ined the homogeneous case of the latter example in section 4. 

Example 1. The integral equation. 


/»00 

J { [—+ Vi ( 7—«—^ 

+ [a/? -f (2a + 4- 2 — y) a: -f 2x^ 

— + Vi (^« + 3^8 “j-S — 7)x 

+ 3x"] e 2 '®-*>} 2 t (t)dt = /(«) , (15.14) 

has as its resolvent equation the hypergeometric differential equa¬ 
tion multiplied by the reciprocal of 71 ( 2 ) = (1— 2 ) (2— 2 ) (3 — z), 
namely, 

{2(1— 2 )Z"( 2 ) -f [7— (a+m)^3 X'{z) — aiSZ(2)}^0 • 


In order to simplify the discussion we shall consider only a sin¬ 
gle specialization, namely, a = = y = 1 , for which we obtain the 

resolvent equation. 


2a—2) 
n{z) 


-Z"(«) 


(1—3g) 

Jl(2) 


Z'( 2 ) 


71(2) 


Z( 2 ) 1 = 0 
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A fundamental set of solutions for this equation is found to be 
XAZ) = l/a—z),XAz) = log z/{l—z) . 

Solutions of the adjoint, 


] d<a—st) 

dp I nit) 

are computed from the relations, 


ji(t) 


Y{t) 


nit) 


Y{t) ^0 


YAt) =A,(t)/| Wit) 

7 l{t) 

Y,{t) =-A,(t)/f Wit) 

i 7 l(f) 

wlhere W(t) is the Wronskian of the solutions Z, (t), X.At), 

The values of the solutions of the adjoint equation are explicitly, 

y,(^) , Y,(t)=^ji(f) . 

In terms of these functions, the Cauchy function becomes, 

Wiz,t) log iz/t) . 

Hence the formal inverse of (15.14), subject to the assumed spe¬ 
cialization, becomes, 


uix) — 


e-*s p|7 z — s) ds f ix) , 

/•CO 

{[logz/(l—z)] J niz — s)ds 


ftOO 

[1/(1—s)] j niz —s) log (2 — s)ds}^fix) . 


Now invoking theorem 9, we may write this equation in the 

z 


form, 

uix) ^niz) -5. {[ 2-1 logz —^/(x)]/a;} 

X- 

1 


- Jl(z) 10g2 [ 


1—z 


fix)'\/x (15.15) 


We now note that 

zV(l —^) “ J] (®+s) 

and we shall employ the abbreviation, 

gix)= J e-*/(*-t-s)ds . 


(15.16) 
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Returning to (15.15) and making use of (15.16) and (15.17), 
we may write u{x) in the form, 

u{x)=n{,z) {[2-Mog2-»fif'(a;)]/.T} 

— n{z) logz{g)x)/x) , 

= 31 ( 21 ) ^ {[2-Mog2S''(a:)]/a;} 

— n{z) -^{2-Mog2-i> [g'{x)/x — gi.xl/x^']} . 

Making use of formula (11.1), chapter 2, we then obtain 


u{x) =7i(z) -> (1/x) 




■ log(a:—t)] g'{t)dt 


[•V'(l) — logix—t)lilg'{t)/t — g{t)/t'-^] dt , 
= 5i(2)[^{1)—— i)'i[9'W/x 


■ g'(t) /t g(t) /P] dt , 


= n{z) -> J [v(l) —log(x—i)] h{x,t)dt , , 

where we abbreviate h(x,t) = g'(t)/x — g'(.t) /t •+ g{t)/t^. 

In order to interpret this last result it will be necessary to em¬ 
ploy theorem 4 of chapter 6. By means of it we are at once able to 
compute, 

2 -> I [v(l)—log(.T— s)']h{x,s)ds 

= ip{l)h{x,x) — [/t(a:,c)log(x—c)]/c 

+ f {’/'(I) V(«,s) — [V(a;,s) + V(x,s)] log(x—s)} ds . 

The derivatives 2 ® and 2 ® which also appear in n ( 2 ) are similarly 
attained and the formal problem is thus completely resolved. 


Example 2. Let us consider the formal solution of the difference 
equation, 

x(x-l-l)«(x4-2)—2x(x-[-2)«(x-j-l) 

4- (X4-2) (x-l-l)tt(x) =/(») , (15.17) 

which, replacing u(x^n) by e”® -> tt(x), can be written 
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[a;2(e2-_2e~-(-1)+a;(e=- — 4 . 3) _|_ 2 ]tt(,T) =/(a.’) . 

(15.18) 

Since wie have already considered the homogeneous case of this 
equation in example 4, section 4, we shall content ourselves here Avith 
the determination of a particular solution of the non-homogeneous 
problem. 

The generatrix equation, 

(e2-“_2e-”.+ l)X"(z) + (e== — 4e-'+ 3)Z'(«) + 2Z(£) 0 , 

(15.19) 

has z c= 0 as a regular singular point, and from the indicial equation, 
1 ( 1 — 1 ) — 21 4 2 = 0 , we obtain the corresponding indicial numbers 
1 = 1 , 1 = 2 . 

A set of fundamental solutions of (15.19) is seen to be, 

X, (z) = (er — 1) Ve-" , X,(z) = — 1 ) . 

Computing the corresponding adjoint functions, we get 
YAt)=e*/ie' — iy , y,(t)=_e'/(e'_l )2 , 
and from them the Cauchy function, 

W(z,t)^X,iz)Y,{t)^XAz)Y,(t) , 

= e'(e-_l) (e*__ c') . 

Employing this expression, we find the explicit form of the re¬ 
solvent operator to be, 

/•OO 

Xo(a;,z) 1 = (e- — 1 ) j e-^'’{e-®(l — e-®)/(e‘-® — l)®}ds, 

R(x) > 0 . 

Since s —z appears as a cubic singularity of the integrand we 
write the operator in the form, 

^00 

Xo(x,z) t= {e~ — 1 ) J {r"[^(s,z) — (e-“ — e-~) 

4 (s— z) (e-“ 4 e-®) /2!] / (s— z) ^ds] 

^00 

4 (e* — 1 ) {(e- 2 ® — e-®) J [e-®V (s—z )«] ds 

1^00 

— (e-“ — e-®) J [o-®V 2 (s— z)^']ds , 
where we abbreviate (p(s,z) = (e-^® — e-«) (e®-® — 1)V(^—s)®. 
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With attention to the identities, 

e’^-f {x) f {x+a) , Af{x)^f{x-\-l) — f{x) , 

A~ f {x) <=: f (x-\-2,) —2/(x-|-l) -!-/(*) r 
we get as the formal solution of (15.18) the function, 



+ (s— z) (e-^- + e-')/2]/(s— 2 :)^} ds A fix) 

+ J*[{ ix—t)^A^~ fit—2) + ix—t) Uit—2) 

_/(t)]}/2t] dt + i3(x) , (15.20) 

where Qix) = Ao + A^x + A.,x^. The last two terms of Qix) con¬ 
stitute the general solution of the homogeneous case; the constant Aa 
is to be so determined that (15.17) is satisfied at the point x 1 = c. 

Let us evaluate (15.20) for two special functions, namely fix) 
= 1 and fix) = X. 

In the first-case we get, 

uix) = Afi — A^x —{— A^x^ . 

The constant Ao is determined from (15.17) by noting that uiO) = 
Ao = 

In the second case, where fix) <= x, we get 

X OO 

— eV (1—e®) -f 1/s^} ds — x log xx Q ix) . 

Integrating by parts we then obtain, 

D ^’00 

tt(a;) c= e'®®{eV(6® — 1)—l/s) -j-x J e-®®{eV(e® — 1) 

— l/s}ds — X logx-j-X-f fiJ(x) . (15.21) 

We now note the definition,* 

^00 

ipix) =logx-\- J e-*®{eV(l—e*)-f l/s) ds , Rix) >0 , 

where yiix) satisfies the equation, 

y(x-|-l) — y-’ix) c=l/x , i/)(l) = — C (Euler’s constant). 

Hence (15.21) becomes, 

'Ufix) ™ X ip ix) X 13 (x) • 

*See Davis: Tables of the Higher Mathematical Functions, vol. 1 (1933), 
p. 277. 
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We must now determine the value of in Q(x), so that the 
original equation is satisfied. We notice that this requires that it (0) 
= 0. Noting that lim x y.’(x) = —1, we obtain for the desired solu- 

•T—Ci 

tion the function, 

'll (^x'} —1 **—— X y)(^x') —j— X —1~ AiX •“f” A^x^ . 

It is possible, of course, to obtain these particular results from 
the expansion X^{x,z) as a power series in This may be accom¬ 
plished without essential difficulty and to four terms may be shown 
to equal: 

-^0 i^XjZ^ 1 —j— x/2J| z —|— y^i^x^ 

-\-2x y^{x) -|-2 4-2.r + .rV2] z'^/2 — 

-f ^x^ ip{x) + ^xy){x) 4- 4 -f ^x 4- oX^]z^/6-\ -. 


PROBLEMS 

1. Show that the equation 

(2x+l) (Sx+i) — (2x+l) 'u(x) = 2x-^l 

has the solution 

?^(a;) zzi—. (2x + l)/(^x-^l) + >ir(x) [i2x-\-l) (2x+Z) (\2x-}-b)/{Bx + 1)’] . 
In this solution '^(x) is a function of unit period. 

(Markoif and Selivanoff). 

2. Express the integral equation 
[t 2 + zt{t — x) — (f— x)^2u{t) dt=zf{x) 

in the form 


(x^/z — 5x/z^ + 6/z^) u(x) z=zf(x) . 
Hence show that the equation has the particular solution 


u(x) z=z (V3/6) ^ (zWx —> /) — —> (z^^/x —> /) , 


where we write Xj^ = 3H- V3 , \ = S — V3 . 

3. Show that if f(x) z=z x\^, ii > 2, then the equation of problem 2 has the 
general solution 


u(x) =cx^ + 

r(ju— 2 ) 

4. Express the integral equation 


X=: V3 . 


X 


[t 2 i{t —/^) + (t—ir)2/2!] u{t) dt = f{x) 


in the form 


(x^/z — Sx/z^ + 5/z^) -^u(x) =/(£C) . 
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Hence show that if f(x) is a function which vanishes together with its de¬ 
rivatives of first two orders at x = 0j then the general solution of the integral 
equation is given by 

u(x) = (1/x) I sin [log(a;/t)] f(t) dt . 

Jo 

5. Derive lemma 2 of this section from lemma 1 by invoking the principle 
introduced in the derivation of (11.8) of chapter 2. 

6. Solve the equation 

{1 xz x^ z^) u{x) = . 

7. Find the solution of the equation 

(4 — Zxz -f- z'^) —> u{x) = X- . 

8. The ordinary differential equation 

{a^ a^xz x^ z^/2l x'^ ii{x) = f (a;) 

is called Euler's equation (see next chapter). Discuss its general solution by the 
methods of this section. 

9. Discuss the solution of the equation 

X ^u{x) \u(x)—f (x) . 



CHAPTER IX 


The Generalized Euler Differential Equation of Infinite Obder 


1. The Functional Equation. The following rather general type 
of functional equation,* 

r* “ 

J {x—ty 2 ^ + / (*) ’ 

( 1 . 1 ) 

where f{x) is a known function of the form x^-'’ g{x), g{x) being 
analytic about x = t), and where the c; and ,«/ are any set of constants, 
leads to the integration of what is referred to in the literature of dif¬ 
ferential equations as the Euler equation y 

F{x) =aoUix) y a^xu'ix) 


cUfo Cl 3 

4- ~ x^u" (r) -f — (a;) 4-. 


( 1 . 2 ) 


where the a,, are bounded as n -» co and F{x) is analytic about x = 0. 
It will be seen that (1.1) generalizes the functional equation, 


j; 


u{t)dt = '-[u(0)-{■ 4uiyox)-{-u{x)] , (1.3) 


and also includes as a special case Abel’s well known integral equa¬ 
tion, 

''\u{t)/ix—ty]dt = f{x). (1.4) 


/: 


In order to exhibit the connection between (1.1) and (1.2), we 
assume that ^l{t) and u(uix) can be developed into the following Tay¬ 
lor’s series: 

(t— x)‘ 


u 


(t) c=zu(x) 4* {i — x)u'(x) 


2! 


■ vf'(x) -f 


u{fXiX) =u{x) + (/ij —1) xu'{x) 4- u" (x) 4- 


^‘‘This equation is related to a functional equation studied by P. J. Browne: 
Annales de Toulouse, voL 4 (3), pp. 63i-198. See also C. Popovici: Comptes Ren- 
dus, vol. 158, pp. 1866-1869. Also, Americcm Mathematical Monthly: Question 
34 (1917, 134, 341; 1920, 114, 301, 405,460; 1921, 19) and problem 3076 (IW, 
254). 

fFor the finite case see: E. L. Ince: Ordinary Differential Equations, Lon¬ 
don (1927), pp. 141-144; pp. 534-536. 

— 415 -- 
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When these values have been substituted in equation (1.1), we 
obtain a differential equation of Euler type where F{x) = x''-^ f(x) 
and 

m 

a„= (_i)»[i/(n —r+l) —Scid —yO"] 

i=0 

In equation (1.3) these values of a» are seen to reduce to 
(—l)«[l/(n+l)-1/6 —l/(3-2-^)] , no = 0 , 
and for Abel’s equation we have, 

(—1) V(^+! — »') , (1.5) 

It now happens rather curiously that all the formal aspects of 
the solution of equation (1.2) are preserved in the discussion of a 
considerably more general equation which we shall call the general¬ 
ized, Evler differential equation of infinite order. This equation we 
shall write in the following form: 

aott(a;) 4- + b-iX)u'ix) {a 2 -{- b-zX + c■>x-/2l)^l"(x) 

4 " (.a^bsX/2ldsX"/ Bid'll"'{x)= Q (^x^ . 

(1.6) 

It will be convenient to abbreviate this equation as follows: 

Gix,z)u{x) = g (x) , (1.7) 

where G(x,z) is the generatrix function, 

Oo 4* (^1 4" bxX') z 4 ~ (u^ 4~ b^x 4" C'zX'^J2 !) z^ 4" * * * • 

2. The Homogeneous Case of the Generalized Euler Equation. It 
will be desirable for us first to examine the homogeneous case of equa¬ 
tion (1.6), 

G(x,z) u{x) =0 . (2.1) 

Let us first assume that the solution can be expanded in a series 
of the form, 

U(x) az^X^<p{x) <=X^{<Cpa-\-q>x/X 

(pn/X '"'—•) . ( 2 . 2 ) 

It will be convenient to adopt the following notation: 

/„ (A) = «o 4- + esA (A—1)/2! 4- dji (1—1) (1—2)/3 ! 4- • • • , 

(1) = M -f 5,1 (1—1) 4- Csl (1—1) (1—2) /2! 

4- dj. (1—1) (1—2) (1—3) /3! -f • • • , 

^(1) =M(1—1) -f bald—1) (1—2) 

-f C4I (1—1) (A—2) (1—3) /2! -4 •. - , 


(2.3) 
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or, if we employ the abbreviation, 

= DU—2) ... a_n + l) , 

/„(!) 4- 4- +... . 

We can then state the following theorem: 

Theorem 1. If the equation, 

/oa)=0, (2.4) 

has a set of roots, X,, , X.,, which do not differ from one another 

by integers, and if for each one of these roots the mfinite matrix of 
quantities ||/i (X—m) ||, i = 0, 1, 2, .. •, m = 1, 2, .. •, exists, then equa¬ 
tion (2.1) possesses r formal sohitions of the form, 

ti (^) '— {.q^o cpi/X 4" 'Cp'i/ x~ 4" * * ’ 4~ qpn/ —j— * • * ) , (2.5) 

where the <p„ are explicitly calculated from the formula <pn = 
cpn{Xi), in which tve urrite, 

q>n(X) 


fo{X- 

-1) 

0 

0 

0 

Ad) 

fiix- 

-1) 

f.AX—2) 

0 

0 

fAX) 

— To f,(X- 

-1) 

/id—2) 

/od—3) • • ■ 

0 

hU) 

fn-r {X 

—1) 

f ,,-AX—2) 

/,,-3d—3) • • ■ 

■ /i(;.—»-bi) 

fniX) 



fo{X—l) /„d 

—2) /od—3) . 

••/od—w) . 

(2.6) 


Proof: The proof of this theorem is obtained from an explicit 
substitution of (2.2) in (2.1) and the subsequent use of the follow¬ 
ing identity: 

-j- „C2 W-(to4-1)1‘”‘"’ 

— nCzm(m-\-l) (m-)-2)l'’'“^> 4- 

^ (X —m) (X —m—1) (1 —m — 2) ■■■ (X —m— w\-l) , 

(2.7) 

where the „C.i are the binomial coefficients.* 


*This is referred to by G. Chrystal in his Algebra, vol. 2 (1889), p. 9 as 
Vandermonde’s theorem, although it was probably employed before the time of 
C. A. Vandermonde (1735-1796) who stated it in his memoir: Sur des irration- 
nelles des differens ordres avec une application au cercle. Histoire de I’Acaderrde 
Royale des Sciences (1772), pt. I, Paris (1775) pp. 489-498. 
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This identity is easily established as follows: Taking the «th 
derivative of the function and setting a; = 1 we get by the rule 
of Leibnitz: 

lim — (a;\a:-”‘) = (m+1) I'”--*- 

But an expression identical with this is obtained as the limit, 
lim — (2— m) (2— TO— 1) (2—2) ••• (2— to— 71+1) . 

aj=i 

We now substitute (2.2) in (2.1) and arrange coefficients in the 
following manner: 

Gix,z) ~^u{x) = (2-8) 

(ffo + &i2 + C22<2>/2 ! + d32<"V3 ! + •■■) (a:) 

+ (b^ + 2c„2/2! + 3d,+=V3! + --- )x(p'{x) 

+ (Co/2! + 842/3! + ...) <p" (x) 

+ (4/3I + ---) x+"'(x) 

+. 

+ («,2 +W<=> + Cs2<®V2! + d42<^>/3! + -- - ) <p{x)/x 
+ (0,1 + 26^2 + 3c 32<2V2 ! +442<=V3 ! + ■••) (a;) 

+ (&., + 3c32/2! + 642<'V3! +•■• )x(p''(,x) 

+ (C3/2! + 442/3 ! + ■••) a*= q>'" (x) 

+ (4/3! + ••• )x><*>(x) 

+. 

(a,2<2’ +W‘®’ + c/^>/2! + 42<=V3! + --- )(p(.x)/x"- 
+ (2a22 + 3&32''> + 4 c 42‘^V2! + 542'-‘>/3! +•■• )'9’'(a^)/« 

+ (ct2 + 3b32+6c.,2<=V21 + 1042<®V3! + ---X(a:) 

+ (bs + 4C42/2! + 1042<^V3 ! + •••).'« g/" i.x) 

+ (C4/21 + 542/3 ! + ••■) (x) 

+ (4/3! + ---)®+7<=>(x) 

+. 

+ (a,A<^> + 542 + C52<«/2! + 42<'>/3! + • • • )(}3 (x) /x* 
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Noting the fact that the mth derivative of /y(x) is, 

= (—+ (wv-l-1) !-g)2/l! 

+ (m+2)! (ps/2! -]-] , m > 0 , 

we sum the columns of the above array for the coefficients of and 
find that the multipliers of ai, bi, e-, are sums of the form given in 
the left member of (2.7). Transforming these by means of the iden¬ 
tity we obtain for the expansion of (2.8) the following series; 

G (iCjZ) u{x) X^{f o{^) “1“ [/i (l)<Po fo 1) ^i] / X 

[/)i(l)^o-f-/n-i(l-1)^1 -{-/n-slA- 2 )<P^ 


-j- /o (1- /X" . 


Equating the coefficients of x-” to zero, 

fn “j— f n-l (^‘- 1) ~t“ /«-2 (1- 2) <p.>—[- ■ • • —j- /o (A -W) <Pn 0 , 

tt = 0,1, 2, , (2.9) 

and solving for (f,,, n > 0, in terms of (po, we are led to the equation, 

/oa)=0 , 

and the determinant (2.6). These results are expressed in the state¬ 
ment of the theorem. 

As in the analogous theory of the Fuehsian equation of finite or¬ 
der (the linear differential equation with regular singular points)* 
as it relates to expansions about the origin, we see from (2.6) that 
the formal solution (2.5) cannot be attained if two of the character¬ 
istic numbers differ by an integer, h — A; = m, since in this case 
fo (Ai — m) would vanish. 

To avoid this difficulty we assume the existence of a solution of 
the form, 

u{x) =x^ logx(xpo -|- ipi/x -f ipi/x^ -|-) 


-|- {qjo “h <Pi/X -|- (p^/ “f" • ■ •) • 

Substituting this function in equation (2.1) we find after a te¬ 
dious calculation similar in detail to the one given above the follow¬ 
ing identity: 


*See E. L. Ince: Ordina/ry Differential Equations, pp. 365-376. 
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G{x,z) -^u(x) ^ X^log x{foO.)tpo + [/i(^)V'o +/o(v^—1) 

'“1“ U 2 {^) V^o "h fi —1) V'l fo —2) 1 P 2 ] /x“ ” } 

+ x^{fo^G)y^ H“ [//(-^)'^Po + /o'—1) v’l ]/^■ 

“H [/s^ “~h fi —1)H” /o' (A—2) t/’o] /x- -”1— } 

H” X^{fQ(p)ypo H” [/i ip)yPo /o(/^—1)f/:'i]/X 

4“ [/2 (p)<p0 4“ /l (jW-l)<Pl 4~' /o (P - /X^ ] , 

If X be the smaller of the two characteristic numbers X and /« 
= A 4- we can compute yn. in terms of by the algorithm stated 
in (2.6). And since p =X 4- P is also a root of /o(-^) = 0, we get for 
the determination of (pi the following equations: 

fi(X-\-p)ypo-{-foiX-{-p —l)<59i = 0 , 

/a (A'4"2^)'9^c 4” fi(^~{~P —1)'^1 4“ foiX-\-p — 2>)<p2 = 0 , 


fp{X-^p)<po 4 “ /;-i {X-\-p — 4 “ ' ( 2 . 10 ) 

4~ Lfo(x)cpp-{'fo^{x)ip(i] 1=0 , 

If X is not a double root of fo{X) = 0 , this system can be solved 
uniquely for <pi in terms of <po and xp ^. If X is a double root, however, 
or if three roots exist which differ by integers, X, p. = 1 -f m, r t= 
2 4- m 4" we must then assume a solution of the form, 

nix) = x^ log-x i'&o + 4-) 

4~ x^ log X ('l/^ '4" yh/x '4~ yh/x^ 4“ • • •) 

4“ x^ {<po 4“ ypi/X 4" '^2/X- ~|- • • •) . 

If this function is substituted in equation ( 2 , 1 ) we get 
G{x,z) ->t^(x) ^xMog-x{A(l)^9'o4- UiWA-\-fo{X—l)do/x 
-1^,., } log x{/o (14-m) xpo + [/i (X+m) y^o 

4 " /o (>^' 4 “'^^'^'— 1 /x 4 " * • • ' 4 ” [/>«» (-^ 4 “'^) v^o 

4“ fm-i (X'-]^'yyi —1) 4-h /i (^' 4 “^) Wm-i 4” fo' ) ^0] / 

-j-.... j {X-\-7nr-\-'n) q)o '4~ [/i (A'4“^'4“^) *9^0 

4“ /o (^4”^4“'^'^^—1) 9^1] /x 4" * * * '4" [/m (1'4”^4“^) 9^0 
4“ * ’ * 4“ /i {X'^'iTi^'L) ypn-^i 4~ /o' (1'4~''^) 9 ^ 0 ] / 4” * ’ * 

4“ Un+m (X^fyir^n) ^.q 4“ ’ * * 4“ /l (1'4“^ ) 

4 ~ /o' {X-\-n) ^0 4 - 4 ” /i' (-^ 4 “ 1 ) 9^n-i 

+ /o"U)i^o]A^^ + --}^0 . 
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It is clear that the can be computed in terms of ■§o by the al¬ 
gorithm of theorem 1, the yn can be computed in terms of and y)^, 
and the <pi in terms of Vo, and fpa. 

This conclusion can be stated with easily established generality 
as follows: 


Theorem 2. If the egiuttion, 

/o(A) =0 , 

has one root of multipUcity r, or r single roots differing by integers : 

Xi = X -|- TOi, • -., 1 -f- Wr-1, where the are integers, then 

equation (2.1) has r formal solutions of the form, 

Va{x) •=^ cpi^{x) , 

n^ix) = log X (rr) (x) , 

Ur{x) = X^ log'' X cpn {x) + iOg’'-'X <pri (x) - 

_j_ jjX+OTr-i log X <prT-i (x) 4" <p,r (x) , 

where the <pij{x) are expansions about infinity. 

<Pij(x) /x/x~ . 


It will be convenient in illustration to consider the hypergeometric 
equation which is a special case of the generalized Euler equation, 

(x — x^)u*'{x) -|- [ 7 — («4-/3-l-l)a;]tt'(a:) — a^u{x) =0 . 

( 2 . 11 ) 

Since in our notation 


Oq — a ^ , O'! y , a^ — 0 , bi — (cc—1) ? — 1» ^ 2 '— —^2 , 

we shall have, 

/„(!) =_(;i4-a) (2+/?); MX) = (y_l)A-f P ; fM) =0 . 
Hence we obtain for the root Xt= — a , 

= fli.x —w)//o (1——1) 

= (»-{-a) («4-l-|-a—7)/[(?i-(-l) («-f l-f-a—^^)] , 
from which we get the solution, 


Ui{x) 


X‘“{1 


«(14-C(— y) 
t- (l+a—^)x 


a(a+l) (a —y-j-l) (a- 


- 2 ) 


(a—i?+l) (a—y^2)2! x^ 


( 2 . 12 ) 
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which, in the customary notation of the hypergeometric function,* is 
Ui(x) t= x~° F (a, a — . 

In a similar way the second solution is obtained for the char¬ 
acteristic root, X — — and we find, 

%^{x) =x-^ F ^ — y-j-l;/? — • 

If ^ — a = p is a positive integer or zero we must employ the result 
of theorem 2 since the denominator of the coefficient of in (2.12) 
is zero. The solution of the hypergeometric equation will then become, 

Uxix) r=x~^ log xF{^, ^ — 7 1; yS — a-j- 1; l/x)i/io 

X~^~’' (,<po “)- (pi/X ^ (fn /■ ■ ■ ) > 

where we have, 

Vo= —1) (v —/?)/p , 

(pn+i/<Pn’= (w+a) (%-f-l-f-a—7)/'[(^+f) —2^)] > 

n ^ p —2 , 

(pp==0 , (pp+m+i~ — y) (yS-|-m) (ppvm/ [('WJ-f-l) 

+ [(y—1—2/3— 2m) («^4-l) (w-fl-l-p) 

-f (2m-j-24-p) 

-T-, m^O , 

in which "ipm is the coefficient of in the expansion of 

F § — y X', ^ — a -|- 1; 1/a;) . 

A second solution can be obtained by setting (p.,, = constant ^ 0, 
or what is equivalent, by adding 

ii^ix) t= xr^ F(^, § — 7 -f 1; P+1; l/oc) 

to this function. 

If p is a negative integer or zero, a similar expansion is obtained 
by interchanging the role of /3 and a. 

These solutions will be found to accord with those obtained in 
another manner by E. Lindelof.f 


*For ready reference we recall the definition: 
F(a,B;y;x) = 


a R 

1 + + 
l!-y 




a;2 4- 


a(a+l) (q:+ 2) )0(/3 + l) (/3+2) 


£C^ + • - 


2! *7(7+1) " 3! *7(7+1) (7+2) 

tSur rintegration de Tequation differentielle de Kummer. Acta Societatis 
Sdentiarum FennicaCf vol. 19 (1893), pp. 3^1; in particular, pp. 16-17. 
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The distinguishing feature of these solutions, it should be es¬ 
pecially noted, is found in the fact that we have attained directly the 
solution of the equation for the regular singular point a; = oo. The 
solution about the origin belongs to the theory developed in the next 
chapter. 

3. Excursus on the Factorial Series f{l). In the last section we 
exhibited the fundamental role played in our theory by the function 
defined by the factorial series 

/(i) = 4-aU-h M(A—1)/2! 

+ 0^(1—1) (a—2)/3!-}- (8.1) 

We shall, therefore, set forth briefly a few facts about this series 
which we shall find important in a later section.* This series has a 
considerable history the modern epoch of which began with Abel’s 
investigation of the convergence of the binomial series, that is to say, 
the special case, a„ n= a".t- The series is frequently referred to as 
Newton’s series because his interpolation formula is another special 
case. 

We have already shown in section 11, chapter 6, that the region 
of convergence of (3.1) coincides with the region of convergence of 
a Dirichlet’s series and hence the theorems of that section apply to 
fix). If the coetficients {a;} are real numbers then the region of con¬ 
vergence of the series (3.1) is a half plane bounded on the left by a 
line of convergence. The point (lo) where this line crosses the axis 
of reals is called the abscissa of convergence and is defined analyti¬ 
cally by the following limits: 

Xo — (lim sup log I 2 (—1)* 0 'i\/ 1 og n] — 1 , 

71=00 

00 

= {lim sup log I 2 (—1) ’ |/log n} — 1 - 

(3.2) 


*The author is indebted to an admirable account of this series by N. E. Nor- 
lund: Vorlesungen uber Differenzenreohmtng, Berlin (1924) pp. >222-240; also: 
Sur les formules dlnterpolation de Stirling et de Newton. Annales de VJScole Nor- 
male Superieure, vol. 39 (3rd ser.) (1922), pp. 343-403, vol. 40 (3rd ser.) (1923), 
pp. 35-54. The reader is also' referred to the following: J. L. W. V. Jensen: Om 
Rakkers Konvergens. Tidsshrift for Math., vol. 2; (5th ser.) (1884), pp. 69-72; 
J. Bendixson: Sur une extension a Tinfini de la formule d’interpolation de Gauss. 
Acta Mathematica, vol. 9 (188'6), pp. 1-34; E. Landau: Uber die Grundlagen der 
Theorie der Fakultatenreihen. Sitzungsberichte der Akad, Munchen (math.- 
phys.), vol. 36 (19'06), pp. 151-218; S. Pincherle: Akune spigolature nel campo 
delle funzioni determinanti. Atti del IV Congresso dei Matematid, vol. 2 (1908), 
pp. 44-48; also : Quelques renaarques sur les fonctions determinantes. Acta Mathe- 
matica, vol. 36 (1912), pp. 269-280. 

tN. H. Abel: Werke, vol. 1 (1881), pp .219‘-2:50. 
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The first limit is to be used if h + 1 is positive or zero and the 
second if Ho* -j- 1 is negative. 

The theorem can be illustrated by the binomial theorem, where 
dj t= If |a| < 1, the abscissa of convergence is negative and hence 
we compute 

00 

2 (—(—> 

i=n 

= {lim sup [log a”/ ] /log n) — 1 = oo . 

n=oo 

The series thus converges for all values of 1. 

If |a| > 1, the abscissa of convergence is positive and we com¬ 
pute 

n -1 

2 (—[IH-(—D-^a-'l/d-fa) , 

i=0 

4o = {lim sup {n log a/log n)} — 1 = oo . 

n~co 

The series thus diverges for all values of X. 

Similarly for the case where a = —1, we find that X^ <= 0, and 
hence the series converges for all values of X such that R(X) > 0. 
Also for a = l, Xo = 0—1, and the series converges for all values of X 
such that i?(A) > —1. 

Factorial series of the type under discussion have one rather un¬ 
fortunate pecularity, namely, that they include the development of 
zero. Hence the expansion of a function in such a series is not, in 
general, unique. 

For example, the series 

OO 

F^iX) =2 (—, 

71=0 

where is the wth binomial coefficient, converges identically to zero 
in the half plane, RiX) >0. 

Similarly the function 

OO 

(A) = xCr Fr (A—r) = 2 (—D nC^ xC„ 

converges identically to zero in the half plane R (A) r. 

Thus the null development 


U (A) = c^F 1 (A) -]- C 2 F 2 (A.) -f-- \- CnFn (A) , 

where Ci, Ca, - , c„ are arbitrary constants, can be added to /(A) pro¬ 

vided the abscissa of convergence exceeds n — 1. 

It will thus be clear that the expansion (3.1) is unique only when 
the abscissa of convergence is negative or zero. 
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The following two expansions are useful integral representations 
of Newton series; 

(A) r (t/a)^(p{t)dtc^ r aj;ci-it--\ - )dt 

Jo Jo 

= ^,(a) — Up2(a)/a -j- 2(Ji — l)(fs(a)/a- (3.4) 

— I (A— 1) {X—2)<p^ (a) /a== + • ■ •, 

where we use the abbreviation; 

(a,) c=: r (p(t) (a— dt/{n —1) ! , 

Jo 

lim (p„{t) <= 0 


(pn 


and assume that 
for all values of n. 


/»00 

(B) I 
Jo 

= A — AJl + (A—1) /2! 

— ^3A(A—1)(A—2)/3! + --- > (3-5) 

where we write: 

^00 

e-H{t)LAt)dt , 
in which L„(t) is the u-th Laguerre polynomial: 

w=o 

and -^{t) is a function expansible in terms of these polynomials.* 

Expansion (3.4) is obtained by means of a suitable integration 
by parts; expansion (3.5), however, is not so obviously derived but 
can be obtained as follows: 


/' 

«/ 0 


Ln{t)dtt 


j: 


2 (—1)“ t'Vw*!} dt 


= r(A+l){„Co —„Ci(A+l) 


■“h nC2 (ii-f-2) /2!-- } . 


But we have the identityf 


*See E. Courant and D. Hilbert: Methoden der Matkematische Physik, vol. 
1, Berlin (1924), pp. 77-79. These authors define the Laguerre polynomials to 
henl L^(t), See also J. Shohat: Th4orie generate des polynomes orthogonawx de 

Tchehichef, Miemorial des Sciences Mathematiques, fasicule 66, Paris (1934), 

PP- 

fSee I. J. Schwatt: An Introduction to the Operations with Series, Phila¬ 
delphia, (1924), p. 48, prob. iv. 
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± (—••• (A+m)/TO! 

m=o 

= (—DMU—1) ••• (A—«+!)/%! , 


and hence we can write 


f 


X 


t^e-*Ln{t) di ^ (—l)"ra+l)Aa—1) ••• (A—it+D/n! . 

We thus see that 

) OC CO 

e-* 2 ■»nLn ( t) dt/r (A+1) = 2 (—1) ” ^»A <" 


A«» = l • 


But we also know that \i &{t) is a properly defined function it 
can be expanded in the form:* 


00 

#(t) • (3.6) 

n=o 

Multiplying by e~^ Ln{t), integrating from 0 to oo, and recalling the 
orthogonality properties of the Laguerre polynomials, we have 



^{t)Ln{t) dt = ^n 





The Non-homogeneoits Case of the Generalized Etder Equa^ 
tion. Proceeding now to the formal solution of equation (1.6) we 
seek the resolvent generatrix, Yo(x,z), which satisfies the equation, 

Yo(x,z) G(x,z) = 1 . (4.1) 

For this purpose we differentiate (1.6) an infinite number of 
times, or casting this statement in the language of operators, we form 


*Tlie following conditions for the convergence of (3.6) have been specified 
by J. V. Uspensky: On the Development of Arbitrary Functions in Series. An¬ 
nals of Mathematics, vol. 2S (2nd ser.) (1926-2.7), pp. 593-619, in particular, 

p. 618: 


(1) That the integral 


(2) That the integral 


^00 

J 


^[^(^)]^ dt exists for a certain value of a. 


n 

I t-y^\6{t) 1 dt exists for a certain value of b. 

V 0 


(3) That 6(t) is of limited variation in a certain interval t — d, t A d and 
absolutely integrable in any finite interval. 

Under these conditions the series (3.6) converges and has for its sum 
.+ 0) + ^(t—0)}. 

See also: G. Szego: Beitrage zur Theorie der Laguerreschen Polynome. I. 
Entwicklungssatze. Math, Zeitschrift, vol. 25 (1926), pp. 87-116; E. Hille: Proc, 
of National Academy of Sciences, vol. 12 (1926), pp. 261-269, 348-3152. 



THE EULER DIFFERENTIAL EQUATION 


427 


the operational products, z" -> G(x,z), = 0, 1, 2, ••• , and equate 

them to z". We thus obtain a set of equations of the form: 

djitti -j- “j--(- O'lnll’n -{-•■• = , 

'-j- 0*23^3 “4“ ' * ’ “1“ *' ’ Qz ) (4.2) 

OtssUz dsnlln = On > 


where we have in particular, ^ 1, •= z, Os — z-, , On = 2”"% 

and where the matrix of the coefficients, ||a’i;i|, is explicitly given as 
follows: 

INH 

(Xq , + b^x J c^x^/2.l , + b^x + c^x^/2l + d.^x^/Z\ , • • • 

0 , Wq + 6 ^ , + b.^ + (b^ + c^)x , + 63 + (b^ + c^) x + (c^ + d^) xV2l, ■ • • 

0 , 0 5 CL^-^ 2b^ + c., , + 260 4- Cg + ib^-\-2c^-^d^)x , • • • 

0 , 0 , 0 , 0,0 + 361 + 802 + ^3 , • • • 


As we have learned from sections 6 and 1, chapter 3, the solution 
of system (4.2) can be explicitly obtained either by the method of the 
Liouville-Neumann series or by the method of segments. In the first 
case, the expansion is explicitly the following: 


Ui = gi/aii — 2 
j=i+i 

00 (X> 

2 2 ^'jk Qk/^ii ^jj ^kk -* * ' * 

;=i+l fc=i+i 

In the second case, the solution appears in the ’more convenient 
form, 

III c=zz g i/ciii Q 0 Ui/^ii ^ i+l,i+l^i+^,i +2 *** j 

i=l, 2,3,--- , (4.3) 

where we abbreviate. 


= y 


I 

, (Xi+i^^+2 





^i,i-T2 * * ' y 




^i+l,i+l f 

* * ' y 


Dn 

(i) — 

0 , 

^i+2,i+2 ’ ' * y 



0 . , 0 


, (Xi+Ti-iji+M 


According to the theorems of sections 6 and 7, chapter 3, both 
formal solutions converge and represent a solution of the original 
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system provided the Qi are bounded and the coefficients are subject 
to the restriction, 


2 < kiyl , 2, 3, 

j=i+l 

Making the proper specializations in (4.3), we are then able to 
state the following theorem: 

Theorem 3. If there exists a region S of the variable x for which 
the following inequalities hold : 

00 

lAJo.o)l >2 IA„(a,i) +A„(6i)a: +A„(Ci)xV2! 

i=i 

Ayi {di) /o ! -f- • — I y It = 0, 1, 2y ' ♦ • , 
where we tise the ahhreviatioyi, 

An (Pm) = Pm + + n (^—1) r,,.o/2 ! 

—71 (TI -1) (fl -2) S'n+z/S ! -|- • * * , 

then there exists ivithm the region S a i^esolvent operator for equor- 
tion (1.6), convergent in the region \ z\ <1, which is given explicit^ 
ly by the following formula ; 

Y,(x,z)^l/A(()) ^D,(x)z/A(l) 

^D,(x)z^^/A(2) -, (4.4) 

where loe abbreviate, 

A (0) = ao , /I (1) = (^0 (cto At ^i) > ^ (^) (^o “h ^i) 

X (^0 “f" C 2 ), * • •, A (n) {c6iq nbi “I- n(n —1) C 2 / 2 ! 

J^7i(n — 1) (n —2)c?3/3!-1- )A(n —I),-** ; 

Di (x) = a^ -f- , 

T) (t\ — ^ + C2XV2! 

^0 ~\-bx , tt-i &2 (^^1 '“j~ O 2 ) X 

and Dn(x) is the '?^th principal minor of the detertninant formed by 
omitting the first column of the matrix ]|ai^'||. 

5. The Inversion of AheVs Integral, In order to illustrate the 
application of the theorem of the last section we shall consider here 
the solution of Abel’s integral equation, 

f [M(t)/(r—1)“] dt = /(a;) , 0 g ci.< 1 . (5.1) 



EULER DIFFERENTIAL EQUATION 


429 


This equation we have already solved by means of fractional de¬ 
rivatives (see section 6, chapter 6). The following method, however, 
is essentially novel. 

In order to bring (5.1) under our theory we first write it in the 
form (see section 1), 

(a;) u (.r) / (1—a) — u' (a;) x/ (2—a) -f u"{x) x^'iS—a) 2! 

— M"'(a;)a;V(4—«)3!-f ••• . (5.2) 

The matrix of the coefficients from which the resolvent is to be 
formed is readily computed to be. 


( 1 — a)’ ( 2 — a) 

0 , -- - -, 

(1—a) (2—a) 

0 , 0 , 

0 , 0 

0 , 0 , 


0)2 

2!(3-~a) 


-0)3 

3!(4^a) 


—X 

(2—a) (3—a) 

2! 

(1—a) (2—a) (3— a) 
0 


0)2 

(3—a) 

—2\x 

72~-a) (3—a) (4~~^) 

3! 

(1—a) (2—a) (S—a) (4^-^ 


0 , 0 


Computing" the principal minors, A (n) , we get, A (0) = 1/(1— a) , 
zl (1) = 1!/ (1—a) 2 (2—a), zl (2) == 1! 2!/ (1—a) ® (2—a) = (3-^), • - •, 
A(n) = 1! 2! 3! nl/(l—a.)^^(2—a)’^i3 — a)”-^ ••• (n-}-l—a), 
» = 0 , 1, 2 , . 

Similarly the principal minors of the determinant reduced by 
omitting the first column are, 

~ (2—a) ’ 

^ —a x^ 

(1—a) (2—a)H3—a) -2! ’ 

„ —l!-2!a(l+a)a:® 

(l_a)2(2—a)M3—a)=*(4—a)-3! ’ 

_1!.2!-3!---(??^1) !a( 14 -a) (2-j-a) ..■ {n—2-\-a)x”' 

' (1 —a)""H2—a)”(3—a)"-i(4—(»vfl—a) -nl 
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Hence the general operator becomes, 

Yoixz) =2 (— 1 )”' DnZ’^/Ain) = ( 1 — a) [1(1— a)xz 

n=o 

— 0 .( 1 —o) (*2) V(2!) = + o(o-|-l) (1—o) (a: 2 ) V(3!)® 

— 0(0+1) (0+2) (1—0) (x2)V(4!)- + •••] . 

From this resolvent operator the customary form of the solution 
of Abel’s equation can be obtained in the follomng manner: 

Yn{xz) 1= (1—0)2 -» [a; — ax- 2/2! + o(a+l)0=2+3! -2!-, 

= {(i—o)/r(i—o) •r(a )}2 -^ {or(i—o)r(o)/r(2) 

—r (1—o) r (0+1) x2/r (3) 

+ r(l—o)r(o+2) (02)72!-1+4)-} , 

= {i/r(i—o) •r(o)}2^ 


P 2 s’"*"-7l—s)“-7—1)"* o“'+'2"‘ds/m! 

J 0 WteO 

{i/r(i—o) • r(a)} 2 Jpi—® ^ • 


By means of the change of variables: o — t = sx, this becomes 

Yo (02) = {l./r (1—o) • r (O) } 2 ^ p-a/ (a;_i) 1-0} dt . 

Jo 

If Ave now replace l/r(l—o) •r(o) by sin an/n and operate 
upon o“-^/(o), recalling the identity e*'-*)- ^(o) = (p{t), we get, 

Yaixz) ->o°-V(a;) = (sin oji/ji) 2 j {fii)/(.x —1)^-“} dt , 

which is the well known inversion of the integral. 

In order to prove that this solution is unique we refer to theorem 
1 and compute the function, 

/o(4) =1/(1—o) — V(2--«) +1<=V(3—«) -2! 

— A<®>/(4—o) •3! + --- . (5.3) 

Making the following specialization of equation (3.4): 

<pit) = (1—t)- , 

9 ?„( 1 ) = r (1—t)"-“-^ dV(ti—l)! = l/(w— a) (n —1)! , 

Jq 
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we can write, 

/oa)t= rV(i—f)-»(;f = r(A+i)r(i—a)/ra—a+2) , 

J Q 

X>—1. 

This function possesses zeros only when 1 — a -|- 2 i= — m, 
where m is an integer or zero, that is to say for A = a — M, where M 
is an integer greater than one. But since a is less than 1 we should 
then have X < —1. For this range, however, series (5.3) does not 
converge and hence no solution exists for the homogeneous equation. 

6. Inversion by the Method of Bourlet. It will be illuminating 
to effect the inversion of the Euler equation (1.2) by the method of 
Bourlet which we have developed in section 10 of chapter 4. The gen¬ 
eratrix is obviously the function. 


G (xz) = fto + a^xz -f (ux^z-/2 ! -|- asX^zVS! + (6.1) 

which, from the condition imposed that the a„ are bounded as % co, 
is seen to be an entire function in xz of genus 1 or 0. 

Thei'efore we may write, 

G{xz) = /] (1 — xz/^r) (6.2) 

i=:0 

where the jSi are the zeros of the entire function G(?y). 

As we have previously explained (see section 10, chapter 4) the 
case where the number of zeros is infinite has never been completely 
discussed from the Bourlet point of view. In the event that the num¬ 
ber of zeros is finite, however, the analysis becomes relatively simple 
and we can write (6.2) in the form, 

G{xz) ~e'^~ P{xz) , 


where P{xz) is a polynomial. 

If we now refer to the development in section 10, chapter 4, un¬ 
der case 2, we see that we may write the generatrix in the form, 

G (xz) 1= e"~ P[xz/(1~\- c) ] , 

the inverse function /i(x) in the theory referred to being derived from 
the equation, 

h(x) ch(x) =x . 

The original equation (1.2) can now be written, 
-^Plxz/(l-\-c)'[}-^u(x) =F(x) , 
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from which we obtain by operating on both sides with where 
k 1= c/(l+c) ,* the result, 

P[a;2/(l+c)]-^tt(a;)=F[(x/(l+c)] . 

The problem of solving equation (1.2) is thus reduced to that 
of solving an Euler equation of finite order. 

Let us consider the following example: 


u(x) + ( £22! ^ l)x^u" 

+ (• 24 ; + ■•• = % ■ 

The generatrix function is seen to be, 

Gixz)=e^^~{l — x'^z^) . 

The equation is then equivalent to, 

[gte (1 — ~ x-z^) ] -> ?{ (x) = 14 , 

which reduces to, 

‘^x^u" — u = — x-/% ■ 

\j 

The solution of this equation is, 

u{x) = Cl a;“‘ + C2 + x- , 

where cq = 14 (1 + Vl^) oq = % (1 — VIO). By direct substi¬ 
tution, this solution will be found to reduce the right member of the 
original equation uniformly to i/4 


1 . 


PROBLEMS 

Given equation (1.8), slio-w that 


/o(M = 


X + 1 




\wliere 5 (X) = 0, X > 0, S (0) =1 . 

Heoice show that 

3 

=2 V” + 9{^) , 

74=:0 

'Where g{x) =2 x) + t sinlog x)} , 

m 

in which are complex roots of /q (X) =0 . 

[Equation (1.3), in which the right hand member is regarded as an approxi- 
-.mation for the integral on the left, is due to Thomas Simpson (1710-1761) {Math. 


*The reader can readily show by means of the Bourlet product that this is 
the inverse of the operator . 
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DisseTtdtionSf London (174;3)}. It is commonly referred to as Simpson^s or the 
parabolic rule. The reader will find an illuminating’ discussion of the equation, 
regarded as a functional equation for the evaluation of u{x)f in the references 
cited in the footnote to section 1], 

2. Given equation (1.3), show that if u(x) is continuous for 0 ^ r ^ 6 
and has six continuous derivatives for 0 g r ^ H < 6, and if the formula 
evaluates the integral for each value of r, 0 ^ r ^ b, then u(‘x) is a poljmomial 
of degree not higher than 3, 0 g r g 6. [Gillespie: Mathematical Monthl'if, vol. 
27 (1920), pp. 405-406]. 

3. Consider Weddle’s formula for approximate integration 

j ?{,(r) drnz (r/20)[^t(0) + 5-it(x/6) + u{x/Z) 

(J 0 

+ 62 i(a;/ 2 ) +'U(2x/S) + 5u{ox/Q) +M{a^)] 

as a functional equation in ui.x). 

7. Analogous Study of Ordinary Linear Differential Equations. 
The methods employed in section 2 for the solution of the homogene¬ 
ous Euler differential equation of infinite order can be applied to the 
problem of ordinary differential equations. This application was first 
made by G. W. Hill and was extended by H. Poincare and H. von 
Koch. (For historical account, see next section). We follow the devel¬ 
opment given by the latter. 

Let us consider the ordinary differential equation 

L(m) ^Po(x)u{x) Pt,{x)u'( x) -{-Piix) u"ix) -)- 

-fP„(a:) %'”>(*) =0 , (7.1) 

where the coefficients are developable in Laurent series of the form 

00 

Prix) ='2VrkX’‘ (7.2) 

fc=-ijO 

These expansions are assumed to be valid within an annulus of 
bounding radii R and R', that is to say, for values of x which satisfy 
the condition: R < \x\ <. R'. 

It is always possible to include the unit circle within the annulus 
by means of the transformation: x c= t(RR')^ . We shall therefore 
make the assumption that the unit circle lies within the annulus. 

Let us now assume that the solutions of (7.1) can be expanded 
in the following series: 

CO 

u(x) = 2 a„ xx+m (7.3) 

If we place (7.3) in (7.1) and take account of (7.2), we shall 
obtain 

n 00 
ib=:o m,lc»-oo 

where (l-f-m) has the same significance as in section 2. 
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Making the transformation: s = m -f fc — r, we obtain 
Liu) = 2 2 

?H,fc=-00 »*=0 
DD 

!rr= 2 fps-m , (S -00 "tO 00 ) 

where we abbreviate 

'^i (?) Poi "1“ P],J+1 Q ~(~ 2^2,/+2 “1“ ■ ■ ■ “1~ Pn-2,3+n-2 ?*" 

~1“ PM-l,y+n-l Pn,i+n ?*”' . 

Since %(«) is a solution of (7.1), we may set the coefficients of 
equal to zero, and hence obtain 


2 =0 (7.4) 

m,s=-co 

for the determination of the coefficients a„, . 

Now it is evident that we may adopt in equation (7.1) the simpli¬ 
fying conditions: 

Pnix) = 1 , Pn-Ax) =0 , 

without impairing the generality of the problem. The second assump¬ 
tion merely involves making the transformation: 


1 r* 

uix) ^yix) gix) , g(x)=exp[——I P„-iix) dx'] 

in (7.1), which will yield an equation in yix) in which the term in 
y(n-\) jg missing. 


Let us now divide (7.4) by g>o (l-f-s). Hence, employing the ab¬ 
breviation i2,„s(jl) = [<ps-M(4-l-?n)]/[^93o(/l-fs)] , we can write (7.4) in 
the form 


2 ttm^ms(l) =0 J ( 81 =- 00 to -f-oo) . (7.5) 

i=-CO 

Since ■&imn = 1, the main diagonal of the determinant 


zld) =li?,„,(A)l 

will consist of elements equal to 1. 

Let us now consider the series 


2 ' Wn.Ai)\= 2 ' ^ 2 ' 

m,s=-oo '99 o(a--|-5) s,j)=-oo 

where the primes on the summation signs indicate that the terms 
mc= s and p t=0 are to be omitted. 

Let us indicate by .^i, 2s, ••• , 2„, the roots of g>o(2) c= 0, from 
which it follows that the zeros of <po (4-f s) will be 2i — s. In the fol- 
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lowing analysis it will be assumed that A lies in a region, bounded by 
lines parallel to the axis of imaginaries, which contains none of the 
roots of ^o(^) = 0 . 

Since <pi,{X) is a polynomial of degree n — 2 , p == 0, we can write 

VpU-\-s —p) = k^ip) + /^3(p)-j-i-^ilp) , 

where hr{p) consists of a finite number of terms of the form pf.-,,^- P”* , 
Q = 0 , 1 , 2 , • • • . Hence the series 


\K(P)\ , 

p=-oo 

will converge in view of the assumption that Pr{x) as defined by ( 7 . 2 ) 
converges upon the unit circle. 

Hence since q)(s{Q) = e”[l+0(l/o) ], we obtain the inequality 

y, — P) V ’ [ o y (f+s)"' I 

S.P=-00 'q9o(4~j-S) 


CO 

-f 

5=-CO 


1 

<Po 


Referring to the theorem on the convergence of infinite determi¬ 
nants given in section 3, chapter 3, we see from the above analysis 
that A (1) is an analytic function with at most polar singularities at 
the roots of the equation (foil) >= 0 . 

Moreover, we observe from the explicit form of the elements of 
zl(A) that 




(A'+l+m) 
'9^0 (X-f-lH-s) 


^'0 ) 


= ^ 


Wl-i-ljS+l 


(A) . 


From this we infer that A ( 1 ) is a periodic function of unit period. 


A (A+l) c=A{X) . 

Moreover, if A m in such a way that its real part remains finite, 
then (A) -> 0 , m 7 ^ s, and we have 


id (A) —^ 1 . 


In view of this we see that we can write 


zl (A) 1 = ilf —|— ilffc cot (A—4fc)ji . 

6=1 

Letting the imaginary part of A first approach +00 and then — 00 , 
we shall obtain 


l=zM — ni-2M,c , l = M + 7ii2^6 , 

6=1 6=1 
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from which we derive 

fci 

Also setting A = 0, we obtain 

A (0) = 1 - 71 2 'COt XjcTl , 

fc=l 

which permits an explicit determination of the constants Mk for the 
case « = 2. 

In view of the foregoing analysis it is clear that we can also 
write A (A) in the form 

(^ sin(A—A<''>)^ 

sin(A—Afc)^ 

In order to achieve an explicit determination of the solutions of 
(7.1), let us now multiply the equations of system (7.4) successively 
by the functions 

hoiX)—l, h„,(X) =\n expi —(A—AO/m] . 

fc=l 

We thus obtain the new system 

00 

2 ^iU^Pms ^— 0 f yhns s~m j 

m=-oo 

the determinant of which we may write in the form 
D(X)^Aa) 77U) , 

where we abbreviate 

m 

il(2)t=:lim 77 hjciX) <pQ{X+k) . 

WJ =00 fc =-00 

Introducing the explicit values into this expression, we obtain 

m 71 

i7(A) = lim 27 77 [1+ (A— Ai) /A;] 

m=co i-i 

n m 

= 27 lim 27 [1+ (A—AO/*] 

i=i nizz^ k=-m 

_ ^ sin(A—Ai)ji ^ 

1=1 71 

8. Hill’s Problem. The theory developed in the preceding section 
was evoked by a remarkable paper published by G. W. Hill (1838- 
1914) in 1877 on the problem of the motion of the lunar perigee. In 
this paper Hill made a bold use of determinants of infinite order and 

*See Whittaker and Watson: Modern Analysis, (loc. cit.), 7.6. 
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his daring was rewarded by a very accurate determination of the mo¬ 
tion which was the object of his study. However, the novel method, 
for all of its computational power, was open to serious question from 
the standpoint of rigorous analysis. This defect was remedied in 1886 
by Poincare, who made a searching investigation of the convergence 
of infinite determinants in general. This research was followed in 
1891 and 1892 by two memoirs by H. von Koch, who extended the 
methods of Hill to linear differential equations of any finite order. 
These papers have become the classical references for this problem. 

Because of the great interest which the researches of Hill aroused 
among both mathematicians and astronomers, it will not be out of 
place tO' append a brief bibliography of some of the more important 
references to this subject: 

G. W. Hill: On the Part of the Motion of the Lunar Perigee which 
is a function of the Mean Motion of the Sun and Moon. Cambridge, 
Mass., (1877). Reprinted in Acta Mathematica, vol. 8 (1886), pp. 
1-36. Also Hill’s Collected Works, vol. 1 (1905), pp. 243-270. 

H. Poincare: Sur les determinants d’ordre inf ini. Bulletin de la 
Soc. Math., vol. 14 (1886), pp. 77-90. 

H. von Koch: Sur une application des determinants infinis a la 
theorie des equations differentielles lineaires. Acta Mathematica, vol. 
15 (1891), pp. 53-63; Sur les determinants infinis et les equations 
differentielles lineaires. Ibid., vol. 16 (1892), pp. 217-295. 

E. W. Brown: An Introductory Treatise on the Lunar Theory. 
Cambridge (1896), pp. 211-225. 

F. Tisserand: Traite de mecanique celeste, vol. 3, Paris (1894), 
chap. 15. 

T. Cazzaniga: Sui determinanti d’ordine infinite. Annali di Mat., 
vol. 26 (2nd ser.) (1897), pp. 143-218; Appunti sulla moltiplicazione 
dei determinanti normaloidi. Ibid., vol. 2 (3rd ser.) (1899), pp. 229- 
238. 

A. R. Forsyth: Theory of Differential Equations. Part 3, vol. 4, 
Cambridge (1902), chap. 8. 

G. H. Darwin: Hill’s Lunar Theory. Darwin’s Scientific Papers, 
vol. 5, Cambridge (1916), pp. 16-58. 

A. Wintner: Zur Hillschen Theorie der Variations des Mondes. 
Mathematische Zeitschrift, vol. 24 (1925-1926), pp. 257-265. 

F. R. Moulton and collaborators: Periodic Orbits. Washington 
(1920). Publication 161 of the Carnegie Institution. Chapters 1 and 3, 

F. R. Moulton: The Problem of the Spherical Pendulum from the 
Standpoint of Periodic Solutions. Rendiconti di Palermo, vol. 32 
(1911), pp. 338-364. 
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H. C. Plummer: An Introductory Treatise on Dynamical Astron¬ 
omy. Cambridge (1918), chap. 20. 

E. T. Whittaker and G. N. Watson: A Coiurse of Modern Analysis. 
Cambridge, (3rd ed.) (1920), pp. 36-37; 406-407; 413-417. 

F. Riesz, Les systems d’equations lineaires d une infinite d’in- 
connues. Paris (1913), pp. 156-162. 


The dynamical system investigated by Hill led to the following 
ratio of the motion of the perigee to the siderial motion of the moon: 


1 d 0) ^ 

n dt l-fm 


( 8 . 1 ) 


where m and n are asti'onomical constants (see problem 2 below), 
and 1 is a characteristic number for the differential equation 


CO 

u" -j- (i^o + 2 2 cos 2na;) ti{x) = 0 . (8.2) 

n=i 

The coefficients are empirical constants (see problem 2 below) 

00 

which diminish rapidly with n. We shall assume that the series 
converges absolutely. 

We assume a solution of the form 


u{x) 2 a,nZ-” , z —e” . (8.3) 

n=-00 

Upon substituting this series in (8.2), we obtain the equation 

00 00 00 

— 2 ( 2 »+l) 2 a„ 2 =’^^-f 2 'E 'dn-,nCl^mZ^”*^ = 0 , 

/t=:-co n=~oo m--co 

where for convenience we define i?-,, = . 

Equating equal powers of z, we get the following system: 

00 

-Ct/Ji = 0 , -CO tO + 00 ) , 

m=-<X) 

We now divide each equation successively by do — {2n-\-X)- in 
order to secure a convergent determinant for the system. This deter- 

(2^-^)=^ 


-4(1) ?^[zl(0)—sin^ csc^(^siV^o)3 • 

COSJlA — cosjiVi^o 


minant we may write as follows: 

-dn 


AW 


¥o 


(2?2/“-|—A) ^ 


where dmn is KroneckeFs symbol. 
We shall now show that 


O aJnS 1A— ■, /A 
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Hence the roots of A{X) =0 are given by 

sin= 1 / 2 J 1 A = A (0) sin= (l/27z\7#' ) , (8.5) 

from which it is possible to detei-mine the values of / and hence the 
coefficients a,, of (8.3) in terms of an arbitrary ao. 

In order to establish (8.3), we first observe that 

zl(;4-2) =.d(/l) , and J(—a) (/I) , (8.6) 

Moreover we see that A (1) is analytic tliroughout the 1-plane ex¬ 
cept for the obvious simple poles at 1 = — 2n ± V^o, and also that 

lim/l(l)=l. (8.7) 

|Al=oo 

Hence, by the argument employed in section 7, we shall have 
A (1) 1 = 1 -j- Ml cot i/^5i(l -f- V^o) 

n Mo cot y-ypi (1 — Vi^o) > (8.8) 

where Mi and M., are to be determined from the equations: 

Mi + M, = 0 , 

Ml cot — M, cot VtnyJ, = [1 — d (0) ]/?r . 

Replacing in equation (8.8) the values thus found, one verifies 
by a simple manipulation that A{X) takes the form given in (8.4). 

PROBLEMS 

1. Discuss the equation 

u" (x) + (a/x^ + + c/x) u{x) =0 • 

Show that 

A (X) =1 + 2Mw sin 2Xj^‘7r/ (cos 2'n-\ — cos 2‘7rX) , 

where \ = y 2 (1 — VI—46). Evaluate M for a = —h = c = 1 . 

If 1 — 46 = where p is an integer, show that 


A(X) 


—N[— ^ -3^ . 

sin(X+%p)'Jr 


Compute N for a = c=:l, 6 = 0. 

2. Hill, in applying his theory to the numerical problem of computing the 
motion of the lunar perigee, obtained the following value for the function which 
multiplies u{x) in equation (8.2): 

e (x) = 1.15884 89395 96583 — 0.11408 80374 93807 cos 2x 

+ 0.00070 64759 95109 cos 4x — 0.00001 83465 77790 cos 6x 
+ 0.00000 01088 95009 cos 8x — 0.00000 00020 98671 cos lOx 
+ 0.00000 00000 1210'3 cos 12x — 0.00000 00000 00211 cos 14x . 
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With these values show that 

A(0) = 1.0018047920 210112 

and hence that the smallest positive characteristic number is equal to = 1.07158 
3277416012. 

In (8.1) m is the ratio of the synodic month to the siderial year, n is the 
moon’s sidereal mean motion, and n' the mean angular motion of the sun. Given 
that m = n = 17325594" .06085, n' = 1295977" .41516, show that 

— — z= .00857 25730 04864 . 
n dt 

3. Discuss the solution of Legendre’s equation 

(1 — u" (x) — 2xu'(x) + n(n + 1) u{x) =0 , 

by the methods of this chapter. Show that f^M =w(n+l) —X — X 2 . Hence 
for positive integral values of n show that a solution exists (the Legendrian poly¬ 
nomials) of the form 

p ^ (2re)! n(n—1) 1 n(n —1) (ti— 2) (w—3) 1 

“ 2n(w!)2 ~2(2w—1) 2.4(2iv-l) (2w—3) x^ ■ • • J • 

Discuss the second solution of the equation. 


9. Awdytieol Peculiarities of the Solutions of the Homogeneous 
Euler Equation. In section 7 we have shown how the solution of a 
linear homogeneous differential equation of finite order with coefhici- 
ents developable in Laurent series may be reduced to the discussion 
of a linear system of equations the elements of which are functions 
of the form 


(.^“1“^) ]/['T’o (■I'f'S) ] . 

The functions (piiq) in this expression are Newton series of finite or¬ 
der, that is to say, polynomials. The convergence of the series which 
represented the solution of the equation, was seen to depend essen¬ 
tially upon the fact that 1 (p), i^ 0, was dominated by | <po (q) | as 

Q x. This domination in turn depended upon the fact that the 
q>i(Q) were polynomials and that the coefficient of the term of order 
n —1 in the original equation could be set equal to zero. Neither of 
these conditions may be assumed in the problem of the generalized 
Euler equation. 

Some of the analytical peculiarities of the situation can be ex¬ 
hibited by means of the following example; 
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Let us consider the equation 

cotiix) -)- {cL)ai-{-qa)X)u'{x) {co (i 2 -\-q co <h. x ■-{- q of x^/2l)u'' (x) 

+ (co q CO X q 0 )^ x^/2l q (O^ /SI)(x) -\ -= 0 , 

(9.1) 

where we abbreviate a}<= q — i, |(y| < i. 

Substituting the values of the coefficients in (2.3), we get 

foU) =co-fq(«l + «a)“/l<«/ 2 !-b--- 

t=ca + q [( 1 -f o))^ — l]c=q^+i — 1 , 

/i(l) 1) , /.(A) = 0 Q;.<=)(q^-^ —1) . 

and in general 

/„(A) =a„A'»)(q^-'Hi_l) =a„A<'‘'/„(A —71) . (9.2) 

The existence of infinitely many roots of /o(A) = 0 , namely, 

A„i =—1 + 2 « ji f/(log q) , n = 0 , ± 1 ,± 2 ,--- 

implies the existence of infinitely many solutions of the original ques¬ 
tion. We shall limit our discussion to the single root A = — 1 , in terms 
of which (A—r)<”’ becomes (—l)’*(r -|- n) \Jr\ . 

Noting (9.2), we reduce system (2.9) for the determination of 
the values of the <pi to the following 

(- 1 ) ” ^0 (- 1 ) fp\ - 1 - (- 1 ) a-n -2 <pi/2 ! ■-]-••• 

- <pn-\/ 1) 1 “f- Uq ;— 0 • (9.3) 

Let us now specialize the parameters Oi, (I 2 , o-a, ••• by assuming 
that they satisfy the following set of equations: 

ai = l , 

0:2 Oit =0 , 

O 3 On = 0 , 

O 4 — O 3 '' ""I /4! , 

U'n- O'n-I "I" ^' 71 - 4/4 ! -^ 71 - 9/9 ! “I- Om-ib/IG !-- = (—1) ” < 5^2 ! > 


where we use the symbol, ^p, „ c 


0 , n:^p^ , 
1 , nt=p^ . 


Summing columns of the array we see 


00 


that 2 tti converges and 

i=l 


is equal to s/(l—s)> where e = 1 — 1/4! 1/9! — 1/16! -1- 
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When the values of at are substituted in (9.3) and an explicit de¬ 
termination of the <pi effected and substituted in (2.2), the following 
solution of (9.1) is obtained: 

(x) = x-H 1 +1 A’ +1 A" +1 A" H-h yx"’’ 4- • • •) • 

The series obviously converges for all values of x greater than 1 
in absolute value, but it possesses the unit circle as a natural bound. 
The function which this series represents in the region exterior to the 
unit circle is not found in the theory of oi'dinary differential equations. 

Let us consider a second case by assuming for the value 
(—The coefficients of the solution, (2.2), are easily computed 
and we obtain the totally divergent series 

u{x) = yiX-Wl + l\Wtx) + 2 !( 1 / 2 X)- 

+ 3 !( 1 / 2 ^)‘’ + - ]— 1 } 

We note, however, that this series is summable by the method of 
Borel in the negative half-plane and we may thus compute the follow¬ 
ing integral representation of the formal solution: 

A third special case, namely, where we assume that a,. = l/n\, 
reduces system (9.3) to the following simple form: 

tPn nCj <Pn-j 4 “ nC^ <Pn--z - nCa (f n-s 4 “ ' ‘' 4 “ (-f ® > 

where „Cr is the rth binomial coefficient. Obviously = 1, for all 
positive integral values of k, furnishes a solution and we thus obtain 

uix) ==x-mi + iA4-iA"4-iA®4----) =i/(.x— 1) . 

If the values of the coefficients u; are substituted in the original 
equation (9.1) and the Taylor transform (see section 6, chapter 2) 
employed to simplify it, one sees that the special case under discus¬ 
sion yields essentially one solution of the q-difference equation 

qii(qx-\-l )— •a(a: + l)=0. 

In order to examine more generally the convergence of series 
(2.2), let us construct the function 

/(s4)=2/»(A)s™ , (9.4) 

in which the real part of X is assumed less than or equal to the real 
part of Ao, where Ao is any root of /<, (A) i= 0. 
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Let us assume that this series is uniformly convergent about the 
origin within a circle of radius R. Then fis,A) is an analytic func¬ 
tion, which, if the right hand member of (9.4) fails to converge on 
the boundary of the circle, possesses a singularity of modulus R. If 
M{X) designates the upper bound of fis,2.) in the neighborhood of 
the circle ] s ] = let us say on the circle \s\ — t = R — e, then by 
Cauchy’s inequality [see (2.1) of chapter 5], we shall have 

i/„(l)lgMU)/r>‘ . 

Returning now to (2.9) we derive the inequality 

I ffn 1 ^ { 2 1 fn-uA^—m) I I <p„ |},/1 /o(l)—W) 1 

^ w)r'"-'‘ 1 qr,„ I/I /„(A—ii) 

If we abbreviate this last expression by <!>„, we may write 

<Pn-i I M {X -W--|-l) I fo^X -W-|-l) I ^n-l 

foix —^Ji)! ^■l/o(A—n)| 

Employing the abbreviation X — n - q, and noting that | q?„-i j 
< we attain the desired inequality 

^MiQ+1) |/„(e+l) 

^7 ^ l/o(e) r I foig) I 

If we now assume (1) that lim /(e) exists; (2) that lim | foig 

p=-00 p=-CO 

+ 1 ) |/1 foie) 1 = 1 / 9 ; (3) that lim M(e-j-l)/l foie) I = 0, then series 

p~-OD 

(2.2) converges outside the circle of radius 1/qR and converges uiii~ 

00 

formily outside the circle of radius l/gr, since 2 s” is the majorant 

»l=0 

00 

of 2 S™ . 

n=o 

It is at this point that we differ from the classical case of differ¬ 
ential equations of finite order, since these assumptions imply the ex¬ 
istence of all the limits lim /„ (^), w 1 = 0, 1, 2, • • ■ . In the finite case 

p=-00 

the functions /„ (< 0 ) are polynomials of bounded degree and conditions 
(1), (2), and (3) are immediately satisfied, the value of q being equal 
to 1. In the present instance, however, these limits depend upon the 
properties of Newton series, particularly their behaviour at infinity, 
and we must await the exploration of their asymptotic properties be¬ 
fore attaining more general theorems. 
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PROBLEMS 

1. In the third case of the illustrative example of this section, evaluate the 
function /(s,X) and discuss the character of the solution from the properties of 

2. Show that the series representing /(s, X) for the second case of the illus¬ 
trative example of this section is totally divergent. Can a meaning be given to 
it by Borel summability? 

3. Discuss the solution of the third case of the illustrative example for one 
of the roots other than X =1 —1. 

4. Employing the analysis of this section, discuss the solution of the ^-dif¬ 
ference equation. 

u{qx) -hXw(a;)=0 , q¥=l , 



CHAPTER X 


Differential Operators of Infinite Order of Fuchsian 
Type — Infinite Systems 

1. Preliminary Remarks. The object of the present chapter is 
the inversion of the following equation: 

{Ao(a:) Ai{x)xz A^{x)x-z'^/2\-] - 

+ A„(a-).T’‘2V«! + ---}=/(x) , (1.1) 

where the symbol 2 ” as usual denotes the differential operator 
and fix) is a function with limitations to be specified later. The co¬ 
efficients, 

Ai{x) cijd(XiiX(ti^x^■ , ( 1 . 2 ) 

are functions analytic at a := 0 and subject to the restriction A„(0) 
^ 0 for values of w greater than or equal to a given n'. In the case 
of finite order we have n' = p, where p is the order of the equation. 
It will be observed that this restriction brings the finite case within 
the theory of linear differential equations with regular singular points 
initiated by the celebrated papers of L. Fuchs (1833-1902).* 

Let us designate by Fix,z) the Fuchsian operator in the braces 
of (1.1) so that we can write the equation in the abbreviated form, 

Fix,z) -»m(x) =/(x) . 

It will be observed that the theory of equation (1.1) formally 
unifies the theories of the Volterra integral equation on the one hand 
and ( 7 -difference equations on the other. To show this let us write 
the integral equation, 

?i(x) -fl r Kix,t)u{t)dt = fix) , 

0 

in the form, 

{l-j-lf X(x,f)e<*-*>"dt}-^'ii(x) =/(x) . 

^ 0 

The coefficient of 2 ”, n > 0, in the expansion of the operator is 
I j^Kix,t) it — x)'^dt/n\ 

Journal fur Mathematik, vols. 66 (1866), p, 121, and 68 (1868), p, 354; 
Ges, Werke, vol. 1, pp. 159 and 205. 

Fox othfix xefexence see L, W. iThome: Journal fur Mathemamkf vols. 74 
(1872), p. 193, 75 (1873), p. 265, and 76 (1873), p. 273; E. Picaxd: Traite 
d'analyse, voL 3 (1908), chap. 12; E. L. Ince: Ordinary Differential Equations 
(1927), chaps. 15 and 16. 

Fox a statement of the theoxem xelating to xegular singnlax points see the 
footnote to section 7, chaptex 8. 
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Operating on this function with z”\ m ^ n, we get, 


r K{x,t) (t — x)^'dt/nl 
J Q 

— 1 r z”‘K{x,t) (t — x)’^dt/nl , 

•^0 

which obviously equals zero for a; = 0. Letting m = n+1 we obtain 




j‘‘K{x,t) {t—xy'dt/n\ 


: lim z’' XK {x,t) {t — x) 


Vn! + I 

0 


C>7l+l , 


■K{x,t) (f—a’) dt/n ! 


(— lYXK{x,x)X r -»(t— x) 
0 


" dt/n\ 


For a; i= 0 this function is seen to equal (—1)’* X K(0,0). We thus 
prove that the coefficient of z" vanishes at least to the «th order, and 
hence contains x'” as a factor. 

Similarly the q-difference equation,* 


<po{x)uix) -f-<pl(a:)^ 6 (qla;) <p2(x)ti{q.2x) 

-y • • • -if- <pr {x) U {QrX} == 9 {x) , 


can be written in the form, 

{<ptj {x) 4- qoi (x) -j- (^r) -J- 

+ ->u(x) —ff(x) . 

Expanding this equation into a power series in z and employing 
the abbreviation, Qi — 1 = Wi, we obtain, 

{qjo(S') “l~q5i(a:) -\-<p2i,x) - \~<pr(x) -f“ -f" ■ 

— 1 “ V7f(pf') XZ — 4 “ 4 ~ * ‘ * 

4“ ZVr^'q^r') ! 4” * ’' ^ (S') P (S') , 

which yields an equation of general Fuchsian tyqie. 


*For the theory of this equation see: R. D. Carmichael: American Journal 
of Math., vol. 34 (i9'12), pp. 147-168; G. D. Birkhoff; Proc. Amer. Academy of 
Arts and Sciences, vol. 49 (1913), pp. 621-568; T. E. Mason: American JoumaJ 
of Math., vol. 3i7 (1915), pp. 439-444; C. R. Adams: Annals of Math., vol. 27 
(1925-1926), pp. 73-83; ibid., vol. 30 (1928-1929), pp. 195-205. . 

For an important summary and additional bibliography see C. R. Adams: 
Linear g-Differenee. Equations, Bulletin of the American Math Soc., vol. 37 
(1981), pp. 361-400. 
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2. The Homogeneous Equation. It will be convenient for us first 
to discuss the formal solution of the homogeneous case of equation 
( 1 . 1 ): 

{Aoix) A^{x)xz-^ Ai{x)x^z-/2\-\ - 


^A„(x)xv/nl^...}-^uix)=0 . (2.1) 

Our attack will be to exhibit the essential connection, through a 
Laplace transformation, of the homogeneous case of the generalized 
Euler equation that we solved in section 2, chapter 9, with the homo¬ 
geneous Fuchsian equation (2.1). 

To show this relationship let us first seek a solution of the Euler 
equation. 


a-oV{t) + {a.^ -\-b^t)v'(t) b.tcd^-/2l)v"(t) 

-j- (.a^b:ttdst^/Sl)v*"{t) , 

( 2 . 2 ) 

in the form of a Laplace transformation, 

v{t) j e^*u(x)dx , (2.3) 

where L is a path in the complex plane. 

If we make the abbreviation, 

A (x) = fto + fb® + azX^ -|-, 

B (x) = X {b^boXbsX^-\ -) , 

C (.r) t= {x^/2 !) (C2 + CsX -f c^x^ + ■ ) 


then we know from an obvious generalization of the theory of sec¬ 
tion 3, chapter 8 [in particular, equations (3.6) and (3.7)], that if 
uix) is a solution of the equation, 

A{x)u{x) — [B(.r)w(a:)]'-1- iC{x)u']" 

— [Z?(a:)ii]"' + -- =0 , (2.4) 

and if L is a path so chosen that the functions 

{B(x)u{x) — VCix)u{x)Y+ \D{x)uy' -, 

{C{x)u{x) ~iD{x)u{x)Y-{- [E{x)iiY' -, 

{D{x)u{x)— lE(,x)u{x)Y-Y iF{x)^lY' -, 


(2.5) 
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vanish at the extremities of L, which in particular may be a closed 
circuit, the function v{t) as given by (2.3) is a formal solution of 

eauation (2.2). hy 

In order to identify equation (2.4) with equation (1.1) we ex¬ 
pand (2.4) as follows: 

+ C"(x) — + -} 

-1- ( + 2C' — 3I>" -t- 4:E"' - 

_j_ (C — 3D' + 6D"-} («) + {— 

_ )u"'{x)-]-{E -} = 0 . 

Equating these coefficients successively to 

A„(*), xAAx), x^AAx)/2\,--- , 

and differentiating the second equation of the resulting set once, the 
third equation twice, etc., we obtain the following systems of equa¬ 
tions: 

— D<®>-j- -= Ao(a;) , 

— B' -f 2C" — 3D«> -f 4D'^>- =[x AJ' , 

C" — SD<*> -)- -- [«“ A2]"/2 ! , 

_ j[)(3) 4£'(4)-- [x'* A3]'"/3 ! , 

Ew -= [x* A4]‘<‘>/4! , 

This system can be solved explicitly for A (a:), D'(x), C"(a:), 
etc. and we obtain without difficulty the following results: 

A (x) = Ao(a:) — [a? "t“ {x'AAx )!]" > 

B'{x)^-[.xAA'-\-2ix- A,/2!]" — 3[x= A 3 / 3 !]'" -f • - , 

C"(x) [.x^A 2 (x)/ 2 !]" —3[a:^A3/3!3'"-f 6[x‘A4/4!]<^>-, 

Integrating the second row once, the third row twice, etc., we 
.finally get the desired transformation: 

A(x) =A„— (xAi)'+ (x^A3/2!)"— (x* A^/S!), 

B(x) =—(xAi) +2 (x=A2/2!)' —3(x^A3/3!)"-4---- , 

C(x) = (x^A3/2!) —3(x^A3/3!)' + 6(x*A4/4!)"-, 

.( 2 . 6 ) 
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Equatingf coefficients of x'' in each, of these series we obtain the 
following explicit transformation which is very useful in the direct 
application of the results of this section: 

dr ■= dor — (r-|-l) ! \ ■ 1! -j- (r-j-2) ! o^r/r! • 2! 

-h (—1)® (r+s) ! a„/r! • s! -^-, 

^r~ oi-i.r-i-|- (r-j-1) ! Oa.i-i/r! • 1 !— (r-)-2) ! ■ 2! 

-|--l)s(y,_|_g- 1 ) T (ls,r-xlr\ ■ (s —1)! -1-, 

Cr = a,,r-, ~ (r+1) ! as,r- 2 /r! • 1! + (r+2)! ! ■ 2! 

-h (—l)*(r-(-s—2)! as,r- 2 ,/r! • (s—2) ! -j-, 

(2.7) 

Transformation (2.6) can also be stated somewhat differently 
as follows; 

Let us define the functions, 

f) = 2 (—1) a„,Jn! , % = 0,1, 2, • • • ; 

‘in=0 

in terms of these expansions, evaluated at the point f = 1, we have, 
A (z) '= ttfl(1) ~1“ (i'i'(l)x —|- do"(1)X' d ^"'(1) r• , 

B(x) =d/(l) -}-a/'(l)a:/2 + (i./"(l)a;V3-(-a3<^'(l)*V4 + ••• , 
C(x) =&„"(!)/2 + a/"(l)r/6 + a2<^'(«)«V12 + --- , (2.8) 


N(x) t=ft„<'‘-^)(l)/(n—1) ! + ai<'‘'(l)x l!/«! 

+ a,<«^'(l)a;=2!/(n.+l)! + --- . 

We are now in a position to obtain the solution of equation (2.1). 
To do this we first find the coefficients of a generalized Euler equa¬ 
tion by means of the transformation (2.7) or its equivalent (2.8). 
The solution of this new equation is then obtained by means of the 
formulas of section 2, chapter 9, and hence, for the determination of 
the unknown function, u(x), we reach the following equation of La¬ 
place type; 

v(t) (pi/t -f q>2/P H- 

—j— (fn /* * * ) '— ^ ^ (^) t 

where L is a path to be properly determined. But since the inversion 
of this integral equation has been accomplished in a number of ways, 
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the solution of the original problem has been reduced to a form rich 
in specific results.* 

In particular, if L is the path from 0 to —co, we are concerned 
with the solution of the Laplace equation: 

/»00 

v{t) = I — x)dx . (2.9) 

But since 

j e-^* dx = r(ix-\-l) /xt'-*'^ , 

we see that a solution of equation (2.1) is given by 

u{x) t= x-(pJiX{X —1)] 

-H.r=WU(l—1)(1—2)]+---) , (2.10) 

provided the real part of X is negative. 

These results are stated in the following theorem: 

Theorem 1. If the coefficients of a generalized, Euler equation 
are computed by means of the trails formation (2.7) [or (2.8)] from 
the coefficients of equation (2.1) and if a. set of n solutions exist, 

Viit) =t^‘(f.i{t) , i = l,2,---, n , 

where the <pi{t) are functions of the form, 

(pi (t) = -|- (pi/t <p2/t^ “1- 

then equation (2.1) possesses n formal solutions, 

Ui{x) 'ipiix)/r( — Xi) , real part of Xi < 0 , 

( 2 . 11 ) 

where the ipiix) are functions of the form, 

y!i (x) X q)i/X + X® (p 2 /X{X —1) 

+ <P2/X{X—1) (1—2) + ■ • ■ . (2.12) 

Other solutions, if they exist, are obtained from the inversion of 
the Laplace integral equation, 

v(t) X e^^u(x)dx , 

where L is a path chosen so that the functions (2.5) vanish at its ex¬ 
tremities. 

From the foregoing analysis it will be clear that the analytical 
validity of any formal solution of the homogeneous Fuchsian equa- 


*See section 7, chapter 1, 
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tion will depend upon the validity of the solution of the auxiliary 
Euler equation. As we have indicated in the last section of chapter 
9, this problem is not completely resolved since it depends in an essen¬ 
tial manner upon the asymptotic properties of Newton series and 
these properties have been only meagerly explored. 

It is obvious, however, from the equation 

V (t) u{x) dx 

that the solution, v{t), of the auxiliary Euler equation and the solu¬ 
tion, u(x), of the Fuchsian equation bear the relationship of a func¬ 
tion to its Laplace transform. Hence the validity of the solution u(x) 
as it depends upon the validity of v(t) can in any special case be re¬ 
ferred to the general theorems of the generatrix calculus as set forth 
in section 7, chapter 1. 

As an example illustrating theorem 1 let us consider the hyper- 
geometric equation for which we have already found the solution 
about 00 by regarding it as a special case of the generalized Euler 
equation. (See section 2, chapter 9). We observe, however, that the 
hypergeometric equation may also be written as a Fuchsian equation 
if it be multiplied by x: 

— <x S X u []y — (c(— 1) ^3 X zd 

+ (2—2x)x"-zd'/2! = 0 . (2.13) 

Making use of the transformation given by (2.7), we obtain as 
the a,uxiliary Euler equation the following: 

(2—y)v(t) [—(a—2) (/?—2) -f (4—y)t] v'(t) 

+ [ (a-l-/5—5) t + PI v" (t) — P = 0 . 

From this we obtain the functions, 

/„(!) = (2—y) 4- {4~y)l -j- 1(A—D = (A+1) (1+2—y) , 

f, (1) = 1 (a—1—1) (1—^+1) . 

The characteristic numbers are thus, 1 = —1, 1 = y — 2, and 
the equation determining successive values of cpn is 

/] (1- f ■ 

Whence we get for 1 = — 1, 

<pn^\/<Pn =-(a+W) (+-!-’?•) / (y+’^'l j 

and for 1 = y — 2 , 

<pn*-i./(pn 1= — (a—y+l+w) (/3—y+l+u) / (Ji+l) •. 
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The solutions of (2.13) corresponding to these two values are 
readily found from ( 2 . 11 ) to be, 

Ub^{x) =F{a, S ;y ;x) 

1 = (—.'i:)^-rF(l+a —y , 1 -f/S —y ; 2 —y ; x)/r(2 — y) , 
that is to say, the solutions of the hypergeometric equation about 

X = 0. 

S. Application to a q-differenee Equation. As we have indicated 
in the first section the theory of q-difference equations is formally 
embraced by the methods which we have developed above. It is be¬ 
yond the scope of this book to explore the full consequences of an ap¬ 
plication to ^'-difference equations, but the following example will 
illustrate the salient features of such an application. 

The following equation, 

uiqx) -f (—l-|-a;)tt(*) = 0, | 9 ] > 1 (S.l) 

plays a role in the theory of g-difference equations analogous to that 
of the equation, 

ti (.x-j-l) — XU(x) <= 0 , 

in the theory of difference equations. 

The solution of this equation about .t = 0 is obtained without 
difficulty from the equivalent equation, 

xuix) w X u' (a;) -f- x"- u" (a;)/2! -|-= 0 , w — q —1 . 

From the fact that (x) = x, A, = iv, A^ — w-, ■■■, A„<= , 

we derive by means of the transformation ( 2 . 7 ) the coefficients of 
the auxiliary Euler equation to be, 

ffio = — w-\-w^ — — — — w/il-^w) =l/g — 1 , 0-1 = 1 ; 

&i = —w/g= ; Co — w^/q^ ; — — w^/q^ ; ••• • 

From these values we compute the functions: 

/o(A)=Q"^‘' — 1 , /l(l)=-^ , 

and hence the infinitely many characteristic numbers, 

lm = —1 — 2nmi/\ogq , wt= 0 , 1 , 2 , . 

Confining our attention to A t= —l, we have, 

<pn*^/<pn = —/i iX—n) /7o (.X—n —1) t= _ (A— n) / (g»+i_l) , 
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and hence we attain the solution, 

uix) = [l_x/((?—!) -f a;V(Q—1) (q2_i) 

— x^/(q—l) (q^—1) + • • • ] , 

= (1—x/q) (l—x/q^) (1—x/q^) .... 

In order to obtain the solution about infinity we must first com¬ 
pute the solution about the origin of the auxiliary equation, 

{l/q—l)vit) -|- {l—w:t/q^-)v'it) -\-wH-v"{t)/q^-2l 

— ?t-' v'" (f. 3! + • • • = 0 , (3.2) 

provided such a solution exists. In order to do this we multiply (3.2) 
through by t thus transforming it into an equation of Fuchsian type 
and for this new equation we now compute a corresponding Euler 
equation by means of (2.7). 

Since we have, 

^00 0 » 1/q 1 , C-xo —. 1 , Cf'n - '^/ Q f 

a-,0 = = 0 , o..,i = w-/q ''^, = — iv\/q' ,■■■ , 

(—D" wVq"*' , 

we find, 

Uo -1 , U'x -1 —|— 1/q “1“ 2w/ Q~ /Q"* 

-|-4wV7-i-= 7 — 1 ; 

6x = —1, b. == tv q ; c. = 0 , Cs — w- q ; d^^w^q ; • • • , 

and thus the equation, 

— y(0 H- [(7—1) —tl V'it) -^wqV''it) 

-f w- q t- /2! + w-' q 7'*' (t) /3! -f • • • = 0 . (3.3) 

We then obtain, 

f,{X) = —(l-M) , A(l) = (7—1)1 +w 71(1—1) 

+ w^7l(l—1) (1—2)/2 ! + •■. = 1 ( 7 ^ 1) > 
and from the equation, 

f I (1- n) cpn + fa (1--1) T’n+I = fi > 1 = 1 > 

the successive values, 

cpa = 1 , = 1/7 — 1 , 7>2 = ( 7 -'—1) (7""—1) , 

<P3= (7-^—1) (7-^—1) ( 7 -=—1) . 
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Hence the solution of (3.3) is the function, 

OC 

V(t) ’ 

r=o 

and by means of theorem 1, section 2, the solution of (3.2) is, 

V (t) = 1 — t <px (pzlo ! -j— 

1 + (1—r") t + (1—r") (1—r") ^V2! + • • • . 

Returning now to the original equation we see that its solution 
is transformed into the problem of inverting the equation, 

j u{x) dx — v{t) . (3.4) 

An obvious choice of L is a path about the origin and for this 
we. find formally, 

U(s) = s+ (1—r")s^ + (1—r") (1—r")5" 

+ (1—r") (1—r^) (1—+ • •• ^ 

where we abbreviate $ =■ 1/x. But this function fails to converge for 
5 = 1, and its analytic extension possesses poles at the points, 5 = q, 

5 -— j * * * • 

To'show this let us first apply Raabe’s tesf->= to the series. Com¬ 
puting' the ratio of suecesive terms we have, Un+i/u,i = s (1 Q ’) = 
s -1/ (1 4- an), where = 1/ (q" — 1). Since, then, lim % a„ = 0, the 

series diverges for ] s | > 1, and in particular for s = 1. 

In order to discuss the function U (s) outside the unit circle we 
observe that it satisfies the following functional equation; 

U(s) o= [s/(l—s)][l—U(s/Q)] . 

We thus conclude that as s approaches q, s q, vre have the 
limit, 

Uis) -^U{q) [q/ (1— q) ] [1 — t/(l) ] 1 = 00 , 

and hence by induction, 

s r V (s) 17 (r) [«V (1—3”) ] [1 — t/ ] = CO , 

for all integral values of n. 

From the facts thus deduced we conclude that the residues of 
u{x) in the left member of (3.4) must be computed not merely at 
x — 1, but also at 1/q, 1/q^, 1/q^ , • • • . Hence we write, 

u{x) =qj{x)/[{l—l/x) a~l/qx) (l—Wx) (1—l/ 3 ”x) •••] , 

♦See E. Goursat; Cours d"analyse, vol. 1 (Hedrick translation) (1904), p. 

341, 
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where <p(x) is a function regular at a; = 1, 1/q, l/q\ , which must 
be so determined that equation (3.4) is satisfied. 

Integrating I e’’* u{x)dx , where the path L is now a series of 

^ L 

loops about a; = 1, a: = 1/q, x = 1/q- , ••• , we find 

J e®‘M(.T)da; = (6^93(1) + e'/«9>(l/«)/q(l—q) 

+ q)(l_q2)+...}G(q) , (3.5) 

where we abbreviate, G{q) = (i_i/q) (i_i/q 2 ) (i_i/q3) ... . 

If we now write the function, 

a;(t) ==1+ (l_r')i+ (l—q-)(l—Q-=)tV2! + '-- 

^G{q){l/G{q) + (\—q-^)t/G{q) 

+ (1—q-)(l—q-=)tV2!.G(q) +••■} , 
and observe the following expansions;* 

1/G(q) = l + l/q(l—r') + l/q=- (1—rO (1—r=) +••• , 
(l_(j-i)/G(q) ^l + l/q=. (l_Q->) 

+ l/q‘- (l_q-i)(l_r^)-f... , 

(1—(1—q-=)/G(q) =!-(- l/q"- (1—Q'O 

+ l/q»- (l_q-^)(l_q-=)+... , 


we see that we can write, 

v{t) = G(q){e* + e*'''t/q{l—q-^) 

+ . (l_q-i) ( 1 —q-=) +•••}. (3.6) 

Comparing (3.5) with (3.6) we find, <}?(1) 1, 9 ?(1/q) =— q, 

<p{l/q-) — q’, and in general, 9 ;( 1 /q”) = (—i)»q 5 »<«+o. These equa¬ 
tions are obviously satisfied by the function, 

q) (.^) c= 6^^ a; + B log a? + Cri log r ^ 

where A t= 1/log q^ ,B = — 1/2 , C = —1/log q . 

Hence the solution of the original equation about a; = 00 is found 
to be, 

uix) = ‘“S’* a:®^<‘”/[(l—1/») (1—1/qa;) (1—!/«"«) 

• (1—l/q^a;) ••■3 . 


*See G. Chrystal: Algebra, part 2, (1889), p. 320, or L. Euler: Int. in Anal 
Inf. (1797), § 313, p. 262. 
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4. The Resolvent Generatrix of the Fuchsian Eqiiation. We pro¬ 
ceed next to the formal determination of the resolvent generatrix of 
the non-homogeneous equation. If we attempt to solve (1.1) by the 
method of infinite differentiation, we obtain, after differentiating 
(1.1) an infinite number of times and collecting the coefficients of 
(x), a system of the form, 

-J- bisUs 4“ ■ •' “{“ byn^n -!-••• = /1 , 

b^xOx —1~ 522'W'2 —|- basils -|- • • • “|— b2nUti 4“ ■ • • fz , (4.1) 

hsi'iq 4“ 4~ 4“ * *' "4“ bsnafl, 4" * * * fz , 


where Ui = ■zt‘*-^>(x), ft = /'’-^’(x), and the elements of the matrix 
||6ij|| are determined from the algorithm, 

6a,-i=A,--i(x)x^'-V(i—1)!, 5ii = (x) , 




The practical difficulties of solving (4.1) are, in general, great 
so we turn to another method which makes use of an interesting con¬ 
nection between the Fuchsian equation and the generalized Euler 
equation discussed in the last chapter. We formulate the method in 
the following theorem: 

Theorem 2. The resolvent generatrix Xa{x,z) for equation (1.1) 
is given formally by the equation, 

Xo(.x,z) c= FofO.x) -f- Yo'(0,X)2 

4- Y„" (0,x) z^/2 ! 4- Y„"'(0,x) zV3 4- ■ ■ • , 

where we use the abbreviation, 

Yo<’->(0,x) Yo(f,x)l*=o , 

in which Yo{x,z) is the resolvent of the generalized Euler equation^ 
(1.7) of chapter 9, 

G{X,Z) -^U{x) t=zg{x) , 

where the coefficients are computed from the transformation, 

S m a^yi — C&owt 9 9 ^?n+2 > * * * • (4.2) 

The resolvent Yo(x,z) is explicitly calculated by means of (4.4) of 
chapter 9. 

Proof: In order to prove this theorem we employ the Bourlet 
product, equation (3.1) of chapter 4, instead of the system (4.2) of 
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chapter 9, for the determination of the resolvent Yo{x,z), which satis¬ 
fies the equation, 

Yai^XjZ) —> G(^x,z) = 1 . 

Substituting the explicit form of Gix,z) in the Bourlet product 
formula, we get, 

Yc{x,z) G(x,z) s= 

[no-]- (u-i, .T) 3-}- {Un c-2X^/21)z^• j Yo{x,z) 

+ [^1 + (^2 + '' + (^2 + C:„r- 1 - d,x-/ 2 !) 2= -]-] s dY^/dz 

-f [C 2 -f (Ca -f (IjX)z -\- (c, 4- d,.r-|- e,.rV2!)2- -]-]-^ d^Yo/dz" 

+ . ' . . . 

-1 ( 4 . 3 ) 


But this equation we notice is of Fuchsian type in the variable z 
as defined by equation (1.1) with the right hand member set equal 
to 1. The auxiliary variable x may be regarded as an independent 
parameter and can be chosen in particular to equal zero. 

If we now set x = 0 in (4.3) and identify the coefficients of s’" 
with the coefficients of z’’ in (1.1), we obtain the transformation 
5 (4.2). 

Referring to (12.5) of chapter 4, we reach the conclusion: The 
resolvent generatrix, yo(0,.T), is the sohition of equation (1.1) for 
the case f(x) = 1. 

In order to solve (1.1) for the more general case fix) <= x”*, we 
make use of the fact (see section 12, chapter 4) that if Yo(x,z) is 
the resolvent of G(x,z) and if Ymix,z) is an operator such that 
Y„iix,z) Gix,z) 1 = then we have Y„,.ix,z) = z™ Yo(x,s). 

But from the operational product, equation (3.1) of chapter 4, 
we obtain 


Yni iXjZ) 


2®* Yo -j- ™ ^ 


9Y„ , 
dx 


d^Yo 

2! dx^ 


= . (4.4) 

Now equation (4.3) is identical with equation (1.1) for the spe¬ 
cial case under consideration provided x is set equal to zero, the right 
hand member is replaced by z'^^, and the z is finally changed into an x. 
Hence if we designate hyu^ni^) the solution of equation (1.1) for 
f(x) 1 = x^\ we obtain the result 

^t,„(a:) = [a; +Yo(f,x)]<*‘)|(=o , Uoix)'=^YoiO,x) , 


(4.5) 
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where the differentiation in the symbolic expansion is with respect 
to t. 

We now finally refer to equation (12.5) of chapter 4 in which we 
replace the values of Um{sc) by the right hand member of (4.5). From 
this substitution we immediately derive the identity 

(0™Z„/3s”‘) l..or=[3«>ro(f,a;)/3f»] , 

and hence obtain the desired expansion 


Xo (x,z) = Xa (a;,0) + Z„' (ic,0) 2 + Xo" {x,0) z^/2 ! -j- 

(4.6) 

t=yo(0,a;) + y„'(0,«)s+ y„"(0,x)sV2!-h••• 

where we abbreviate 

[a’-Zo(a;,2)/02’-]l.=o = Zo<">(x,O) , [0’T„(t,x)/0f’-] |t=o = Fo*"* (0 ,.t) . 

In this discussion nothing has yet been said about the nature of 
the function f{x) and the final definition of the solution 

ii{x) a=Xc,{x,z)f {x) . 

If we limit fix) to the class of functions of finite grade q, then 
simple conditions for the existence and analyticity of zi(x) can be 
given. 

Under the restrictions imposed in theorem 3, chapter 9, we see 
that Yaix,z) exists within a region Y, when x is restricted to the re¬ 
gion S and z to the interior of the unit circle. Moreover, when the 
variables x and z are thus limited, Yoix,z) is an analytic function 
within each of the two specified regions. 

If furthermore S' includes the origin in its interior, then the limit 

lim I ro(0,x)/n! 

n='JO 

exists provided x lies within the unit circle. From this it follows that 
the expansion comprising the right hand member of (4.6) represents 
an analytic function within the circle | 2 ] ^ Q. 

Hence if fix) is restricted to the class of functions of hounded 
grade q, and if q Q, it follows from theorem 6, chapter 5, that the 
series Xoix,z) —> fix) converges uniformly when x lies within the 
unit circle, and hence represents an analytic ftmction there. 

As an example let us compute the resolvent for the following dif¬ 
ferential equation: 

uix)Jr^xu'ix) ■i-e^»x^u"ix)/2l~lre^'^x^uix)/Zl^--- = fix) , 
where we limit ourselves to the case where a is small. 
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We find from transformation (4.2) the following generalised 
Euler equation: 

v{t) -\-Wit) 4 - 4 - {(iH/2\-\-at- 

(a,3t/3!+ fl.'‘t=.+ aiV2!4-tV4!)i’«>(t) + iaH/4l 
->r 4ctH^/Sl ^ (t) -f {aH/5l 

4 - a*P/B 4- 3a"iV4 4- a^P/B + atV4! + P / 6 !) (t) 

+ ... = £r(i) . (4.7) 

By means of equation (4.4) of chapter 9 we compute the resol¬ 
vent generatrix of (4.7) and thus obtain (using p — d/dt) 

YoitfP) =1 — tp/2 -j- (P — at)p-/4: • 2! — (P — BaP 

— 3a=t/2)pV8 • 3! -f- (t^ — 6aP — BaH- — 2aH)p^/16 • 4! 

— (P — lOt^a 4 5Pa^ 4- BaH/2)p\/B2 • 5! 4 • • • . 

The resolvent for the original equation is then derived for a few 
terms by means of (4.6) as follows: 

Xo (x,z) =14 (— x/2 — ax^/4 • 2 ! 4 3a-xV16 • 3! — • 4! 

— 5(i*X''/Q4: • 5! 4-)* 4 (xV4 4 — a-.x'V64 

— a^xV16 • 4! 4 ■ • ■)z^/2 ! 4 (—xV8 — Ba.x*/B2 4 0 • xV32 
4 • • ■) 273 ! 4 (xV16 4 2a-xV32 4 • • •) zV4! 

4 (_xV32 4 ...) 2 V 5 ! 4 ... . 

For small values of a we obtain by induction the following so¬ 
lution : 

Xo(x,z) =1— (I/ 2 XZ) 4 iVzxzy/2l— (1/2xz)V3!4--- 

— 1 / 2 ®^: {y%xz — iV^xz) = 4 {yixz) V 2 !-} , 

s=e~^^~{l — axH/B ) . 

PROBLEMS 

1. Given the ^-difference equation 

M(a:) =xu(qx) , ] g] < 1 , 

show that the following functions are solutions: 

00 

«(*) = K 2 *" . 

v(*) (l-t-g”-^»)(i+ «”«x^4 • 

n=:l 
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If u{x) ~ v{x), show that 


1/Kzrr^ (1—gn) . 
n-\ 

Finally, employing the abbreviation 

00 

u{x;g) =1? (1 + g’*-! a:) (1 + (1 —g") , 

n~l 

make the following identification with the theta functions: 

oo 

u{q q-) e^iz) g«- 62^12- ^ 
n=-'jc> 

00 

q^) z=z6^(z) =^2, (—I)^^g^-e2m2r ^ 

»fc=-ijO 

00 

gU w(g2 e2i2f. ^ 2 ) z=zo^(z) g(2n+i)i.^ ^ 

7te-00 


-i gV4 (—g2 e2i-; g2) ~ ^^( 2 ) =2 ( g(«+i)'-: g( 2 n+l)ir ^ 

'/l =-00 

[This problem is due to G. W. Starcher: A Solution of a Simple Functional 
Equation as a Basis for Readily Obtaining Certain Fundamental P^rmulas in 
the Theory of Elliptic Functions. Bidletin of the American Math, Soc., vol. 36 
(1930), pp. 577-581]. 

2. Show that if G{x,z) u(x) = f(x) is a generalized Euler equation of 
infinite order, then G{z, x) ii{x) z=z f(x) is formally a general Fuchsian etiua- 
tion of infinite order. Prove also that if Yix,z) is the resolvent generatrix of 
the first equation, then Y (z,x) is the resolvent generatrix of the second. 

5. Systems of Differential Equations in hifinitely Many Vari¬ 
ables. Before passing on from the general differential equation treat¬ 
ed in this chapter to the theory of integral operators, it will be useful 
to consider the problem presented by systems of differential equa¬ 
tions in infinitely many variables. We have already given the his¬ 
torical origins and the present status of this problem in section 6, 
chapter 1; the special case of systems of differential equations with 
constant coefficients has been treated in section 7, chapter 7. 

The problem considered in this section is that of solving a system 
of differential equations of the form 

dUi ^ 

-^ — Saij(x)Uj(x) ^fi(x) , 00 ) (5.1) 

where we shall assume that the functions ai^ (x) and fi(x) are ana¬ 
lytic within a circular region \ x \ < R. 

It is well known that an ordinary linear differential equation of 
finite order can be reduced to a finite system of differential equa¬ 
tions of finite order and conversely. In fact, general existence then- 
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rems for ordinary differential equations are perhaps most effectively 
achieved through their equivalent systems.* 

This important equivalence is not carried over to differential 
equations of infinite order, however, as one may see from the reduc¬ 
tion of the equation 

ao{x)tc{x) -f-a-i(a:)'H'(x) -|- (x) -|- c=:zf(x) 

to the system 

dUyi 

= » tlo = U{x) , 

(1>0 Uo -j- Cl I III -j- a>2 -f" * * * H“ ^ •*.=:/ (r) . 

T. Lalesco iBibliognifpliy: Lalesco (1)] has suggested the fol¬ 
lowing as a proper generalization: 

Let us write 

Ln{u) Uof.r) 4- (i^ (x) -|-a,, {x)u . 

Then the equation 

limLniu) =f(x) 

is equivalent to the system 

/ X dill 

^'0 (x) ^ 4“ n«2 4“ “ * “i" 4" * ■ / (^) > 

duLfi / ^ o \ 

'^n-\ > ('^ 1, 2, • •' > 00 ) • 

From this we see that infinite systems of differential equations 
present a problem distinct from that of differential equations of in¬ 
finite order. 

We shall first consider the homogeneous case of equation (5.1) 
and shall prove the following theorem:! 

Theorem S, Given the system 

= oo) , (5.2) 

clx j=.i 

let aij{x) be given functions of x analytic for | a: ] g and let {S,}, 

OO 

{Tj} he a set of positive mmhers such that (a) K = '^ Si Ti exists, and 

(&) i an 1 < Si Ti, for \ x\ ^Ri < R. 

*See, for example, E. L. Ince: Ordinary Differential Equations. London 
(1927), chapter a. 

fin this development we follow H. von Koch. [See Bibliography: von Koch 

(1)]. 
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If represents a set of constants such that the series 

a(u) Ti (5.3) 


converges absolutely, then system (5.2) is satisfied by a uniqtie set of 
functions {Ui(x)}, which assume the initial values for x = 0 

and which are analytic in the circle | x [ g 

Proof’. Let us consider the functions 

00 

Ui (x) = 2 ^ti**** ^ , (i = 1, 2, • • i) . (5.4) 


It is clear that the boundary conditions are satisfied and it re¬ 
mains to be shown that the values ud'‘\ k ^ 0, can be chosen so that 
(5.2) is satisfied and (5.4) converges uniformly in the circle [ x [ < E. 
Employing the method of majorants, we consider the system 


dVi 

dx 


2 Tj Vj , (f = 1, 2, • • •, 00) 
X 


(5.5) 


and the boundary conditions {Vi(0)} = {Vi'®*}, where we assume that 

1 1 ^ Vi'®*. 

We next observe that 


Vi{x) <=^vd°> - 1 - 


ii 

K 


a{v) 


(1—^)« 


is a solution of (5.5), since we have 


a{v) 


^a=S-- 

(1-!l) A-«+i (2_/ 2_ E_)Kit 

^ r’ ^ r’ ^ r’ 

For I X I < i? we can develop v* in a power series 

Vi (x) = Vi'®* -|- Vi'!’ X + Vi^-^ X® -|- 

where all the values are positive. 

From the method of formation of the majorant system (5.5), it 
is clear that the functions Viix) will serve as majorants for Ui(x) 
and that we shall have [ | < Vi^^\ Hence a solution of the pre¬ 

scribed kind exists for (5.2) and it will converge uniformly in the 
circle 1 x | < J?. 
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If the functions flij(x) have the following development within 
the circle | x j < R: 

a-ij (x) = «.;/») -f X + -f ■.. , 

then Hi (x) can be explicitly determined. Thus, substituting (5.4) in 
(5.2) and equating coefficients, we obtain the following linear system: 

CJO 

«;<=> = ^ 2 . (5.6) 

^ ;=i 

= 12 [«•<■/=' 4- ?i/o a,..(0) ^^.(2)] , 


This e.xplicit evaluation of also establishes the uniqueness of 
the solution. 

Example. As an elementary example consider the system 

(hi; / • ^ r, ^ 

--J~- ) ('^ - 1, 2, * • • , CO ) • 

Since where da is the Kronecker sj^mbol, we get from 

(5.6) 


= u.as) ^ Ui^a)/^i ^. 

and hence achieve the solution 


00 

Mi (x) c= 2 ! • 

n .=0 

The solution (5.4) can be given another form which is often con¬ 
venient, namely, 


Uiix) iiijix) , (5.7) 

where the functions Unix) are members of a doubly infinite set of 
normal solutions of the original equations; that is, they satisfy the 
boundary conditions 

Uij (0) I Sij , , 

where da is the Kronecker symbol. 

That such a system exists is proved from the easily established 
inequalities 
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U, 


SiTj 




= X 

Si Ti 






^ ^ ) r 


(5.8) 


= K 


-1 - 1 

J 


Kl-o) 


From these inequalities we then obtain the majorant 

1 


Ui{x)\ -f 


a\ 




1 . 


which establishes the convergence of (5.7). 

It is easily apprehended that the set of functions Uii(x) forms a 
fundamental system of solutions of equations (5.2). One may also 
establish from the inequalities (5.8) and theorem 1, chapter 3 that 
the determinant [mj;] converges absolutely together with all of its 
minors. 

Finally, it should be pointed out that the more general system 

^ == (x)Uj , ({ = _ OD CO ) 

may be included under theorem 3. This is accomplished by writing 
the system in the form 

d/H" ^ 

1= Wia tto + 2 i.O'i) iij + ai.j u-j) , (i = 0,1, —1, 2 , —2, • ■ •) . 

The Non-homogeneoiiS Eqimtion 

We next consider the non-homogeneous equation (5.1) where we 
•assume that the functions /i(x), analytic within the circle ] x | < R, 
have the formal expansions 

fi {X) = /i<«' + X + /*<■•=> X= 4- ■ • ■ . 

If the power series (5.4) is substituted in (5.1) and correspond¬ 
ing powers of x equated, we obtain the following linear system for 
the determination of the coefficients 

j=i 

2 =2 + a*/®’ (5.9) 

3 =2 %'=>] + , 
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An existence theorem analogous to the one given for the homo¬ 
geneous case can be established by a direct proof of the convergence 
of the solution obtained formally from system (5.9), but the details 
of the proof are much more troublesome. It will be sufficient for our 
purposes to consider a somewhat diiferent argument as follows: 

Let us assume that the functions lujix) are the members of the 
fundamental set of solutions of the homogeneous equation given in 
(5.7) and let us consider the following set of functions: 


Ui(x) ='2Ui.j(x) Vjix) , (5.10) 

y=i 

where the quantities Vj(x) are to be determined. 

Assuming the legitimacy of the process, an immediate conse¬ 
quence of the conditions stated in theorem 3, we now form the deriv¬ 
ative of (5.10) and thus obtain 


d iii (») 
dx 


°° dui ^ 

j=o ;=;i 


dVj 

dx 


(5.11) 


If now (5.10) and (5.11) are substituted in (5.1), one gets for 
the determination of the functions Vi{x) the following system: 


00 rj^ii . . 00 . 00 

2 Vj -|- 2 Uij—^c='2 a-ik Ukj (r) Vj (x) ft {x) 

j~1 CLtJb y-j d/th = l 

Moreover, since we have 


(5.12) 


duij 

dx 


'— 2 ^ik 

/c=l 


system (5.12) reduces to 


-fiiix) (5.13) 

If we now return to the inequalities given in (5.8), it is clear 
that the determinant [«,;] converges absolutely by the criteria of 
theorem 1, section 3, chapter 3. Moreover, from the corollary of that 
section and the assumption of the boundedness of the functions fi{x) 
within the circle | a; ] < 17, it follows that system (5.13) can be solved 
and the derivatives dVj/dxihViB determined. These derivatives will also 
be analytic functions within the circle of definition and hence, if we 
designate them by Fj (»), we shall obtain 


J. 


Fj{t) dt 


Vj{x) 


a: 1 < jR . 
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From this it follows that the solution of (5.1), which assumes the 
values Wi'"’ at the origin, will be explicitly given by 

=1 [R/"’ + rV, (t) dt] uij(x) . (5.14) 

j=l J 0 

The uniqueness of this solution is immediately apprehended from the 
form of system (5.9) in which the values of the coeflicients are detei*- 
mined sequentially and hence uniquely. 

These conclusions can be summarized in the following theorem: 


Theorem Under the conditions stated^ in theorem 3 wml with 
the additional assumption that the functions f i{x) are analytic ivithin 
the circle \ x \ < R and remain hounded ivith i, there exists a unique 
solution of system (5.1), lohich assumes the values at the origin 
and which is analytic within the circle of definition. The solution is 
given by (5.14). 

The theory of linear systems of form (5.1) has been developed 
by various authors under different types of conditions. The reader is 
referred to section 6, chapter 1 for an historical account of these in¬ 
vestigations. 

F. E. Moulton [see Bibliography: Moulton (2)] generalized the 
problem so as to apply to the non-linear system 

dUi X / \ 

'=■ f i \ U 2 ,' *' j f 


In this development the quantities ai are constants and the func¬ 
tions f are the terms of the fi respectively which are homogeneous 
of degree j in the variables x, th, th, ••• . The following restrictions 
are imposed: 


( 1 ) 

( 2 ) 

series 


The functions Ui are all zero for x ^ 0 . 

Finite constants {cj, A and a exist such that the 


5 -— Cq X Cx Ux —j— C2 U2 ' 


converges provided \ x \ Vq, \ Ui | ^ n, and the quantities A n s^ 
dominate fd and | ^ A n a. 

Moulton also showed how the analytical extension of the solution 
could be accomplished so that the functional system would still be 
satisfied by the solution thus continued. 

The Cauchy-Lipschitz method so useful in obtaining existence 
proofs for ordinary differential equations has been extended by sev¬ 
eral writers to the infinite case. 
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W. L. Hart [see Bibliography: Hart (4)] in a paper of consider¬ 
able elegance considered the problem from the point of view of lim¬ 
ited bilinear forms and deduced existence criteria for solutions which 
belong to Hilbert space. 

PROBLEMS 

1 . Solve the system 

du, 

= + 1/(1 —.t) , (iirzl,2,3,---) , 

where the solutions are subject to the condition; u.i(0) ~ aS | a | < 1. 

2. Prove that the determinant 

of the fundamental set of solutions of (5.1) is given by the formula 

C^A(l)dt 
AzzzC eJo 


where we abbreviate 


3. The system 


00 

A(t)=2«ii(0 • 


'i=l 


dx 

is called the system adjoint to (5.2). Prove that if is a solution of (5.2) 

and if U; (x) is a solution of the adjoint system, then we have formally 


'yj(*)] =0 


(Hart). 



CHAPTER XI 

INTEGRAL EQUATIONS OF INFINITE ORDER 


1. Introduction. In this chapter we shall consider the problem 
presented by the operational solution of integral equations. We shall 
begin with the Volterra integral equation 

doix) u{x )r K{x,t) u{t) dt = f {:() , (1.1) 

a 

the history of which has been summarized in the first chapter. This 
will be followed by an exposition of a theory due to T. Lalesco [see 
Bibliograiphy: Lalesco (2)] which generalizes the Cauchy yrohUm. 
The chapter will conclude with a discussion of the Fredholm integral 
equation, 


u{x) •= f {x)X r K{x,t) u{t) dt , (1.2) 

mainly from the point of view of differential equations of infinite 
order. 


2. The Cauchy Problem of Linear Differential Equations. We 
shall find it useful in the beginning to trace the development of the 
Cauchy problem from its genesis in the theory of ordinary differential 
equations to its modem setting in the theory of the Volterra integral 
equation. Operational methods will then be invoked to solve this latter 
problem. 

Let us begin by considering the problem presented by the non- 
homogeneous differential equation, 

L{u) =pn{x)u’'”'> (x) -{-p„-Ax)u^"-'^'> {x) 

-j- [-poix)u{x) =r{x) (2.1) 

the solution of which at some point, x — a, shall satisfy the condi¬ 
tions : 

u{a)c=go, tt'(a) =ga, •••, (a) c= . (2.2) 

We shall suppose, unless it is otherwise stated, that the functions 
Pi{x), r(x) are continuous in a closed interval (ab) and that Pn{^) 
does not vanish in that interval. 

Now assume that we can write the solution of (2.1) in the form, 
u(_x) = Ci(a;) Ux{x) c^i^x) V/ 2 I.X) -j-• • • -|- Cn(s?) Un(x) , (2.3) 

where the Ci(x) are as yet undetermined functions and {tti(a;)} = 

—468— 
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{tti(a;), , Unix )} forms a set of linearly independent solu¬ 

tions of the homogeneous equation, 

Li%i) =0 . 

Hereafter shall refer to {ui {x )} as a fundwmental set of solu¬ 
tions.* 

Differentiating equation (2.3) we shall have 

?.£'(«) = CxW/ -f C.ri/ -I- CnUn'-i- C/U^ + C^'U, -] - Cn'Un • 

As a first condition upon the C; (a;) let us assume that, 

Cl Hi —j- C-Zll'i —j- • • • —j- Cn'Un = 0 . 

We can continue to differentiate u(x) in this way until we have 
taken n. — 1 derivatives and imposed n — 1 conditions upon the Cj (*). 
For the nth conditions we shall choose the following: 

c/(x)tiiC'‘~^> (x) -j- c./(x)ti2^"-'^^(x) -j- 

-i-c„'(x)ti„^’^^Hx) =r(x)/Pn(x) . 

The Ci(x) are now explicitly determined as follows: 

c/(a;) = Wu(x) r(x)/W(x) p„(x) , (2.4) 

where W(x), called the Wrons/cian of the fundamental system,! is 
defined to be. 






Wix) = 

qi^in~2) 

y^^in-2) 

'Un^ 






and Wii (x) is the cofactor of the first row and the ith column. 

Recalling the conditions imposed upon the functions Ci(9:) we 
may write the values of u(x) and its first n derivatives as follows: 

Zlix) = CiUi CaWa -f* *' * “1“ Cn'Un , 

71^ (:^) CiUi — 1 “ Ci^U^ ' * * “[- Cn'Un , 


ttW (x) = Citti'”) -j- -1- (- -f r(a:)/35„ (a;) . 

We now obsei-ve that if each row be multiplied in turn by Po, 
Pi, Pn and the equations added, we shall obtain equation (2.1). 


*This name is due to L. Fuehs,' Jmrnal fwr Mathematik, vol. 66 (1866), p. 

126. 

tAfter H. Wronski (1778-1863). 
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That is to say, the function (2.3), subject to conditions (2.4), is a 
solution of the non-homogeneous equation. 

If the value obtained from (2.4), 

Ci(,x) = ^\'W^,{t)r{t)/W{t)pAt))dt , 

is substituted in (2.3) and if account is taken of the fact that the 
general solution of the homogeneous equation added to a particular 
solution of (2.1) is the general solution of (2.1), we shall have as the 
general solution of the non-homogeneous equation the following; 

u{x') =AiUi{x) AiUiix) '-j- \- AnUn(x) 


J' {r (f) [Wii(t)^!(x) 14^12(f)'M'2(^) (2.5) 

+ . . . + it) Un (r) J /W (t) Pn it))dt , 

where the Ai are constants as yet undetermined. 

Suppose now that we take (^i—1) derivatives of uix). If we 
recall the formula for differentiation under the integral sign and 
notice that, 

ix) + H-t= 0 , 

= 0 , 1 , 2,2 , ( 2 . 6 ) 


we shall have, 

ix) ix) 4- (x) 4- \-AnUn’-^^ (a:) 

4- j\rit) [W,^it)u^^’^ ix) 4- W^At)ik^’Hx) +••• 

4- W^nit)nn^^^ ix) ]/W it) Pnit) )dt , 

j '=0, 1,2, • • ■, n —1 . 

For the determination of the constants At we set a; = a and make 
use of conditions (2.2). We thus obtain the following systems of 
equations: 


9} 


- r (ct) 4“ (^) 4“ ' ’ * (^) J 

J (;) 

^• = 0,1, 2,—1 , (2.7) 


where j has been used for brevity to denote the integral: 

rr= ^rit)[W,^it)u^<’Ha)+W,,it)u,(>^ia) +■■■ 
J (,■) J 


4- W,„it)n„^'Ha')l/Wit)p„ii)} dt . 
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When system (2.7) is solved for Ai we get, 

£= (fl.) —g„-2pFi2 ((!•) -[-••• 

+ (l,Win{a)—Wu{a) r —Wt2(a) P 

•/(O) J ( 1 ) 

- W^„ia) r }/W(a) , 

in which we use the abbreviation W^ix) for the cofactor of the ele¬ 
ment in the ith row and the /th column of the Wronskian. 

When these values of A are substituted in equation (2.5) w'e get 
for the solution of (2.1), subject to the conditions (2.2), 




ffo 

ffi * 

•• Qa-i 

u(x) — ( 


U’ix) 

lu'ia) ■ 

■ (a) 



Un (a) 


• • (a) 


ih(x)/W{a) 



tt, (a) 

Ml'(a) •• 

•• M,<'‘-''(«’) 

+ 

9o 

9i 

gn-1 


Un iO>) 

Un'ia) •• 

• M, (a) 


U2{x)/W(a) 


+ ••• + 


Ui{a.) Ui'{a) 

u^ia) M2'(a) 


(a) 

M.2‘”"^’ («) 


9i 


Unix)/W {a)) 

( 2 . 8 ) 


+ {\r{t)lW,At)u^ix) + W,2it)iuix)^-- 

•'a 

^W^nit)Unix)-\/Wit)Vnit))dt . 

It is sometimes useful to express this equation as a linear func¬ 
tion of the Qi . We thus get, 


uix) 


(_l)«-a{ 


Ml (a;) 
M/ (a) 


M2 (a;) • • ■ 
u^ (a) * * * 


%n (a?) 

Un'ia.) 


gJWia) 


Mi<"-^> (a) (a) ■■■ M„<”-^> (a) 


Vaio-) 

M2(a') ■ 

M„(a) 

Ml (a;) 

Uiix) 

M„(a;) 

Mi<”-^> (a) 

(a) 

•••M,i<"-i>(a) 


9,/W(a) + 
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• + 


til (a) tiiia) ••• Unia) 
zti'(a.) Ui'ia) ■■■'11/(a) 


9n/W{a) 


Ui(x) Uiix) ■■■ u„{x) 


(2.9) 


+ \\r{t)\_W,At)u,{x) +■■■ 

J a 

-]-W,„(t)uAx)']/W{t)Pn(t)} dt . 


The function, 

W{x,t) = [W^^{t)Mx)-]-W^At)'ll,(x)-{-■■■ 

+ W^n{t)Un(x)]/W(t)pM) 

we shall designate as the Cauchy fwactioii of the differential equation. 
It is obviously independent of the fundamental set of solutions used 
in its construction and can be expressed uniquely in terms of the 
coefficients of the differential equation. 

Its most significant property, easily established from (2.6), is the 
following: 

0’"W(a:,t)/3a:”‘|t=a = 0 , mi=0,1, 2, •••, —2; 

d”-^W {x,t) /cx"--^ i t.* = l/35„ (x) 

irW {x,t) = 0 , m = 0, 1, 2, ■ • ■, n —2; 

{x,t) (— 1)^^/Pn{x) . 

A special example, often useful in applications of the theory, is 
found in the case where the coefficients of the differential equation 
are constants. If the pi (a;) = pi are constants, then a set of funda¬ 
mental solutions is given by e^, • ■ • , where A, B, ■■■, N are 

roots of the equation: 

F (r) = p„r« -f - \-p^r-\-Po<=0 . 

Substituting this set in the WronsMan we get. 




2yn~i 

0 {A + B^., . + N)ai 


1 1 -• 1 

{A—B) (A—C) • • • {A—N) (B—C) 
— (B—N) (M— 


W(x) 
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Similarly the cofactor of the first element of W(x) becomes, 


W,, (X) 


B”-- C'^-~ 

gn-s Qn-S 


JJn-a 

+ C + ... + N)x 


1 1 ••• 1 


= (B—C) (B—C) ■■■(B—N) (C—D) 


Hence we find that 

W^^ix)/Wix) 

= er^^/liA—B) (A—C)---iA—N)]^p„e-^^/F'{A) , 

W,Ax)/W(x) , 

The Cauchy function for this case thus becomes: 

W{x,t) =eA<^-^'‘/F'iA) -\-e^*^-‘^/F'{B) -f--- 

_j_glV(.r-<)//?/(A/) . (2.10) 

We shall find it useful in the sequal to examine formulas (2.8) 
and (2.9) by means of their connection with the ideyitity of Lagrange. 

Suppose that L(?i) is a linear combination of u{x) and its first n 
derivatives as given in (2.1). 

Consider the following identities: 

fiv{pa'if')dx^ Sv,iP(,v)dx , 

^v(,p^u')dxs= {p.,v)u— i'u(,f^v)'dx , 
f V dx = {p^'o) u' — {p^v) 'u {p 2 .v)"dx , 

. • ,••••••* 

Sv iprfl.i^”^)dx = (2>„r)M(”-^> — (p„r)'w‘’-==> + ••• 

-\-{-—lY§U{Pr^0)<-'^'>dX. 

If the integrals on the right are transposed and the identites 
added we shall have, 

S{vL{u) — uM{v)) dx = P(.'u,,v) , (2.11) 

where we write 

M(V)^ (—1) iPnV) /dx” + (—1) 

-]- \-PoV (2.12) 
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P{u,v) =u{PjV — diPiV) /dx -\ - \- (— (PnV) /dx’^-^} 

+ u'{p.v — d(p.,v) /dx-{ -1- (—1) {p„v)/dx'‘--^} 

(2.13) 

■Hr. 

We see that P{ti,v) is a bilinear form in the variables ii, u' ■■■ 
uin-i) and whose determinant is 

. (—1 

. (—1)’‘--Pn 0 

d(P)= . 0 0 

Pn 0 0 0 

Identity (2.11) wlas first studied by J. Lagrange* and is referred 
to as the identity of Lagrange. The linear expression (2.12) is called 
the Lagrange adjoint of L(u ). 

It is clear how these ideas may be extended to differential expressions of in¬ 
finite order, an extension which has been achieved by V. V. Latshaw to whom 
the author is indebted for these remarks. 

Since the expression 

=2 (—«)“ [Pm(») 

4Hs=0 

is the adjoint of the expression 

L„(m) > 

m<=o 

one may assume naturally that 

M{v) — 

71=00 

is the generalized Lagrange adjoint of 

L{u) = lira L^^{u) . 

71=00 

From this, more generally, one may define as the adjoint of the expression 

00 

L(M)i=2?>m(*)[^M(z) -^M(a:)] , 

w=o 

the corresponding functional expansion 

00 

M(u) =2 0„(—») [p„(!») v{x)'\ , 

«lc=0 

where is a differential operator of infinite order with constant coefficients. 

* Solution de differents problteies de calcul integral. Miscellanea Faurinen'- 
sia, t. Ill (1762-1765); Oeuvres computes, t. I, p. 471. 


(_l)n-l(pj« . 

(2.14) 
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If we make proper convergence assumptions to assure the existence of the 
functions 

00 

m=o 

then the Lagrange identity may be written formally 

/ OO 00 

[VLCZI) —UM(V)] = 2(—1)*= • 

In this manner all the formal machinery of the finite case is carried over to 
the infinite case, provided proper attention is paid to the convergence of the opera¬ 
tors and series which are involved. 

It is also convenient to generalize the Lagrange identity in another way, that 
is to say, with respect to the operator which multiplies the difference v L(u) — 
u M(v). Thus, in the theory of difference equations the symbol of summation, 
that is to say, the operator l/(e- —1), replaces the symbol of integration. Hence 
we require a generalization of the Lagrange identity such that the bilinear form 
P(u,v), when operated upon by c~ —1, will reduce to v L(u) — u M(v). 

This generalization is easily achieved as follows: 

Let us consider the difference sum 

L(u) = Po(^) Pi(^) -1-+ p^(x) u(x-i-n) , 

which is equivalent to 

L(ti) = + Pi (x) e- -i - irPn(^) -^u(x) . 

The desired Lagrange adjoint is found to be 

M (v) = p^v v) H-+ v) 

=zp^(x)v(x) + Pi(x^l) v(x-—l) -f- [-p^ix—n) v(x---n) , 

and the corresponding identity of Lagrange may be written 
^[vL{ii) --uM(v)]=Piu,v) , 

where we abbreviate 

P(UyV) = w[e“- (Pi v) -f* c-2- —>• {p^'^) + • • • + (Pn 

... 

^ [e(n. 3 )s u] [e-® -» (p„_ 2 -w) + (P „_1 (p„v)} 

(p„_i 1 ^) + e-2® {p„v)'i 

4- [e(»-i)* m] [e-®(Pn^)] . 

Noting the identity 

(UV)^U (£C—W) V (£C—n) = [e-^- C/] [e~^^ V] , 

the reader may easily establish the identity of Lagrange by evaluating the ex¬ 
pression 

? —1) -^P{u,v) . 

Other generalizations and a more extended account of the developments asso¬ 
ciated with them will be found in the following sources: 
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S. Pincherle and U. Amaldi: Bibliography. Pincherle (4), pp. 287-246. 

E. Bortolotti: La forma aggiunta di una data forma lineare alle differenze. 
Rendiconti dei Lincei, vol. 6 (5th series) (1896), pp. 349-356; Le forme linear! 
alia differenze equivalent! alle loro aggiunte. Ibid., vol. 7 (5th series) (1898), 
pp. 257-265. 

N. E. Norlund: Bibliography (8), pp. 14-21. 

G. Wallenberg and A. Guldberg; Bibliography, pp. 78-86. 

We next establish a fundamental relation which exists between 
the solutions of L (?i) = 0 and M (u) — 0 . 

Suppose that {«;} is a fundamental set of solutions of L(m.) = 0. 
It is then apparent that we can write Liu) in terms ol these solu¬ 
tions as follows: 


(a;) —•m(x) 

(x) ••■•-Mi(x) 

Liu) C= Q ix) 

ti„‘’‘>ix) ■•■■Unix) 

where gix) is a non-vanishing multiplier, since any member of the 
fundamental set {u,} when substituted for a(x) in the determinant 
reduces it to zero. 

Hence comparing the coefficients of L i^l) with the coefficients in 
the expansion of the determinant we get If (x) = p„(x)/p(x) and 
If'(a:) = —p„_i(a!)/g{x). From these it follows that If'(x)/If (x) = 
— Pn-i(*) /Pni^); this equation leads us to Abel’s identity: 


Wix) = 



\ di: 


where k is an arbitrary constant. 

Let us now consider the expression. 


^ , aif , 9Tf , , 

^,iu)^^^u + — u +• 


01f 


4t''*“'>}/If • 


It is at once evident that 

d'iiZtrj) !- dty , 

where da is the Kronecker symbol which is 1 for i — j and 0 for 
i ^ j. 

Consequently if we substitute in (m) the function u = e^Un -j- 
-j-1- where the Ci are constants, we have, 


iu) I- Cy , 


from which it follows that. 


d-&iiu) /dxt=0 . 
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Since the last equation has for its solution the general solution 
of L (u) = 0, we must have, 

dOi(u)/dx = Vi(x)L(u) . 

Comparing coefficients it is clear that we get, 

Vi(x) =={d]ogW/dUi”-'^]/Pn(.x) . (2.15) 

Moreover since Vi(x)L{ 7 i) is an exact derivative, Vt(x) must be 
a particular solution of the adjoint equation. By giving i all values 
from 1 to 71 we obtain the solutions, Vj, of the adjoint equa¬ 

tion M(v) “ 0. These solutions are easily seen to be linearly inde¬ 
pendent and are called the adjoints of the solutions Ui{x). 

It follows further from (2.11) that #((“) = P(u,v) and we have 
as a consequence that, 

P(7ij,Vi) . 

Making use of this fact we obtain readily from (2.15) by the 
elementary properties of determinants the following relations:* 

r,?/.,"'' -f-1- v„Un^’'> = 0 , j < n —1 , 

(2.16) 

-j--1- = l/p„{x) . 

We consider now the problem of finding a solution of the differ¬ 
ential equation, 

B (w) ■—|—1 "W r (X*) , 

which at the point x = a satisfies the conditions, 

M (a) = go , (a ) c= Pi , (ft) = , • • • , (ft) = On-i . 

Making use of the preeedmg results it is clear that u(x) will 
satisfy the follo7ving integral equation: 


7 i(x) c=f(x) — X r G{x,t)u(t)dt 

(2.17) 

a 

where 


f{x) = V{x) 4- f" G(x,t)r{t)dt , 

(2.18) 

in which 


Gix,t) ==tudx)Vi{t)/iW(t)pAm 

(2.19) 


4=1 


where the {Uiix)} form any fundamental set of solutions of Liu) 
~ 0, the {yi(x)} are the corresponding adjoints, and U {x) is the 
solution of Liu) 0, which satisfies the conditions, 

*Fw an extensive treatment of this subject see G. Darboux; La thiorie des 
surfaces, Paris (18i89), part 2, book 4, chapter 5. 
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U (a) (a) = gn-^ . 

In order to prove this directly let us differentiate (2.17) n times. 
popenin g the fundamental property of W{x,t), we shall then have 
the following array of equations: 


uf^x) = U(x) -[■ ^ {^(f) — ^ u{t )) G{x,t) dt , 

f {rit)—Xu{t)}^Gix,t)dt , 
J a 

u"ix)=U"ix) + jV(i) —^uit)]^G{x,t)dt . 


^(n-i) ( 3 .) _ f/(n-i) J* {r(f) — }.u{t)} ■^^^G(x,t)dt , 

u^'^'>{x) =l/'")(a;) + J {r{t) — X u(t)} G ix,t) dt 

a 

+ {r(x)— Xu{x)}/p„ix) . 

If these equations are multiplied successively by Po{x), Pi{x), 
,Pn(x) and the members of the array added together we shall get, 

L(m) =:L(t7)-f (\r(it)—Xu{t))L{Gix,t)}dt-}-r{x)—Xu(.x) . 

^ a 

But since L{U) ~ 0 and L{G(x,t )} c= 0, we obtain, 

L{u)Xu = r{x) . 

That the boundary conditions are also satisfied by it.(a:) is seen 
if we set ® = a and notice that ZJ(x) was chosen so as to satisfy these 
conditions also. 

Example : Find the integral equation equivalent to the following 
differential system: 

«<"+!> (aj) -j-1 It (a:) =g (x) , 
u(0) ~Uo, zi'(O) , u"(0) l=^^2, •••, (0) '=Un . 

Obviously a fundamental set of functions for the equation 

(x) <= 0 

would be 

{it-i} = l, X, x^/2l, x^/3l, ••• , x^/nl . 
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The corresitotuliii!? adjoint system is, 

{Ti}.^ (— 1 ) "■•"/»!,(—!) "-’T’-V (n—1) — , 

as may bo proved by siibstitutinjy these values in equations (2.16). 
The kernel of the into<>Tal equation will then be, 

G (.T,t) II : .(■" '// (H^l) ! -f .r’*-=iV2! (n—2) ! 


and the function IH-'') becomes, 

U (x) r- lu, I - II,X - i ?c..r-/2! -|- ■ihx"'/o ! -|- 1 - u„x”/n ! . 

Hence the integral eciuation equivalent to the differential system 
under consideration is, 


-r I {(•*■ — t)'Uj{t)/n\) dt 
0 

— A r {(x — t)''/n\) dt . 

• 0 

We shall now considta* a problem which is the converse of the one 
just discussed, llh' sJioiv that if cp(x) is a function tvhicU, for 

x^Uy satisfies the conditions: 

^(fl)--f/u, </'(«) ^ //i, <1"(d) ff2,■ ■ ■, — On-L, 

the solution of the integral equation, 


,/ (.r) >1 (.!•) — A r G(x,t) u{t) dt , (2.20) 

d a 

mil be a solution of the differential systemy 

L(u) -\-Xu = Li<p) , (2.21) 

u{a) ~ n'(a)~-(j„ u"(a)i=g2,---, (a) = . 

From equations (2.17) and (2.18) we have the relation. 


<l (x) == U(x) + r G(x, t) r{t) dt . 

J a 

Differentiating this n times, multiplying by the coefficients of 
L (u) and adding, we are led immediately to the equation, 

L{qi(x)) i=r(,x) . 

Then by setting x = a in each successive equation obtained by 


differentiating 95 (z), we get, 
qj (a) t= U (a) , tp' (a) <=: U'(dX) , 
which uniquely determines U{x). 


(a) c= (a) , 


•" > 
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Because of the equivalence of (2.20) and (2.21) a solution of the 
integral equation is easily obtained. Making use of the results attained 
at the beginning of this section, we see that the solution of the differ¬ 
ential system (2.21) and hence the solution of the integral equation 
(2.20) may be written in the form, 

M(a;) =F(«)rr(a;,t) L{<p(t)} dt , (2.22) 

a 

where V(x) is a solution of Liu) -\~Xuc=0 and the boundaiy condi¬ 
tions and where F (x, t) is the corresponding kernel associated with 
L i'U/') I'M- • 

An interesting corollary follows. Suppose that (p is a solution of 
L (u) — 0. We then have uix) =V{x) . 

Another result is obtained if we assume that, 

L(^) = — Xq} . 

From (2.22) we see that 

iiix)=<pix) —1 j rix,t) (pit) clt , 
will be a solution of the equation, 

uix) =<pix)—X I Gix,t) uit) dt . 

V a 

PROBLEMS 

1. Prove that (2.10) is identical with the function, 

1 )! + A^{x—t)n/nl 

+ A2 (ic— i) ^^+1/ (n+l)! + ... , 

where the constants A^^, Ag, • • • are the coefficients of r in the power series 
expansion of 1/(p^ + + ... 4- . 

2 . Solve the equation 

[(iz—1) {z^2) (z+B) . 

3. Employ the methods of this section to represent the solution of the 
equation 

(1— x^) ii" (x) — 2xu'(x) +%(%+!) u(x) =zzf(x) , 

in integrable form- Note that the left hand member set equal to zero is Legen¬ 
dre’s equation for which a fundamental set of solutions is given by the Legend- 
rian functions L„(£c), Q^{x) . 

4. . Solve the equation 

cos z^u(x) = fix) 

by the methods of this section. * 
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5. Solve the equation 

cos Vz u{x) = fix) . 

6 Prove that it U (x) is a function which vanishes at a set of discrete 
points in the interval (a, b) and if the Wronskia^ formed by this function with 
a second function V ix) does not vanish in (a, b), then V(x) also vanishes in the 
interval and its zeros are separated by the zeros of U(x). Hint: Consider the 
derivative of the function U(x)/V{x) . 


S. OpeT(itio'}ial Solution of the Volterra Equation. In the last 
section we have traced the development of the Volterra integral equa¬ 
tion from the Cauchy problem associated with ordinary differentia] 
equations. Let us now see how this equation can be solved by means 
of operators. 

We shall assume that the kernel, K (x, t), of the equation 


ao(ic)w(a;)+ r K{x,t) u{t) dt = f{x) , (3.1) 

•fo 

can be expanded in a Taylor’s series as follows: 

K(a:,t) =ai(x) -t-cu(.T) (x — t) +ft3(x') (x — t)-/2\ 

4-a4(iB) (* — t)V3! M— • 
Employing identity (6.4) of chapter 2, 

z-"-^it(a:) c= r — — dt , 

^ 0 

we see that we can write (3.1) in the form 

{a„(a:) + + + ’ 

Operating upon both sides of this equation successively by z'b 
. eCanfemplaying the rule of Ldbnito [formula (2.3) of chap- 
ter 4] we obtain the following infinite set of linear equations. 

{o-o0-12'^ + 022"“-|-}-> M(a;) i=/(ir) , 

{002-^+ (a2-^/+ao")2r^ + --} , 

{ao2-=+ (ai—2ao')i2'^+ ( 02 —2tti'+3fl'o")3”' 

-} u{x) = 2"^ -» / (ic) > 

(a,„ 2 -s_|_ (c^_3ao')2'^+ (CI 2 —3a.a'+6a.o")2'® 

+ ...}-»«(«) t=z-5^/(x) , 
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(fti — mo') [(k — mi'-j-'n('n+l)®'o"/2n z-”- 

_j_ — na-z -1- n (w-|-l) (w-fl) ('^‘-1-2) o-q'"/^ !] 

—|— • • ■ ) —^ '— Z ® ^ / (X) f 


Solving this system of equations for u{x) we obtain the follow¬ 
ing expansion:* 


u 


(x) = {bo -f b]Z"^ “1- b2Z~^ + bs^"^ H — + b,„z'“ ■ 


(3.3) 


where we use the abbreviations: 
bo^l/uo, bi = —ax/«^^ 


b.= 


Ct*2 

(h(j Oji -ttio' 






da 

0,2 

ds 




b,= 

(^0 


do - Cl/ '“I" Cl(/^ 

/do^ , * 




0 

CLo 

dl - ^d/ 


<k , 

Ct/2 } 

tta .••• 

) 


dm 


dl , Cli — CIq', 

(h —4 ^ 0 " > ■ 

j 


—n»>-:2 4"’ — 

Cto 

0 

CLq 

Ui—2ao' , • • • 

, d 

2a'„, 

,.3 4---+ 

—l)a„ 

0 

0 

0 

7 

ai- 

— (m—l)ao' 



We shall next verify that the function, 

X {XiZ) = bo -f- bi2“^ -|- baiS”® _j- ... ^ (o.4) 

is in fact a formal solution of the generatrix equation. 

Forming the product [X • F] we get 

[X • F] = (bo -f- bxZ-i -f b^z-^ -h • • •} (Uo -I- -f -{-•••} 

— r={bx -1- 2b,z-i + Sboz-' 4- • • •) (a,' + a^'z-^ + + • • •) 

-f Z-® {2bi 4 2 • SbaS"^ 4 3 • 4b3Z'® -[— } 

X {««" 4 4 -f • ■ ■ }/2!- 

= U'obo 4 [®i^o 4 ®’obi]z“^ 4 [®2bo 4 (®i ®o^) bi 4 ®ob2]2 

4 L^s^o(^2—bi (Ui— 2 ^ 0 ') b2 ~|“ ^obsjz ^ 4 *'** . 

Equating this expansion to unity we obtain the following set of 
equations; 


*It •will be noted that this expansion is derived immediately from formula 
(2.7) of chapter S. 
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a^&o = l , 

-- 0 f 

~|~ (®i - ^o') ~j~ = 0 , 

’“f” ^0^^) ^1 “1“ (^l - &2 “f" ^^0^3 f 

Prom this system we can determine the values of ba, bi, b^, ■■■ 
and the expansion thus obtained is found to coincide with (3.3). 

Moreover the solution is unique provided ail the a; (a;) exist at 
the point .r = 0 and «„(0) 7 ^ 0. To prove this let us assume that X 
is of the form 

X {x,z) — A{x) e-®- + Xo (x,2:) , 

where Xa{x,z) is the function already obtained. Substituting this in 
the generatrix equation and recalling that 

aiiO) c=ai(x) — x(ii'(x) -|-xW'(a;)/ 2 ! — 

we get, 

l_X ■ P] = 1 -j- A(a;)”®*{ct.o(0) -|-a'i(0)-j- ci-> (0) Z"- , 

(3.5) 

where A {x) is an arbitrary function. 

Since we have 

g-K {ipiz) u{x)} = (e-®-"<p(z)} -» u{x) , 

which follows at once from the generatrix product (3.1) of chapter 
4, it is clear that (3.5) will furnish a resolvent generatrix for equa¬ 
tion (3.1) provided 

e-® {[n„ (0) + a, (0)^-^ -f a. (O)z-- + • • • ] ^ / (-t) } 

is identically zero for all functions f(x) which are suitably defined. 
It is obvious from the operational identity 

O'(.t) =£f( 0 ) , 

that the expression in the brackets must vanish at a; = 0 if (3.5) is 
to equal 1 . 

But from the equation 

{ao( 0 ) -|- 0.1 ( 0 ) 2 -^ -f a 2 ( 0 )z-^-l-} ->/(a:) 

= «o(, 0 )/(x) -f I k{x--t)f{t)dt , 

J 0 

it follows that we shall have 

c -®®-7 {ao( 0 )/(a;) + rKix—t)f(t)dt = a^i0)f {0) , 

^ 0 

which is zero for all functions /(i^) only when a-o(O) = 0. Since this 
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case is explicitly excluded by the conditions imposed, the uniqueness 
of the operator is thus established. 

We thus prove the theorem: 

Theorem 1. If we define F{x,z) = a,, (r) -Jf- a:i(x)z-^ a~i(x)z-^ 

+ ••• , where the fti(r) are functions analytic in a common region 
about the. origin and where ao(0) ^ 0, then the resolvent generatrix 
X (x,z) satisfying the equation [X • F] = 1, is also an integral opera¬ 
tor of infinite order and has the expansion given by equation (3.2). 
This operator is also unique. 

The application of this theorem to the case of the equation be¬ 
longing to the group of the closed cycle (see section 9, chapter 1) is 
particularly important in application. In this case the functions 
aiix) are constants and we thus consider the equation 

u.{x)( k{x — t)uit)dt<=f(x) , 

•^0 

■where We ■write, 

K(x—t)^K{0)-{- (x—OX'(O)-j- (x—t)^K"iO)/2l-^--- ; 

= 1 j (0) , i^O . 

It is immediately seen that the resolvent generatrix will be, 

Xix,z) =1/X(x,2) ={l + X(0)/2-f X'(0)A= + X"(0)/s= + ---n 

and we have the following theorem: 

Theorem 2. The resolvent kernel for the integral equation of the 
closed cycle, 

it(x)-j- fx^x — t)u{t)dt = f {x) , 

^ 0 

is formally equivalent to the ex'pansion, 

k(x—t)=ki0) -f fc'(0)(x—t) +/c''(0)(x—t)V2!-f , 

where the k^^'> (0) are determined from the equation, 

{l-l-Z(0)r-l-X'(0)r2-|-X"(0)»-®-l- 

= l + A:(0)r4-fc'(0)r2-}-A/'(0)rs... . 

The solution thus becomes, 

vlx)^f{x)+ (k{x~t)fit)dt . 

•/q 

We illustrate this theorem by means of three simple examples. 
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Example 1. Solve the equation 

M(x) + (W*^u{t)dt = f{x) . 

0 

From the resolvent generatrix 

X = 1 /( 1 + 1 / 2 ^-}-...) =1 — 1/2 , 

the solution is immediately obtained: 

u{x) =f{x )— . 

Example 2. Consider the equation 

u{x)-\-X I {x — t)u{t)dt^f{x) . 

Since the resolvent generatrix is 

Z = 1/ (1 + X/z^-) = 1 — X/z- -1- XVz* — + 

the solution will be, 

?{(;0 ^fix) —X f { (x—t) — X (x—t) V3! + P (x—t) V5! 
Jo 


= f(x)-l-\/X fsinVK^— x)f(t)dt . 
do 

Example S. Solve the equation 


+ •••} /(t)dt , 


u 


(x) + fvCa;— t)u{t)dt=^f{x) 
Jq 


where the kernel is of the form, 

y; ( 2 ) = 1 + z/112 ! + zy2 !3! + 2V3 !4! + 

in which Ji{x) is the Bessel function of first order.* 
Computing the resolvent generatrix we get. 


Z = {1 + Z (0) = e- 

Hsu 

Hence the resolvent kernel will be, 

k{z) 1 + 2/1 !2! — i2:V2!3! + --- 


1 — 2 + 272 !- 

_y(—2) , 


♦This problem is due to T. Kameda: A Method for Solving Some Integral 
Equations. Tdhoku Math. Jourtud, vol. 23 (1924), pp. 197-209, in particular, 

p. 202. 
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and the solution of the integral equation is given by 

u{x)(y’it — x) f (t)dt = f (x) . 

•Jo 

PROBLEMS 

1. Show that the solution of the integral equation 


/(£«) 


= 1 /'^ 


t)u(t)dt, /(O) ==/'(0) 


^z= fin- 1 ) (Q) ::::3 0 


where the kernel is of the form 

K{u) + - %u^) , 0 < a < 1 

may be written 


u{t) =: (sin a'TT/'TT) 


r f'(s)L(t — s)ds 

•J 0 


in which we abbreviate 


^n-a 

L(w) . + —- y.(Aw) H- y„iBw) +- 

F'(A) F'(B) "" 


]^n-a 


■ya(Nw) . 


F'(N) 

In this function A, J5, • • • , N are the roots (assumed distinct) of the equation 
F(z) = ctQ + (1— a)a^ + (1—a) (2— a) ci^ z^~^ 

H-h (1—Cl) (2-~a.) • • • (n—a)a,^ = 0 

and ya(is) denotes the incomplete gamma function 


ra(^) ■ 


-I 


' + + ;s«+V[a(ci+l) (a+2)] + 

[r(a)e- — + (a— l)/z + (a—1) (a — 2)/z^ + 


[E. T. Whittaker: On the Numerical Solution of Integral Equations. Proc, 
Royal Soc, of London, vol. 94 (A) (1918), pp. 367-383]. 

2. Given the integral equation 

ti(ic) =z:/(a;) + X I' K(i)o — t)u{t)dt 

and its solution 


0 


u(£c) =f(x) + X 


r fc(cc —1 

•J (\ 




establish, the following relations between the kernels at t = 0: 
k(0)=K{0) , 

fc'(O) =Z'(0) +XZ(0) &(0) , 

fc"(0) :=jr"(0) +x[Jir(0) fc'(o) +K’(o) fc(o)] , 
fc< 3 )( 0 ) =:Z(3)(o) +x[e:(0) fc"(o) +js:'(0) &'(o) +r:"(o) fc(o)] , 
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3. Assuming the notation of problem 2, and employing the abbreviation 

+ , q:=d/dz , 

show that, if K{z) satisfies the equation 

K{z) , 

then the resolvent kernel satisfies the equation 

D^-^h{z)—\[KiO) D,-^k{z) +K'(0) D^-^k(z) 

K" (0) D k (z) H-• • • + (0) —>/c ( 2 :) =: 0 , 

where the arbitrary constants of the solution are determined from the equations 
given in problem 2. (G. C. Evans). 

4. Show that in terms of the coefficients of the operator of problem 3, the 
differential equation satisfied by k(z) may be written 

2 {a^^b,) dik(z)/dzi = 0 , 

where we abbreviate 

^=2 ; h ^ = 0 . 

h-o 

5. Given the kernel K{z) ~ A cos z B sin 2 ;, show that 
(z) = [ (^ + X A2 ^ GA) / (C, ^ C,) ] 

+ [(B + XA2~-C,A)/(C, —C,)] , 

where and are the roots of the equation 

C2 +XAC+ (1->X5) =0 . 

6. If K{z) = A- Zf show that k{z) = A sinh A 2 . 

7. Prove that if K{z) == A^ —1) !, then the resolvent kernel is of 

the form 

k{z) = A -f ^ c^n-i /n 

where 03 is an nth. root of unity. (G. C. Evans). 

8. Prove the identity 

z-i J^z-^ + z-^ -= (e^ — 1 ) / ( 1 — 2 ;) , z == d/dx . 

9. Prove that 

4- 21 z-^/x^ + 81 z-^x^ H -} = 1 — 332 ; j (eVt)dt . 

J-00 

10. Prove that the solution of 

u(x) ’=zf{x) + r K(x — t)u(t)dt 
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where we write 

Kiz) z=K^ + K^z + K„z^/2l + A'gzVS! +••• 
f(x) =f^ + f^x + f„ a;2/2! + /g a;V3! + • ■ • , 

is given by 

u(jc) = a; + ^^-,2 x^/Z !-]-••• , 

in which the coefficients are determined as follows: 

9 % = /i 4" ^0 ^0 9 fo 'Uf^ , • • • , 

u, = f, + + K, 11,^ + ■ • • + 1^,-1 «„ . 

(Gorakh Prasad). 


11. If in problem 10 the kernel has the more general form 

K(x,t) =iXqq + Kj^q X + t + (-^20 ^02 

4- (^30 4- ^ 4-Si?i2 xp 4- t3)/3i -f •.. , 

show that the solution is given by 

%{x)=z%^^-u^x-^ ccV2! 4- ^3 ! 4- • • • , 

in which the coefficients are determined by 

u, = f^ + 2 ^!(?> + ^4-l)!] , 

the summation extending over all positive integral values of p and q (including 
zero), which satisfy the inequality r— p — q —1 g 0. (Gorakh Prasad). 

12. Prove that the solution of the equation 


u(x) z=zf(x) + 


is given by 


rKix—t)u(t)dt 

*^0 

ra+ico 

u(x) =z (1/2'n-i) I {e®^F(t)/[l— git)}} 

V o-ioo 


dt 


where we abbreviate, 


F(t): 


r 


i{x) dx , g{t) — r e-^^K(x) dx . (V. A. Fock). 


The following problems, taken from the domain of econometrics, illustrate 
applications of the theory of integral equations. 

13. Assuming that the demand y{t) for a product depends on the present 
price p (t) and all previous prices in the range, ^ s g t, we can write as a 
first approximation. 


y(t)z=zapit) +b- 


X 


eaP-s)p(s)ds 


( 1 ) 


where a, h, and ol are constants. For a monopolist to maximize his net profit over 
the interval of time ^ s ^ 

n= r [pi/(s) — Ay^(s) — Byis) —C] ds , 

Jtt 

where A, B and C are constants, he must choose his price and production satis- 
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fying (1), the end conditions pit^) — and pito) = Po, and the equation 
apy-—2Aay—-aB f = 0 . (2) 

^ t 

Find the price p(t) and the production y{t). 

The more general problem of competition among n producers, which reduces 
to the above for n ~ 1, has been treated by C. F. Roos: A Mathematical Theory 
of Competition, American Janrnal of Mathematics, vol. 47 (1925), pp. 163-175. 

14. In general, current demand, //(t), is supplied out of inventories and out 
of current production. Let T be the period of production, frequently defined as the 
average time elapsing between the manufacture of a lot of goods and their sale 
to the consumer. For simplicity assume T constant. Then the inventory v at the 
time t may be taken as 


V(t) z=z 



^Cqin^t+T) - u(s)ds 


where u{s) is production at the time s* and v and /jl are constants. Then, if y rep¬ 
resents the percentage of current production passing to the consumer and X rep¬ 
resents the percentage of inventory going to the consumer, we have 

y (t) y + X r w(s) ds . 

t-T 

Show that if current production ti(t) is equal to curi^ent consumption, y{t), 

then 


— — [v + P + ~ =0 

and find the rate of production for which this balance attains. 

[C. F. Eoos: Dynamic Economics, Bloomington (1934), pp. 224-226.] 

Jf, Lalesco’s Theory of Integral Equations of Infinite Order, T. 
Lalesco IBibliography: Lalesco (2)] in 1910 considered a more gen¬ 
eral situation than that discussed in the preceding section. His in¬ 
vestigation centered around the following integral equation of in¬ 
finite order: 

u{x) +ai(x) -^-azix)S^tt(t)dP-\ - 

+ <^n{x) fji(t)dt^^ - ==f{x) (4.1) 

where the functions anix) possess a common domain of existence R, 
which includes the origin. It is further assumed that the functions 
dnix) are bounded in R and that their maximum value, An, does not 
increase indefinitely with n, that is to say, that there exists a finite 
quantity A such that An < A for all values of n. 

If all the integrals in (4.1) vanish at the origin (or at any other 
single point in i?), then the inversion of the equation is obtained by 
the method described in section 3. Let us, however, assume a more 
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general situation and assign an arbitrary value, Cn, to each integral 
at the origin. We shall then have 


( u{t)dt — J 

r 'u,{,t)dt-\- Cl , 

' 0 

r u{t)dP== 

ru{t)dP-^C^x-\-C., , 


/ 0 

r uit)dp<= 

r U it) dP CiX'^/2 ! -f CaX -|- Ca , 

/ 3 ^ 

^ 0 

r u{t)dp‘= 

^ n 

r uit)dP'~\- Cia:”-V(« —1) ! 

0 


“j” * • • 4“ 4- Cn . 


Replacing these values in (4.1), we obtain the equation 
(f 1 ' 4 ~ (^) 1 4 ~" ^'2 4 ~ *' * 4 ~ (^) 4 ~ * * ’ } — ^ 'li 


where we abbreviate, 


00 

--f(x) - Z Cn<fn{x) =^f{x) - <p{x) , 

n-\ 

(4.3) 


00 

\^{x)<=Zx^ a,^i,(x)/pl , (4.4) 


and Z-” has the same significance as in the preceding section. 

Because of the restriction imposed on the functions cui,(.x), it is 
at once clear that the sums (4.4) are uniformily convergent in the 
domain R. Hence the sum 

oo 

^(x) =Z C„<pn {x) (4.5) 

n-1 


■will be uniformly convergent in R provided the Cn are properly chos¬ 
en. Since Ae^, where X is the maximum modulus of any point in R, 
is a majorant for <pn (a;), a sufficient condition for the uniform conver- 

00 

gence of (4.5) is that the series Z !C„1 converge. 

We are now in the circumstances of theorem 1 and hence can 
find a unique formal solution for (4.1). That the solution actually 
exists is easily established by means of successive approximations. 
Let us -write (4.3) in the form 

u{x) — S{u)^f{x) — (p{x) . 
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We then construct the sequence, 

Ui(x)—fix)—<p{x) , 
u,ix)=Siih) , 
thioc) = Si'ilz) , 


Ufiix) —. 

The function 

ti ix) = (a:) .+ ii., (x) -]- u„ (X) + •.. (4.6) 

is obviously a formal solution of (4.3). Letting M be the maximum 
modulus of f(x) —</’(x) in E we readily establish the following in¬ 
equalities : 

\ui (x) I < ilf , 

|tt,(x) I < AM\c^ — l\ < AMkX , 

\u., (x) I < A-Mk\e^ _ 1 _ ^^./l !| < A-Mk-X'-^/2 ! , 

|tt„+i(x)| < 1 —x/1! - 

— x’*‘V (n —1) !| < A^Mk^'X'^/n\ , 
where k has been so chosen that 

I — 1 — x/1! — X-/2 !-X"-V (n—l ) ! i < kX’‘/n ! . 

A majorant for (4.6) is thus seen to be and the series is 

thus uniformly convergent in R. 

The following theorem is thus established: 

Theorem 3. If in equation (4.1) the functions a„(x) share a 
common domain R about the origin and are subject to the inequality, 
l«'»(x) I < A, where A is finite, then equation (4.1) has a unique so¬ 
lution such that its integrals of different orders assume preassigned 

00 

values Cn provided the series X \Cn\ converges. 

«=1 ' 

5. The Differential Eq^iation Background of the Fredholm Inte¬ 
gral Equation. In section 2 we showed how the Cauchy problem of 
ordinary linear differential equations led naturally to the theory of 
integral equations of Volterra type. It is our purpose here to trace 
the equivalent development of the problem of Fredholm integral equa¬ 
tions from the problem of differential equation with boundary con¬ 
ditions specified at two points. To distinguish it from the Cauchy 
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problem, this will be called a Sturmmn problem in recognition of the 
fact that J. C. F. Sturm (1803-1855) was the first to make a syste¬ 
matic study of this question in his classical memoir of 1836.* 

For simplicity we shall consider first the case of homogeneous 
boundary conditions. Thus we shall attempt to express in terms of 
an integral equation the following system: 

L(w) ~r{x) , (5.1) 

(7i(tt) =0 , ,n , 

where we employ the abbreviations; 

Liu) l=p„(a:)^t<”>(a:)-!-p„+i(a;)M‘’*-^'(x) - \-p^ix)uix) , 


Ui{u)=Aiiu) — Biiu) , 

Ai iu) = Otiitt(fl') Cli2U' ict) • • • ~|- Ctin'M*"-'* (a) , 

Biiu) = ^iMb) ^i^u'ib) -h ib) . 

Employing an idea introduced by D. Hilbert, we shall define the 
Green’s function belonging to the differential system (5.1). By the 
Green’s function, rix,t ), belonging to (5.1) we mean a function with 
the followting properties: 

(a) rix,t), with respect to x in the interval iah) and except 
at a; = t, is continuous together with its first n derivatives and satis¬ 
fies the system 

L iu) = 0 , 


Uiiu)=0. (5.2) 

(b) For x = t, rix,t) is continuous together with its first n —2 
derivatives. 

(c) For x-=t, the n —1st derivative satisfies the condition: 


lim 

£=0 


ra’-^r(x,t) - 

— lim 

[d’^’-rix,t) ■ 

J 

x=t-i-e e=o 



(5.3) 


The actual construction of a Green’s function out of a set of 
fundamental solutions (wj, u^, •••, Un) of the differential equation 
L iu) = 0, may be described as follows: 


*Sur les equations differentielles lineaires du second ordre. Journal de 
MathSmatiques, vol. 1 (183&), pp. 106-186. See also: M. B&cher: Logons sur lea 
nUthodes de Sturm. Paris (1917), 118 p. 
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Let us first -write the function, 



iq(a:) 

,^(«-2) 

A) 

A) 

til A) 

t) = 

iu(x) 


it) 

A) 

Hi A) 


tl,r{x) 


it) 

(t) 

UnA) 


where the plus sign is to be used when x t and the negative sign 
when X > t, and where W (t) is the WronsMan defined in section 2. 

Introducing a set of fundamental solutions (Vi, v^, ■■■, Vn) of the 
adjoint differential equation M{v) — 0 [see (2.12)], we can -write 
g (x, t) in the more compact form, 

g{x,t) 'I’lit)-{-u.ix) Vi(i) -\ -!-“'•(*) ^n(0] • 

It is now clear that we may represent the Green’s function by the 
expression, 

r {x, t} = CiUi{x) Cn'lin(x) g {x, t) , (5.4) 

provided the arbitraiy constants Ci can be so chosen that r{x,t) 
satisfies the boundary conditions Vi(u)=Q and the discontinuity 
condition (5.3). 

When r{x, t) is substituted in the boundary conditions we are 
led to the following system of equations: 

—1“ Cot/ia * * ■ = 

—V2[(^ii + ^?n) t’i(f) + (Aas-f J?i2) 

(.Ajn -^in) (^) 3 J 

Cil/o, —1— C 2 U22 “h * * ' ""h -- 

(5.5) 

—%[(A2l+f?2l) VAt) + {A22A-B22) V2{t) +■■■ 

-f" (-^an —j-B2m) '^n(^)] > 

. 

^lUni -f- C2Un2 -1~ ^nU nn — 

— 1/2 [ (-^.u + ^m) (t) + (A„2 + Bn2) vAi) A-■■■ 

—j~ (i4nu (0 1 • 

where we employ the convenient notation, Uij =UiiU}), 

Ai{_%^j') y Bij ' ^ Bi ('M';) . . n /. 11 4- 

In order that the constants c, be determined from the system 
(5.5) it is necessary and sufficient that the determinant of the co- 
e-fficien-ts does not vanish, that is to say, that we have 

\Uij\¥-0 . 
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But this condition is in turn the necessary and sufficient condi¬ 
tion that the homogeneous system (5.2) shall have no solution. Hence 
we arrive at the important proposition; 

The Tion-homogeneous system (5.1) has a Green’s f^m-etion when 
and only when the homogeneous system (5.2) is inconsistent.* 

It remains for us to show that the Green’s function is unique, 
which is accomplished by means of the discontinuity condition (5.3). 

Suppose that Gi(,x,t) = Ci(t)tti(a:) -f c„(t) M„(.r) repre¬ 
sents r{x, t) in the interval (a, t) and that G^ix, t) d, (t) u{x) -j- 
•'■4-c^«(^) Unix) represents Fix, t) in the interval (t, b) . 

In order that Fix, t) have the continuity properties specified in 
(b) and (c) above it will be sufficient to write 

e^Ui (t) -j— •' • CjiUn it) dxU-i it) • ■ dnUji it) 0 , 

c^Ux it) -j-''-j— Cn'itn’ (t) — dxUx it) —•** — dxiUfi' it) — 0 , 


it) -1- it) — it) - 

— dnU,F’~’^ (0 = 1 • 

Employing the abbreviation ft = Ci — di, we have 
fiUxit) fnUn it) =0 , 

fxUi'it) H - [-fnU/it) =0 , 


it) 4-(t) = 1 . 

Since the determinant of this system is the Wronskian, the fi 
are uniquely determined. 

The Green’s function is now substituted in the boundaiy condi¬ 
tions. Using the notation adopted above, we obtain the following 
equations: 


“1“ • • • c,1.4.in- dxBxx -- dnBxn = 0 , 

Ox.^21 C„A2n - drxB^x -- • -- dnBxn = 0 , 

OxAjix —|— ' * * OyiAfixi d^xBftx * * dxjt> nn — ^ 0 . 


*Even ■when the homogeneous system is not consistent a generalized Green’s 
function may be constructed. See the discussion given below. 
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But these equations may be written in the form 

CiUn - 1 “- * • • ^nUin — fiBii - fnBin , 

U<2 i “1”-1- CnU2n — fiBo^ -/n-San , 


CiUni -f- ••• ■-[- C^Unn ' 


• flBn 


■ fnBn 


Since the determinant |C7;;| is different from zero by hypothesis, 
the functions C\{t) are now uniquely determined in terms of the 
fi{t) and consequently the d](t) are also uniquely determined. This 
establishes the uniqueness of the Green’s function. 

If for a system L{n) = 0, = 0, the condition | U.ii | ^ 0 is not ful¬ 

filled, then the concept of a Green’s function must be modified. This modification 
may be accomplished in the following manner: Since we have | U.i.j | = 0, there 
will exist a function, ?f(, (.r), which satisfies the system. Let this solution be nor¬ 
malized, that is, assume that fulfills the condition, 


I 


(a’) cZiC =: 1 . 


Then define a function f (.r,G which satisfies condition (5.3) and the bound¬ 
ary conditions, and which further satisfies the equations 

a 

The function thus constructed is the generalized Green’s function of the 
system. 

As an example of the construction of a Green’s function, let us 
consider the following simple case: 


dHi/dx~ = 0 , 
u{0) =tt(l) =0 . 

Employing the elementary system, Uiix) 


(5.6) 

X, th(tc) <== 1, we 


write 


rix,t) = C^^l^ix) ± Y2bk{3(i)u.{t) —Ur{t)uAx)'] 


CxX C 3 zt (^ * 


Substituting this function in the boundary conditions we obtain, 

r(0,t) =c.H- 1/2 (—0 =0 , 
r (1,0 = Cl -f C2 —1/2 ( 1—0 = 0 • 
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These equations yield the values, Ci •= 1/2 — ^2 = 

From them we obtain the Green’s function: 

r(cc,t) =x(l — t), x^t , 

(5.7) 

= t(l — x) , x^t . 

Preliminary to a discussion of adjoint systems, let us now re¬ 
turn to the Lagrange identity (2.11) which we shall integrate be¬ 
tween the limits a and b : 

r [vLiu) — uM{v)}dx = Piu,v) (5.8) 

•J a 

The quantity P (u,v) | ‘ is at once recognized as a bilinear form in 
the two sets of 2n quantities 

tt(a), M'(a), •••, id'^-'^'>{a,),u{h),u'{b),---, (5) , 

V {a,),'1/{a), ••• ,'r<"-i>(n),i;(?)), (6) . 

r(x,t) 



The form is non-singular since its determinant is equal to 
[2>»>(fl')P«(5)]”- It may then be written uniquely as follows: 


P {u,v) ]* — UiYm -j- bj^ 2 n-x "h • ■ • ~1~ ^ 2 nV 1 J 

where Ui <= Ai(u) — Bi(u), provided the determinant of the 4n* 
coefficients is not zero. The quantities F.; are linear forms in v (a.), 
1 /( 0 ,), ■■■ , 'y^’^^'(a), v(b), v'(b), ■■■ , v<'*-i>(6) and are uniquely de¬ 
termined from any specification of the linear forms Ui, which may be 
arbitrarily given subject only to the condition of their linear inde¬ 
pendence. 

We define the system. 


as the adjoint of 


M(v) =0 , 
Vi{v) =0 , 


(5.9) 

i = 1,2, ■ • •, 2n—m , 


L(u) s=0 , 


(5.10) 


Uiiu) =0 , 


t = 1, 2, • • •, m . 
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In most applications yn = n, and we shall confine our attention 
to this case. Under special conditions we may also have system (5.9) 
identical with system (5.10). The system is then said to be self- 
ad joint. If M(m) =— L{n), then the system is said to be anti-self- 
adjoint. 


In a paper of much elegance D. Jackson: Transactions of the Arner. Math. 
Soc., vol. 17 (191G), pp. 418-424 has given general conditions for self-adjointness. 
Thus suppose that 


11 = 




'TT,, 


is the matrix of the bilinear form P{u,v) | in (5.8). Let be the square ma¬ 
trix of the eoefficients of n variables in Ui{ii)y these coefficients being so chosen 
that is non-singular. Then A., will be the square matrix of the remaining n 
variables. If G denotes the product .L, and G' the conjugate of 8 then Jack¬ 
son’s theorem asserts: 

“If the diirerential expression L{n) is self-adjoint, the condition that the 
boundary conditions be scdf-adjoint is that the matrix 

G'tTjG — 2'7rjd + vr., 

by symmetric; if L{ii) is an anti-self-adjoint expression or dilfers from such an 
expression only in the term of order zero, the condition is that the matrix just 
written down be skew-symmetric.” 

It is obvious that this theorem is very difficult to apply in the direct calcu¬ 
lation of conditions for self-adjointness. V. V. Latshaw: Bidlviln of the Anier. 
Math, Soc,, vol. 89 (1938), p]). 909-978, has materially simplified the explicit cal¬ 
culation of these conditions. 

Assuming the self-adjoint expression 

L{'h) ~ 4* • • • -h , 

Latshaw, removing the factor from Jackson’s matrix, obtained the following 
m (2 'm —1) conditions: 


‘JW 





rc-i 


+ = 0 , i < / g 2m , 

r.-:l 

where denotes the element in the ^411 row and sth column of the matrix 

A^ is the determinant of the matrix A^, the symbol denotes the de¬ 

terminant of A, with the rth and ^Jth columns replaced by the ith and ith columns 
respectively of A.,, and Dj.(i) indicates one replacement only. 

Thus for the second order case, 

' 4* 2 hu = 0 , I (a) + («>)] = 0 , A: i= 1,2 , 


Latshaw assumes the non-singular matrix to be 


= f ^11 \ 

■ \ ^21 / 


and hence has Ao 


/ ^12 ^12 \ 
\ ®22 ^22 / 
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According to this specification of the constants in the boundary conditions 
he obtains the matrices of the bilinear form as follows: 


■^1 = 0, 


•^•2=0 , 

/—pM) 

“ \ 

j p.,{a) 0 \ 


) 


\ 0 

P,ih) j 

\ 0 —p,(6) / 


The theorem at once leads to the single condition; 

Tj, —■rr^^WDiZ) — (2) + (1) 

+ =0 , 


which immediately reduces to the familiar equation, 


Pl(®) — = Pl(^) («'11«22 — “2A2) • 

We shall now prove the following theorem: 

Theorem h. If G(x,t) is the Green’s function of a differential sys¬ 
tem, 

L (u) <= 0 , 


Ui{u)=Q, i=l,2,---,n, 


(5.11) 


and H (x,t) the. Green’s function of the adjoint system, 
Miu)=0 , 

Vi(u)=0, i=l,2,---n. 


(5.12) 


the Green’s fwictions of the two systems are connected by the rela- 
p,,{x)Hix,t) ^(—l)-p„(t)Git,x) (5.13) 

Proof: In order to establish this theorem we define t, and 4 as 
any two points in (a,b), where for convenience we assume t^ < L. 
In the Lagrange identity (5.8), we now set ti <= G{x,t,) and v = 
HiXjts). Breaking up the interval (a,b) into the parts {a, tt — e), 
(ii + ^2 — ®)j (^ + 5) ^nd noting that L{G) = 0 , M (H) 5 = 0 , 

we get the relation 

P(G,H) %PiG,H) *^^-\-P(G,H) .0 (5.14) 

Because of the conditions satisfied by G and H at the two end 
point a and b, the first and last terms of this equation are zero. Also 
because of the continuity of G and H and their derivatives to, but not 
including, the n — 1 st order it is clear that when e 0 most of the 
terms of (5.14) cancel one another. But from the explicit form of 
P{u,,v) given in (2.13) we see that we are left with the terms 

u(x) (—1)™-^ Pa(a:)'!;<”-^> («) {x)Pn{x)v{x) , 

which involve the n — 1 st derivatives for which a discontinuity in the 
Green’s functions has been postulated. 
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Thus we shall have 


E=0 

-lPn(x) [H{x,t.,)G^"'>{.(,t,) -f (—1)"-' Gix,t,)H<«-"ix,t,) 

tiU 

-\-Pn(x) [H(x,t,)G'" "(x,t,) + (—1)" ' G{x,t,)H''‘-'>ix,t,) =0 . 

Noting- the fact that G(t,,ii) = 0 and that 

lim[G'" "(f, t,) _G'" "(t. +K, /:,)] 

r-- lim[//''' " (G — fi, t.,) — H'" "(f., -\- t:, f,) ] == 1 , 
we immediately establish the relation, 


p„it,)H{t„L) -i-pAG) (—I)" ' G{L,t,) ==0 . 

The same reasoning may be applied for t, > f. and obviously 
holds for G = t-, so that identity (5.1:>) is comiiletely established. 

Since the differential equations L(ii.) =- 0 and M(ii) 0 are 
non-singular in (a.b) it is possible to make p„(.r) - i. 1 through divi¬ 
sion by the coefiicients of (.r). If, moreover, the two systems are 
self-adjoint, we derive an interesting corollary of theorem 3 for then 


G{x,t) ^ {—l)”G{t,x) , 

and the Green’s functions are either Hymnietrie or skew-symmetric 
as the order is even or odd. 

We are now in a position to solve the general system 


L (?0 =-?•(«) , 

Hi (u) — ki , i •= 1, 2, ■ • •, » , 


(5.15) 


where the k-, are given constants. We shall assume that the corre¬ 
sponding homogeneous system (5.11) is incompatible, that is to say, 
that 

t7i(tt,) . 

Let us represent by r{x,t) the Green’s function of (5.11) and 
then define 

Gix,t) = — rix,t)/pn{t) . 

Under these conditions there will exist a unique solution of the 
system (5.15) and this solution is given by 

u(x) = ki Giix) - f G{x,t)r{t) dt , 

J a 

(5.16) 
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where Gjix) is the solution of the particular system 
Liu) — 0 , 

[/,(?(.) —0 , i^j , Ujiti) . 


In order to prove this we compute L (m) , noting the continuity of 
the first n —2 derivatives of Gix,t) at t <= x, and the discontinuity, 
equal to l/p„ (x ), at t = x of the n —1st derivative. We thus obtain 

Liu) = 2 LiGi) -)- L i Gix,t)Tit)dt 

i=:i a 




V(t) [ivrit) dt 

r~0 




limp„(x)r(x) 

£ = 0 


■0’’-^G(x,x4-£) 

0 X”'’- 


0 "“’G(x,.t— e) 

0 X"-’ 


= r(x) . 

Since Ui iu) involves no derivatives of u higher than n —1, we get 
Uiiu)^hUiiGi)-{- rUiiG)rit)dt 

= ki . 


Many of the applications of the boundary value problem of the 
type considered in this section are associated with a differential sys¬ 
tem with a parameter, that is to say, with a system of the form 


Liu) -j-iM(x) =r(x) 
Uiiu) =ki = ,n , 


(5.17) 


If, as above, r(x,t) is defined as the Green’s function for the sys¬ 
tem (5.11), then from (15.16) it is evident that we can express (5.17) 
in the form 

w(x) =/(x) 4 -A r Kix,t)uit)dt , (5.18) 

J a 

where we use the abbreviations, 


Kix,t) =rix,t)/p„ix) , 
fix)^' 2 hGiix) — rKix,t)rit)dt . 

ir=i Ja 

Equation (5.18) is a Fredholm integral equation of second kind 
as we see from the first section of this chapter. The theory of this 
equation will be discussed in the next sections and in chapter 12. 
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PROBLEMS 

1. Prove that the Green’s function associated with L(u) = u" (x) and the 
boundary conditions 

m(0)=:0, 

is given by 


!'(*,£) = x , x^t , 

= t , x^t . 

2. Show that for L(u) = and the boundary conditions 

? t ( 0 ) =:0 , m '( 1 ) , 

the Green’s function is 

I (r.t) =;;!; + --— , X 

1 — h 

h X t 

~ / --- , X g f , 

i — //. 

3. Prove that the Green’s function for 

L(ic) =a"{x) ~\r\- u(x) , v/.(0) rz: 0 , 


is given by 


sin {\(1 —0)-sinX.*- 

J (.r,0 ^^ , 


\ sin X 
sin (X(l — 'Jc)} , sin X t 
X sin X 




4. Show that for 

L(u) ^ u" (x) — X-t({x) , ?i(0) =0 , 

the GreeiPs function is 


V(x,t) zz: 


sinh {X(l — t)} . sinh X x 
X sinh X 


£r :< t 


sinh {X (1 — 35) } • sinh X t 

x'^t, 

X sinh X 

5. Show that the generalized Greenes function belonging to L(u) = (x) 

and the boundary conditions w(l) = ti( —1), u'(l) = u'( —1), is the following 
function: 

r(x,t) =—Mi i ^ — + ii(£c — «)2 + 1/6 . 

6. Construct the generalized Green’s function belonging to the differential 

expression: L(w) S (1 — x^) u*'(x) — 2x which, together with its first 

two derivatives, remains finite at the points x = 1, x == —1. 


ff. The Fredholm Integral Eqttation as a Differential Equation 
of Infinite Order. In the preceding section we have shown how the 
Sturmian problem of linear differential equations leads to an equa¬ 
tion of the form 

^(a;) c==:/(i^) +;i {K{x,t)%{t)dt . 


( 6 . 1 ) 
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In the first chapter, section 10, there was given a short survey 
of the status of this Fredholm integral equation in the general the¬ 
ory of linear operators. It is our pi'esent purpose to show how the 
solution of the Fredholm equation may be attained b 3 '' the methods 
developed in the preceding pages of this book. 

In section 11 of chapter 4 we considered the formal inversion of 
the equation, 

S(tt)-f ^(a:)M(a:) =/(«) , 

and obtained, as one inversion, expansion (11.3) of that chapter, 
namely, 

u{x) —f{x)/<p{x) — (1/^)5^ U/<p) 

-f (1/9P) IS {(1/9)5 if/<p )}]-. 

If we now specialize this equation by setting <p{x) = 1, S(u) = 
—K ix,t)uit)dt, we shall get the expansion, 

u{x) =fix) k (K(x,t)f{t)dt-]- CK 2 (,x,t)f{t)dt 

a tJ a 

+ 1^ (k,ix,t)fit)dt + ... (6.2) 


where K^ixd), Ks(x,t) etc. are successive iterated kernels defined as 
follows: 


K.{x,t)--- fkix,s)Kis,t)ds , 

a 

Ks{x,t) = fK2{x,s)K{s,t)ds , 

a 

d^ni.Xjt')' — (cr,s).K(a,t)ds 


If F is the maximum value of /(t) in the interval ax -^b and 
K the maximum value of K{x,t) in the rectangle a ^ x ^ b, a ^ 
t ^b, then the series 


F-f \X\KF-^ \X\^K-F-\- \X\^K^F + --- = F/a—\X\K) 

forms a majorant for series (6.2). Hence for values of the parameter 
less in absolute vahie than 1/K, (\X\ <1/K), a solution exists for the 
integral equation. 

It is our purpose now to investigate this solution more closely 
and by applying the methods of section 13, chapter 4, to obtain the 
classical solution of Fredholm. For this purpose we first reduce (6.1) 
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formally to a differential equation of infinite order by expanding 
u{t) into the Taylor’s series: 

u{t) =u{x) -]- (f— x)u'{x) {t — x)^u"{x)/2\ -. 

When this is substituted in (6.1) we obtain an equation of the 
form 


[1 + a-o(*)] + ai{x)'u^{x) -\ - 

4-(.r)-| - = fix) , (6.3) 

where we write 

ttiix) - — X jK{x,t){t — x)^dt/i\ , 

After these functions have been substituted in system (13.4) of 
chapter 4 the coefficients of the unlmowns reduce in a remarkable 
way and we obtain for D{n,x), i. e. the determinant of the reduced 
system obtained by suppressing terms of order greater than n—1 and 
all rows beyond the nth, the following: 


D(n,x) = 



(6.4) 



K{x,t)(t — x)dt 

p6 (t_x)(n-l) 

K(x,t)- —prr-'** 
Jo {«—1) ! 

X ^ K'(x,t)dt 

,1 —X 

r K'{x,t)(t — x)dt 

J a 

r’> (t—*)(»-!) 

Ja (W—1) ! 

\ J (x,t)dt 

, —X 

C (t— x)dt 

Ja 

.. l_x Kin- 1 ) 

^ a 71 —1) ! 


where the differentiation is with respect to x. 

If w'e now refer to the criterion of theorem 8, chapter 3, per¬ 
taining to the inversion of a system of equations of determinant 


SiJ; I— 0 j t tc , Sii •— 1 , 

namely, that 

kisl < 1 > i=l, 2,---,oo 

h=l 

we see that the existence theorem for the integral equation will re¬ 
duce to a consideration of the inequalities 

1A| (a:,s) I ds < 1 , mc= 0,1,2, ••• . 

Assuming that Kix,s) is a function of x of grade equal to q < 1, 
then we know from theorem 5, chapter 5 that < (q~\-e)’^K 
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for m > M, where K and M are finite positive numbers independent 
of m, and £ is a small positive quantity so chosen that q + ® ^ 1- 
Hence we have 

< |A!K(e^-“—1) < 1 , 

and from this we obtain the result that a solution of (6.1) exists and 
can be found by the method of segments for values of A, such that 

1A| 1)] . 

This inequality illustrates an interesting feature of the method 
of segments. Although the limitation on A resembles, although it fails 
to be as sharp as, the one previously obtained by means of iterated 
kernels, the actual solution which we shall find by the method of seg¬ 
ments is the meromorphic function of Fredholm. 

We shall first identify the Fredholm determinant, Z)(A), with the 
limit lim D {n,x). For this purpose we use the development for the 

neoo 

secular determinant A {n) given by (2.2) in chapter 3. 

Furthermore it is easily shown* that 



r,b 



^12 > 

'p^„(t)dt 

Ja J 

a 

Ja 







Ja J 

^ a 

Ja 





1 ^n2 • J 


Ja V 

1 a 

Ja 


5 ^11 (^) 5^12 

(%) J * • • > ^in 

^ f • • 

j ^21 (^l) >^22 

(%) J * * • > 

Ja 

J a 




.(tg) ,. 

Introducing the notation 



(6.5) 


Kij = KO-i) and Sij = (U—x) (j—1) ! 

and taking note both of the expansion (2.2) in chapter 3 and (6.5) 
above, we can write D (n,x) in the following form: 

D (n,x) =1 — J ^ f J ^Aidtidti -f 

( 6 . 6 ) 

—+ (— 1 )”^ £:sA„dt,d%--dt„ , 


*See E. Goursat; Sar xin cas elementaire de reqnation de Fredholm. Bulle¬ 
tin de la ScuyMti MathSmatique, vol. 35 (1907) pp. 165-166. 
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where we have used the abbreviation, 



^ir-i 

S2r2 * 

• • • , K-nr-x SriTn 


> ^2r2 

So r„ f 

* *' > Kn r^ Syi Tn 


Kirn Sin y K^Tn 

Sara » 

• * • , li^ntn SfiTn 


and the values of r^, , r,, i*un independently over all integers 

from 1 to n. 

But the mth sum, if we interchange the A",-; by row and column 
as we can do since the Sut are factors of each column, is precisely the 
definition of the product of the two matrices* 



Kiij 

A. 2 , 

■ * * } Kin 

-S„, 



Pmn‘ 

K21J 

K22} 

• • * , ^ 2 n 


S22, ' 

• * • , S 2 n 


K/tiif 

K)n 2 !> 

* * * j Knin 

Sun j 

S)n 2 y 

■ * * ? Smn 


Making use of the identity = K , we have the fol¬ 

lowing remarkable reduction:! 


limP,„„= |A(M,) 1 , 


which, using the notation of Fredholm, we may designate by the 
symbol 

^ ^2, * * * > \ 

\ ^ 1 > ^ 2 , • • • , tm f 


In the limiting case of (6.6) we then get the value of Fredholm’s 
determinant. 

Urn D (n,x) = D (X) <= 1—X l 

«=K) Jo 



(—D” 

nl 


X” 


r- jxtt 




(6.7) 

din * * * • 


We turn next to the computation of the cofactors of the elements 
of the first column of (6.4). These cofactors for brevity we may 


*G. KowalewsM: Einfithrung in die Determinantentheorie, Leipzig, (1909), 
e. 72. 

fWe are here using the convention that the product of two matrices is a de¬ 
terminant. See Kowalewski, loc, cit,, p, 68. 
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designate by D j and the solution of the original integral equation as 
given by the method of segments will be, in terms of them, the limit 
as % 00 of the following sum: 

Unix) = iDJix) 

_1 - {x)'\/D{n,x) . (6.8) 

For our purpose we consider the determinant (2.3) of chapter 3 
and the expansion of the cofactor of a.r, r s, which is given by 

(2.4) of that chapter. 

Apply ing this formula to the elements of the first column of 

(6.4) above we have, for i # 1, 

Di=r=X J KiiSiidti —£ J - 

,,. _i_ ^ l)’^^——- r ' * * F ^ • * * cZtft-i , 

” («— 2) ! Ja Ja rir-2 . . rn-2 

where we use the abbreviation 


K^. 

S,i 

. K,, 

S,r, . 

• * * > Kmi 

Cf ! 

^niTm-x 1 

Ka,. 

S,i 


Sa., , 


SniTm-l 

Kir 



• * • > Kmrm~ 

1 


Da, the cofactor of the first element, is computed by observing 
that we have [referring to (2.3) of chapter 3], 

A -G-aidia-^21^21 -- a„a‘drti 


= J — 0-11 






Q/ii ) 

din ’ 

dir. 

a,i. 

dir^ 

—^2 

Q/r^V 

dnn^ 

dr^r^ 

Clril> 

drj_rj 

2 1 

CCr^lf 

dr^n* 

dr,rz 


(ti~l)! 



dll f 

dirt > ‘ 

* * ^ 


a-r.a . 

djin > 

* * > dr^r^^t 



drn.tVt ’ * 

* * > dr^-tTn-l 


where ri, ra, • • •, r„..i range over the values 2, 3, • • •, m.. 
Replacing the by the elements of (6.4) we get. 


D, = D{n,x)+X (K(xA)dt^ — ^ f f■ 

Ja Ja Ja tt 

• • ■ + - ( - ,^ 1 ); £' • • • j' 2 ^ Kn-^dkdt. -dtn 
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Substituting the values of Di in the numei-ator of (6.8) we see 
that it can be written as follows 

f {x)D {n,x)X f 

h 


X^ 

Ti 


(6.9) 

I iri 

-1-(- o yr X"’ ja irr'^ ^ (x) dt^dt. ■ ■ ■ dt,,^:, 

_|_ ^ ^ ^ 6i,n-if{x)dUdt^ ••• dt,, , 


where r^r^, , r „run over all values from 2 to n and i runs from 

1 to n. 

In simplifying this expression we note the two following iden¬ 
tities : 

00 

2^ii/<‘-*'(a:)=/(tx) , 

i=l 

and 


KiXytx)y 

K (Xf ^ 2 ) > 

K'(Xytx), 

K'iXyt^), 


1, 

1 . 

0, 0. 

^2 — A, 2 , , ••• 

K (^Xy ^n) > 

K'iXytn), 


1 , 

f T 

On, ‘ 


K(Xytx) y 

K(Xyt,) , 

• • • , K{Xy tn) 

K{Uytx) , 

K{U,t^) y 

* ■ ' J K{t2y tn) 

K{t,ytx) y 

K{UyU) y 

* ' * > ^ {tny tyi) 


It is convenient to use Fredholm’s abbreviation 

/ Xy t^y * *' ^ ^n\ 

for this last determinant. 

If now in (6.9) we let n approach infinity and make use of the 
two identities just written down, we shall have, since Sxi is a factor 
of each determinant, the following limit: 
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f{x)D{X) +xjy{x,t)fit)dt-^£ j' 


The limiting form of (6.8) is thus seen to be 
limzi„(a:) —%{x) —f{x) + ^- J ^D{X)^ 


f{t) dt 


( 6 . 10 ) 


where we employ the usual abbreviation 


D{x,y\?.) =K{x,y) 




di'o 


+ 




dUdts -. 


( 6 . 11 ) 


The formal verification that (6.10) is actually a solution of equa¬ 
tion (6.1) when Z)(l) 0 can be made by direct substitution. 


7 . The Resolvent Kernel wnd the Fredholm Minors. The func¬ 
tion 

kix, t;X) =Dix, t;X)/DiX) (7.1) 

= K{x,t) -\-XK 2 ix,t) +X^K,ix, f) +••• 

is called the resolvent kernel of equation (6.1), since it yields the 
solution [see equation (6.10)] of the non-homogeneous equation. 

In order to show that k{x,t-X) exists for all values of X for which 
DiX) does not vanish, it will be necessary to prove the following 
theorem: 

Theorem 5. If K {x, t) is of limited variation and integrable in 
the square a^ x, t^ b, then both D{x,t‘,^) o^'fid D{X) are entire 
functions of X of genius not greater than 2. 

Proof: Let us designate by K the maximum value of the kernel 
in the fundamental square. Then by Hadamard’s theorem (see sec¬ 
tion 4, chapter 3), we have 

Hence the 7ith term of (6.7) is inferior to a„ = X'*K’' b — a^/n f. 

Since we have by Stirling’s approximation 

X K\b — a\/ri , 
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it is clear that Z)(/l) is an entire function of genus at most equal to 2. 
The argument applies without change ioD{x,t;X) . 

We next observe the important, but obviously derived, relation 



(7.2) 


Making use of (6.7) and (7.1), we obtain the expansions 


D'iX) _ 

DW'- 


— (^Sx " 1 “ ~ 1 “ “]— * * •) 


(7.3) 


log Z) (X) — — (XSx -j- "^^2 “h 4 " 4“'^^ “!'■■■) 


The quantities 



(7.4) 


are called the traces of the kernel. 

We shall find it useful later to have certain identities between 
the kernel and its resolvent. Let us first observe that 


k(x,t;X) =K(x,t) -\-X r K(x,s)[K(s,t) -{-XK^(s,t) -]-] ds , 

= K{x,t) ^ K{x,s)k{s, t\X)ds, (7.5) 

and similarly, 

k{x,t;X) = K{x,t) -\-X \\k {x,s) -j-XK^ (a;,s) 4- } K (s,i)ds , 

•'a 

= K(x,t)+X rk(x,s;X) K(s,t) ds . (7.6) 

^ a 


From these equations we immediately derive the important 


relations 


k{x,'t-,X) — K(x,t) 


= X 


r=X 


I 

I 


b 

K{x, s) k(s, t; X) ds 


k(t,s;X) Kis, t) ds . 


(7.7) 


Employing the equations just established, we can prove the fol¬ 
lowing elegant identity: 

k{x,t-,n)—k{x,t;X) — {ii—X) f Z:(a:,s;;i) A:(s, t;^) ds . 
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Using for convenience the notation of Volterra’s theory of func¬ 
tions of composition (see section 4, chapter 4), we can write (7.7) 
in the symbolic form 


/ca — K = XK' 4 ^kx — A.k\'^ K , 

k^i — jW ^ k^ — jW kj^ K. • 


(7.9) 


Subtracting the first of these from the second, we obtain 


Aifj — kx — [iK 4^ kfn — XK kx . (7.10) 

Now multiply the first equation in (7.9) on the right by n k^ and 
the second equation on the left by X kx. We thus get 


fikx>i^ k^ — fiK kf, = X fiK k^. k^ , 

Xkx^ kjx — Xkx K ~ X jxkx ^ K kf, . 

From the permutability of k with K, this second equation may be 
written 


Xkx^ ky. — X K ^ kx = X ^ K kx k^ . 

Subtracting this equation from the first and noting (7.10), we 
finally obtain the symbolic equivalent of (7.8) 

(jU — a) kx ^ kp, — jx K kp —" X K kx kp — k\ , 

From the identities (7.7) we reach the conclusion that the solu¬ 
tion of the equation adjoint to (6.1), namely, 

u{x) =f{x) -f A r K(t,x) uit) dt , (7.11) 

a 

is given by 

u{x) = f {x) X. J k(t,x',X) fit) dt . (7.12) 

Moreover, if we replace kix,t;X) hy D (x, t; X) /D (X), we shall 
obtain 


D{x, t;X) — DiX) Kix, t) =X C Kix, s) Dis,t;X) ds 

J II 

(7.13) 

= X j K(s, a;)U(t, s; H) ds . 

J a 

Tke theory which we have sketched above can be extended in an 
analogous manner to the higher minors of D{X), These functions, 
called the minors of Fredholm, are defined by the series 
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^ / Xi X2 • • • Xn \ _ / Xx X2 • • • X„\ 

\txt 2 -- - tn) \ 4 • • • / 

f'... r\(^^X2---X^SxS,---S,\ 


+ 2 - 

p ! 

These minors may be shown to have the following expansions: 


/XxX2 • • • .t„ \ 

ytxU ■■■ t„) 


K{Xx,tx)D KiXx,U)D 

4.... ^_ (_i) K (xx, t„)D 


Y ^3 * ' * ) 


4-2 




and also 
D 




H-h i—l)^^K{x„, tx)D 


/Xx • • ' Xn-t \ 

\ii •••4 ) 




ds 


The first of these expressions is established from the development 
of the determinant 


/XxX^ • * * Xn^x^z ■ * ■ 

‘ ^P J 


(7.14) 


by the elements of the first row. This expansion is then multiplied by 
[ (—1) Vp !] dsxdsz-- dsp and integrated with respect to each variable 
from 0 . to 6. The sum of these integrals from 1 to 00 yields the desired 
expression. The second expansion is obtained sinxilarly from the 
development of (7.14) by the elements of the first column. 

The nth derivative of D (A) can be obtained from the «.th Fred¬ 
holm minor. We thus have 

^z)o)=<_i). ■ 

(7.15) 
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PEOBLEMS 

1. Compute D(X) for the following kernels with respect to the indicated 
intervals: 

(a) K(x,t) = x — t, (0,1)-, (b) K(,x,t) = x + t, (0,1); 

(c) K(x,t)=xt + xn^-{-xH^, (0,1); (d) K(x,t) + 2Bxt +CP 

+ Dx+Et + F , (a, 6) . 

2. Prove that 


,(», y) 


f 

a 


K„,{x.t)KJt,y) dt 


3. Prove identity (7.8) by noting 

kix,s;fi) k(s,t;'K) =:Kix,s) Kis,t) + s) Kis, t) + s) K(s, t) 

'+}JC(XyS)K^(s,t) + /iXK^ix, s) K^(s,t) 
,+r-K(x,s) K,(s,t) 
+. 

Now integrate with respect to s from a to & and observe that 


Il2 X:2 ^3 X3 

= fJL + X , =p2 4- ^x + X2 , 

jCi—\ /i——X 

4. Show that the nih. iterated kernel formed from 

K(x,y)=i{x—y)-<^(p{x,y) , a, < 1, 


etc. 

(Kowalewski). 


where <p(x,y) is bounded in the fundamental square, is bounded when n > 
1/(1 — a) . (Fredholm). 

5. Prove that 


d^k(x,t; X) 


9X« 


-=nlk„^^{x,t;\) , 


where we define 


kJx,t-,\) zzz r k(x,s;\) k„_^(s,t-,X) ds . 

J a 

6. From the results of problem 5 prove that 

fc{Xjt;\ m) ^k{x,t; (i) + Xk^{Xyt;fjL) + \^k^{x, t\ }i) + > 


zk(x,t;p,) -hX 


I 

J a 


, s; /i) fc(s, t; X -f ju) ds 


7. If D(X) has no zero, prove that the traces after the third are zero. 
Hint: Since D (X) is at most of genus 2, it must have the form 

D(X) =exp(aX + 6X2) , 

8. The functions Kix^y), L{x,y) are called orthogonal provided 

r Z(x,s) L(s,^) dsi=0 , r L{x,s) K{Syy) ds = ^ , 

J a J a 
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If only one of these relations holds the functions are said to be semi-ortfw-gon- 
aL 

Prove that if 

M(x,y)=K(x,y) +L{x,y) , 
where K and L are orthogonal, then 


Dm{X)=D^{X) D^{\) , 

Show also that 

mix,y;X) =zk{x,y;X) l(x,y;\) , 
where m, k, and I are respectively the resolvents of M, K, and L. 


9. If D^(X) is the Fredholm determinant corresponding to a kernel K^(x,t) 
and if D^(X) is the Fredholm determinant corresponding to a second kernel 
K^{x,t), show that 


d 

d X 








— K..^{t,t) ] dt . 


Hence prove that if a sequence of zeros exists for Dj(X), then a second se¬ 
quence of zeros, either coincident with or separated by those of D^(X), will exist 
for D^{X) f provided 

{ 0 . 
da 

10. Given the two systems 

u" Xli=:0 , 

fu(0)=0, JJ ^^(0)==:0, 

I u(l) z=:0 , * u'(l) =0 , 

prove that 


where and T,^(x,t) are the Green's functions respectively of systems I 

and II. Show by explicit calculation that the values of X for which the two sys¬ 
tems are respectively consistent separate one another. 


11. If r;^(£c,t) and T^(Xjt) are the Green's functions for the following two 
systems: 


(pu')' -i- qu + Xu=:0 


j m(a)=0, II m (a) (b) =0 , 

12^(6) = 0 , ’ ]u'ia) =0 , 

and if u^ix) form a fundamental set of solutions of the equation (pu')' + 

qu = 0, such that u^(a) = 0, u^'(a) = 1, u^(a) = 1, u^'(a) = 0, show that 

r\r^(t,t) dt=.-^ [ {[V(^) 

I Ja 

^ a ^ “ 

— [ 2 %( 6 ) ^ 2 ( 6 ) — (Pi +1) ^2(*) + } dt , 

where and are the functions | | (see section 5) corresponding respec¬ 

tively to each of the two systems, and where = p{ci)/p(b) . 
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Prove that the quadratic form under the integral sign is definite provided 
p(a) =z p(b), that is to say, provided system II is self-adjoint. Hence show that 
the zeros of and alternate provided system II is self-adjoint. 

12. If is the Fredholm determinant which corresponds to the ?ith 

iterated kernel, prove the identity 

^n + S2nA.2/2 + * • • + SpnX'P/P + •••), 

13. From the results of problem 12 prove the identity 

D(\co) .. , 

where <o is a primitive nth root of unity. 

14. If K{x,y) is a kernel of the form 

K{xAj)^2X,{x)Y,{y) , 

■i=l 

where the functions Xi{x) and Yi(v) are integrable over the fundamental 
square, show that the Fredholm minor is a polynomial of degree n. Prove also 
that D{x,y) is a bilinear form in and Y^iy). 



CHAPTER XII 


The Theoey of Spectra 

1. Introduction—Examples of Spectra. In the preceding chap^ 
ters of this book the principal concern was with the problem of the 
inversion of operators, that is to say, the problem of solving for X 
in the equation 

X(x,z) -^F{:c,.z) =1 (1.1) 

In the course of this investigation it was found that X{x,z) was 
not always unique, and we were led to consider the problem of the 
homogeneous equation 

F{x,z) -^u{x) =0 (1.2) 

The solution of this problem usually introduced certain chur- 
aeteristic values with which were associated the characteristic func¬ 
tions, or solutions, of (1.2). 

It will be illuminating before we enter into more general aspects 
of the problem to consider several examples, which have been selected 
as typical of the difficulties in the extended theory. 

Example 1. Let us begin with the theory of the Fredholm inte¬ 
gral equation given in the preceding chapter, 

u{x)=f{x)-^X ^ K{x,t)uit)dt , (1.3) 

the solution of which appears in the form 

r D{x,s;}.) 

u{x) =f{x)-\-X j — fis)ds (1.4) 

In this expression the functions D(x,s;X) and D(X), given ex¬ 
plicitly by (6.11) and (6.7) of chapter 11, are entire functions of 
the parameter i provided K{x,t) is bounded and integrable in the 
rectangle a^x^b, a^t-^b. It will be clear, however, that in 
general a solution of (1.3) will not exist for values of X for which 
2)(1) t= 0. These roots, h, Xz, ■■■, X,,, are called the principal or prop¬ 
er values (Eigenwerte) of the kernel, Kix,t) and together form 
what is known as the spectrum of the integral equation. Although 
the principal values are frequently referred to as characteristic num¬ 
bers, D. Hilbert has suggested that their reciprocals, namely, pi = 
1/Xi, should be called by this name {charakteristisehen Zahlen ). Be¬ 
cause of obvious advantage in being able to refer separately to X and 
its reciprocal, we shall adopt this nomenclature here. 


—515— 
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Associated with the principal values there exists a set of prin¬ 
cipal or proper functions (Eigenfunktionen) u^{x), u^{x), ■ ■ ■, Un{x), 
which are solutions of the homogeneous equation 

u{x)=X ( K{x,t)u{t)dt , (1.5) 

a 

when X is replaced successively by the principal values. 

In the subsequent development of this example it will be con¬ 
venient to consider the principal values in relation to kernels of spe¬ 
cial types. These may be defined as follows: 

(1) A symmetric kernel is one for which 

K{x,y) ^K{y,x) . 

(2) A sketv-symmetric kernel is defined by the identity 

K{x,y) = — K(y,x) . 

(3) A symmetric kernel is said to be positive definite provided 

f K{x,y)h{x)h{y)dx dy > 0 , 

J a a 

for all functions h(x), h(y) of integrable square. The kernel is called 
negative definite provided / < 0. If 7 0, or 7 ^ 0, then the kernel 

is called positive or negative respectively. 

(4) Symmetric kernels belong to a more general class called 
Hermitian kernels, that is to say, kernels for which 

Kix,ij) ^K{y,x) , 

where K denotes the complex conjugate of K. 

A kernel is said to belong to class p provided the integral 

n h 

K(Xjy) |p dx dy 

a 

exists. If p = 2, then K {x,y) belongs to Hilbert space. 

The principal values may be characterized by means of the ker¬ 
nels to which they belong. 

Thus it may be proved that at least one principal value exists 
provided a kernel is symmetric or hermitian. Moreover, all the prin¬ 
cipal values of such kernels are real. If a symmetric kernel is also 
positive (or negative) definite, then all the principal values are posi¬ 
tive (or negative). If a kernel is skew-symmetric, then at least two 
principal values exist and these are pure imaginaries. 

The sum 

Sp(A) + ... 
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is of major importance in the classification of kernels. Thus, if the 
kernel is of class 2, then S^iX) converges; if K(x,y) is a kernel 
formed by the iteration of two kernels of class 2, then S'i(l) con¬ 
verges; if K{x,y) is positive (or negative) definite, then Si{X) con¬ 
verges. 

Example 2. As we have seen in the preceding chapter (see sec¬ 
tion 5), the solution of the differential system 


L(tt) = A u{x) 


Ui (u) =0 , 1 , 2 , 


( 1 . 6 ) 


where L(u) and Uiiu) are defined in (5.1) of chapter 11, does not 
exist for all values of 2. However, if Ui(x,X), ••• , tin{x,X) 

form a set of linearly independent solutions of (1.6), then the zeros 
of the function D{X), where we define 

D{X) = \Udni{Xn\ , 

form a spectrum for which solutions of (1.6) in general exist. These 
solutions are also solutions of the integral equation 

u{x) —X r Gix,t)U'(.t)dt , 

a 

where G{x,t) is the Green’s function associated with the differential 
form L {u) and X belongs to the spectrum. 

For example, the system 

tt"(a:) = — Xu{,x) 

^t(a) =u{b) 1=0 


has the spectral function 

D (2) = [sin Vx{b—a )]/vI , 

from which one obtains the infinite set of principal values 

2„ ji^/(6— a)“ , % = 1, 2, o, ••* • 

If we make the simplifying assumption that a = 0, 5 = 1, then 
the kernel of the integral equation becomes [ see (5.7), chapter 11] 

a;(l—t) , , 

G(x,t) 

1 t(l—a:) , x^t . 
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We now note that Si (i.) as defined in the first example is equal 
to the integral of G{t,t), 

^-^ ~ * 

The principal functions, normalized for the interval (0,1), that 
is to say, so that 


I Un^{x)dx- 
^ 0 


1 , 


are given by 

Un (x) = V2 sin 7inx , tt = 1, 2, 3, • • • . 

Let us now consider the sum 

“ Un(x)Un(t) 2 “ sin nTix sin «jif 
.- " ■11-==-2- 


/ijt 


n=l 




It is well known* that 
“ cos fmX 


—2X + 2/3) , 0^X^2 


If in this identity we now set X = t —and X = t+x, where 
a; < t, 0 ^ X, t g 1, we shall obtain 

“ cos naix cos nnt , ,, 

2 -- 'rV2K{x,t) 

n=i 

::^x/^{x- — 2xt + P — 2t + 2x~\-2/Z) , 


“ cos JlSlX cos Wat r^/ ,s 

2—yp- 


= 14<*‘+2xi + f= — 2t —21 + 2/3) . 

Subtracting the second of these equations from the first, we ob¬ 
viously obtain 

K:(x,t) =x(l—t) , x<t . 


Interchanging the role of x and t, we similarly find 
X(x,f)=f(l — x) , x>t. 

In tiiis manner we show that K (x,t) is identical with the Green’s 
function G(x,t) as previously defined. 


*See H* T. Davis: Tables of the Higher Mathematical Ftmctions, vol. 2, p. 18. 
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Example S. Another example of a somewhat different kind is 
furnished by a theory due to E. Schrodinger* in which proper values 
are introduced in order to account for the discrete nature of radiant 
energy, which from the phenomena of diffraction and polarization 
must also be described by means of the continuous solutions of Max- 
welFs well known equations. 

Basic to the Schrodinger tradition of the quantum theory we 
find the so-called ivave equation 

___ , 8Tr7n 

+ :0 ( 1 . 8 ) 

In this equation m is the mass of a moving particle, h = 6.547 X 
10"^^ erg secs, is Planck's constant, W is the total energy of the par¬ 
ticle, V{x,yyZ) is the potential energy of the particle, and v’ reppo- 
sents the space part of the function 

which describes the undulatory principle associated with the particle. 

Our purpose here will be served by the simplest specialization, 
namely, that of the linea^^ oscillator. The potential energy of such an 
oscillator is equal to 1/2 equation (1.8), being now restricted 

to a single dimension, reduces to 

^ + = 0 (1.9) 


In this equation W is to be regarded as a parameter, which is to 
be determined in such a manner that v>(x) exists as a single valued, 
continuous function throughout the length of the real axis and is fur¬ 
ther subjected to the boundary values 


lim'y(a:) =0 . Umv^Cx) =0 

If we make the transformation: x ■= kt, ip (Jet) 
h/[ 47 t(am)*], and employ the abbreviation 

W 


then equation (1.9) becomes 
d?u(t) 


h^OL 


dP 


+ (»i+y2 — 


( 1 . 10 ) 
^^(^), k"^ 

( 1 . 11 ) 

( 1 . 12 ) 


*Quantisierung als Eigenwertproblem. Annalen der Physik (4), vol. 79 
(1926), pp. 361-S76; 489-527; vol. 80, pp. 437-490; vol. 81, pp. 109-139. Engli^ 
translation, by J. F. Shearer and W. M. Deans, (1928). 
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This is the standard form of what it called Weber’s eqmtion.* 
Two linearly independent solutions of this equation exist in the form 




n(n —2) (n —4) 
6 ! 


' H— ] 


Mi) 


(n —1) (ii —3) (n —1) (n —3) (n ^)p _|_ j 


6! 


7! 


Moreover, since the equation (1.12) remains unchanged if t is 
replaced by it and n by — n —1, a second set of linearly independent 
solutions exists of the form 


v,(f) =e%‘=[l 


(H-1) 
2 ! 

(%-l-l) ('W^+S) 
4! 




(n+1) (%+3) («+5) 
6 ! 




vAt) 


(w+2) 


3! 

(H-2) (M-4) 

5! 


P 


P- 


(5t+2) (??,+4) (?i+6) 
V. 




The second set of solutions is, of course, linearly dependent upon the 
first. 

It is not convenient to examine the asymptotic behaviour of the 
general solution of (1.12) from the asymptotic expansions of ihit) 
and Usit), but rather from those of the functions 

Dnit) =AVait) -\-Bu2{t) , 

r(i/2)2*" r(—l/2)2n™-o 

^ —r (1/2—1/2%)" ’ ^“ r (—1/2%) 

D.„Mii)^CvAt)-[-DMi) , 

r(i/2)2-5<'^o ir(_i/2)2-H'Hi) 

r(1+1/2%) ’ r(i/2+i/2%) 


*This_ equation is due to H. Weber: Mathematische Annalen, vol. 1 (1869), 
pp. 1-36; in part., p. 29. It has been standardized by B. T. Whittaker: Proa, of 
the London Math. Soc., vol. 35 (1st series), (1903), p. 417-42Y. An extensive 
account of the equation is found in Whittaker and Watson: Modem Analysis, 
§ § 16.5-16.7. 
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By the methods of section 4, chapter 5, it can be shown that 
Dnit) has the following asymptotic expansion, the first valid in the 
sector: \ a,rgt\ < Zn/A, the second in the sector; n/A < arg t 
< hn/A’. 


Dn(t) oo {1 


n{n —1) 

2F 


n{n —i) (n —2) (n—3) 
2 • 4 t" 


} 


Dnit) CV 2 


n(n —1) 

2P 


nin —1) (n —2) (n —3) 
2 • 4 


n—n)^ +-2F- 

(ti+1) (ft+2) («.+3) («+4) 

___ 

(1.13) 

Making the substitution; it for’ t and — 'n —1 for n, we obtain 
the corresponding expansions for (it), the first valid in the sec¬ 
tor: hnJA < arg t < — n/A, the second valid in the sector: In/A 
< arg t < Zn/A. 


D^n-iiit) CO t" {1 


(«+2) 


(Ti+l) (?i+2) (ra-f3) (n+A) 


D-n-i {it) CO 6%*’“ t” (1 ■ 


2.4t" 
(n+1) in+2) 




2t- 

(rH-1) (^^+2) (^H-4) 


2.4t* 




(2jr)5 

r(%4-i) 




n(n —1) 
2t2 


nin —1) in —2) {n —3) 


2-4 




From these explicit formulas, it is clear that the general solu¬ 
tion of equation (1.12), 

uit)^aD„it) -\-bD.,,.Ait) , 
cannot fulfill the boundary conditions 

lim«(t) t=:lim«(t) c=0 , 

t=-co (=+00 

unless & t= 0. The first form of (1.13), valid on the positive axis of 
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t, clearly fulfills the first condition of the problem. The second form 
of (1.13), valid on the negative axis of t, does not fulfill the second 
condition of the problem unless the second term in the expansion is 
identically zero. This can happen only if l/r(— n) = 0, which means 
that n must be zero or a positive integer. Hence the proper values 
are positive integers or zero. 

Returning to equation (1.11), we see that permissible values for 
W are given by 

2.71 \ TO 

We can now construct a normalized set of proper functions by 
writing 


(x) — KDfi(^x/]c') , 

where K is to be so determined that 

J yja-(.x)dx = l . 

We note that I>„(t) = e-Vi*- h„{t), where /in(t) are the Hermite 
polynomials. The first six of these are given explicitly as follows: 

ho(t) =1, K{t) =t, k,(t) —1, hit) —St , 

h,(t) =t^_6t= + 3, ^5(15) —10t®-t-15t , 

and those of higher degree may be computed from the recurrence 
formula 


hn*l (t) — t K (t) + n hn-i(t) = 0 . 

It is well known* that the functions Dnit) satisfy the following 
orthogonality conditions 


j: 


,_JO , m^n 

' ' (2n)^n\ , m = n . 


D,nit)DAt)dt: 

Hence we obtain 

J co r ^ 

^P„Hx)dx^K^ [D„(x/k)y- dx = k KH2 ji)^ nlt=l 

-on —an 

from which we immediately compute 

K^-^l/lk{27z)^nl] . 


*See Whittaker and Watson: Modem Analysis, Srd edition (19i20), p. 351. 
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Example i. We have already cited an example of a continuous 
spectrum in section 10, chapter 1. This example, due to E. Picard, is 
closely related to the following integral equation 


J 'OO 

u{t)dt , (1.14) 

n 

discussed originally by T. Lalesco.* It is essentially the same as the 
equation of Picard, which includes the entire real axis as its domain 
of integration. 

We shall discuss (1.14) by means of operators. Thus replacing 
u(t) by tt(x), let us consider the operator 


I{z) =1 — 1 


j: 

I 




1 — X I e-<*-o — X ^ c''-’)-- 


=1—i rv<-'>ds—i [ 

J -X n 


esu-u 


2X 




' z^—1 ' z^l 

Now let liz) operate upon A e"-' + B e-". We thus obtain 
I ( 2 ) {A -\-B e-") 


= {A e^-f P 6-“) (1 



) + ( 


AX 

a-f-l 


BX 

—oH-l 


)e-*. 


Obviously the right hand member will vanish identically pro¬ 
vided 


1 + ' 


21 


A 

1-1-0. 


B 


that is to say, provided 

21 — 1 = — a-, B/A=(a — l)/(a^l) . 


Now consider the two cases: (1) a.- < 0; (2) > 0. In the first 

case we have the solution 

u(x) = sin px-}-p cos px , p = ai , 21 — l = p^, i/z < X < co . 
In the second case we have 

u(x) c= sinhpcc-j-p cosh pa: ,p<=a, 21 — li=— p^ , 0 < p < 1, 

0 < 1 < V 2 • 


*Th6(yrie des equations integrales. Paris, (1912), pp. 121-124. 
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Hence equation (1.14) possesses a unique solution for each value 
of X between 0 and oo , that is to say, it possesses the positive axis of 
X as a continuous spectrum. 

Example 5. The spectrum, in contrast to the one discussed in the 
preceding example, may consist of a single value, with which, how¬ 
ever, an infinite number of proper functions may be associated. Such 
a value is called a proper value of infinite multiplicity. An example 
of such a spectrum was furnished by H. Weyl,* who considered the 
equation 


V 0 


ii{x) ■ 

Thus noting the integrals, 

X 


^in{xt)u{t)dt — Q . 


(1.15) 


j; 


sin xt dt i 




I 


^ t Bill iE 


a 


2.1 ■/■2 


dt ^ 71 6 


we see that the function 


u(x)=VV2n 

reduces the left hand member of (1.15) to 

( e-" + , ) (1 — X-\jy%n ) . 

Cv j 

Hence for all positive values of a, u{x) furnishes a solution of 
(1.15) provided X — •\/2/n . 

2. Some Theorems on Matrix Transformations. In order to es¬ 
tablish a general basis for the study of spectra contemplated in this 
chapter, let us first consider the problem of maximizing (or mini¬ 
mizing) the quadratic form 


F = (2.1) 

i/=i 

where the variables Xi are subject to the condition 
E 3 ?!“ —|— 1 , 

The determination of this extremum leads to the Lagrange para¬ 
metric problem of maximizing (or minimizing) the functionf 

F — pL . 


*Smgulare Integralgleichungen. (Dissertation) Gottingen (1W8). 
tSee E. Goursat (Hedrick translation): Mathematical Analysis, Boston, 
(1904), p. 129. See also section 4, chapter 3, second proof of Hadamard’s theorem. 
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This leads in turn to the system of equation 
dF 

- -2^Xi = 0 , i — 

G OCI 

or explicitly 

( ^11 ' ^1 —I— ^'12 ^2 '—I— ^13 ^3 —[— * * ‘ —[— ' ’’’ 0 j 

CE"2i Xi ”1“ (^2:2 y) iTo —j“ ^22 X3 —|— • • • —U-TR CCn — 0 } 

.(2.2) 

Ctfii “1“ ^2 ~[“ U.rt3 .X3 • • * “1- {O-nti - 1-0 0 • 

Admissible values of the parameter ,« are then obtained from the 
equation 


A i/^l) = 


dll - 9 ^12 9 ^13 9 * * ' ^in 

CL 21 y 0/22 - 9 ^23 9 * ’ ‘ 0^2tl 

O'ni 9 9 9 * * * ^'nn - 


^0 , 


which we can more conveniently abbreviate in the form 

zl(/i) A —,u/| = 0 , (2.3) 

where A and I are respectively the matrices 

A ~ — II (Xij 11, I ^ — j[ jj j ^ —- f f 0 j i j . 

The roots, ■■■ , ,«n, of (2.3) are called the characteristic 

numbers of the quadratic form F(x,x), and their reciprocals, X^l/nx, 
X 2 >== 1/^, , In — X/nn, are called the proper val'iies of the form. 

The reciprocal of j| A (p) || can be written 

5=(A-^/)- = ||5„(^^) II (2.4) 

where we abbreviate 

EM (2.5) 

The functions fia ip) are the cofactors of an — dij in A ip) and 
hence polynomials of degrees ^ n —1. Thus (2.5) can be expanded 
in a series of the form 


Bilip) 


= 2 

m=i 




■ Pi 


where the pi are the characteristic numbers. 


( 2 . 6 ) 
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Since for oo, Bij(u) 0, it is possible also to expand Biji/x) 
in the Laurent series 


CC 

Biii,u) =2 




(2.7) 


We next consider the transformation of (2.1) to a new set of 
variables, a transformation which we may designate by T as follows: 


T: Xi = '2 0iiyj . (2.8) 

If we denote the matrix of this transformation by C, then we 
can write 


T -^F{x,z) =G{_y,y) =2 Vi Vj , (2.9) 

i J=1 

where the matrix 5 = || bn || is given by 

B = C'AC . (2.10) 

As usual C' represents the conjugate of the matrix C, that is C' = 
II C)i II . 

It is now possible to choose the matrix C in such a way that 

T-^F = G = '2,Uiyi^ , (2.11) 

where the yi are the characteristic numbers which we have previously 
defined. This special definition of C is called the matrix of a normal¬ 
ized orthogoiml transformation and will be designated by U. It may 
be described as follows: 

Let , jj„ be a vector whose components form a solu¬ 

tion of the system of equations (2.2) which correspond to the char¬ 
acteristic number y, and let y: yi, y^, ••• , y„ be a second vector whose 
components yield a solution corresponding to the characteristic num¬ 
ber V, where we assume that y^v. Then we shall have 

n n 

2 ttij i?/ =,«jSi , 2 fflii yj = y yi , 

j=l J~l 

from which it follows that 

2 Ti fij (U 2 7i > 

i/sl i=i 

2 Pi 7} = ^ 2 7i * 

ii=l i=l 


( 2 . 12 ) 
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Since, however, an == the second equation can be written 

'2ai,yiPjr=v'2 7i^i . (2.13) 

Subtracting (2.13) from (2.12) ['we get 

i~i 

n 

or 2 yi — 0, since a ^ y by assumption. Let us now divide y5 by 

V(/®/®)_ and }' by \/ iy y), where we employ the customary notation 
of the inner product of vector analysis; 

(y? j>) = yi -)- ^2 /a -|- ^3 ys — y„ . 

If we call these normalized vectors Ui and %2 respectively, it is 
clear that we shall have 

(tti tia) = 0 , {ih Ml) = (U2 tta) = 1 . (2.14) 

Assuming for the moment that the characteristic numbers of 
(2.1) are all different, we may proceed in the manner indicated and 
obtain n solutions of (2.2) which satisfy the criteria (2.14) of nor¬ 
malized orthogonality. These solutions, 

tti. tiiif tii2f ‘ ? "2.^171 ) 

form the matrix of a normalized orthogonal transformation: 

II II ) 

that is to say, a matrix which has the property, 

UU'^U'U^I . (2.15) 

If we now effect the transformation 

T: Xi = ^Uiiyj (2.16) 

upon F{x,x), we shall obtain for the matrix of the transformation 
B=V(AV')-=V\\^a„,UiT,\\ , 

From the definitive relation 

2 ^— flj Uif , 

?C=1 

we then obtain 

B^U\\iiiUn\\ = U\\{Zidn\\V' 

= U{fMl)U'^UU'ifiI) = (ill) . 
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Hence, by the transformation T, we have reduced (2.1) to the 
normal form 


T ■^F(x,x) =Giy,y) . (2.17) 

We next consider the case where Ai/n) =0 has a root of multi¬ 
plicity p. In this case there will exist in general p linearly indepen¬ 
dent solutions of (2.2). Let us designate these as the components of 
the vectors a, b, c, , p: 


ft; fti, ffi2, ft's, • • • , ft« , 

b'. bx} bx) bi, ••• , bn , 

C; Cl , Os , C3 , • • - , Cm , 


p: Pi, P2, Ps, Pn 

Let us now construct the new vectors, B, C, D, ■■ , P, where we 
define: 


B = b -j- ri ft , 

C = c-f TsB- j-S2 ft , 

I) = d/ —j— C —|— Ss B —|— Q/ , 


Employing the notation for the inner product as defined above, 
•we may then write the defining equations: 


(ftB) c= («b)-f-ri(ftft) =0 ; 
(ft(7) 1 = (ftc) -|-S2(ftft) =0 , 
(SC) = (Sc) -t- r 2 (SB) =0 


(ftS) = (ad) ti{aa) =0 , 
(BD) = (Bd) 4-Ss( 5S) =0 , 
(CS) = (Cd)+r3(CC) =0 ; 


rSince (ftft), (BB), (CC), the norms of the vectors, are different 
from zero, the above equations are sufficient to determine Tx, r^, Ts, 
Ss, Ss, fs, etc. Hence a, B, C, D, , P form a set of orthogonal vectors, 
the components of which are solutions of the equations (2.2). These 
vectors may be normalized provided they are divided respectively by 
VT^, VTfiS), ^/JCC), etc. 

This analysis is sufficient to show that the assumption previously 
made that the characteristic numbers were different from one another 
was an unessential restriction. Hence, collecting these results, we 
Jiave established the following general proposition: 
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To every real quadratic form 

n 

-i;=i 

there corresponds a transformation T 

n 

T » X I i — 2 yi ) 

j=i 

where ?7 c= || ui] || is a normal orthogonal matrix, siich that 

T F{x,x) =G{y,y) yiVr , (2.18) 

•i=i 

in lohich the coefficients u., • • • , Un are the roots of J (^u) === 0. Since 
V XJ' ^ I, that is, since ?7' — the inverse of T is given by 

T-^: yi = '2iiijXj . 

j=i 

Moreover, %ve have 

2«r = 2: {2%ii//)^ = 2yr (2.19) 

i=i i=i ;=l ;=i 

and the expansion 

11 ( 2 ^y) 

R{x,x-,y) =2 — _ (2.20) 

i=i M — l-H 

is called the resolvent qiuxdratic form associated ivith F{x,x). It is 
defined by the reciprocal transfcn'mation associated with the matrix 

R={yl — A)-^. (2.21) 

Let us now return to the extremal problem with which we start¬ 
ed, namely, the determination of the maxima and minima of the form 
F{x,x) where the variables are subject to the condition 

Xx" “j- ^ 2 “ * * ■ “j— 1 • 

For this purpose we shall now assume that F {x,x) is positive, 
definite, that is to say, does not vanish or become negative for any set 
of values of the variables. Under this assumption all the character¬ 
istic values are positive real numbers. 

Hence we derive immediately from (2.18) and (2.19) the con¬ 
clusion that 

M.axF(x,x) t=M , Min F {x,x) = m , (2.22) 

where M and m are respectively the largest and smallest of the char¬ 
acteristic numbers. 
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Let US also note that — R(x,x;0) is the reciprocal of the form 
F{x,x). If F(x,x) is positive definite, then — R{x,x;0) is also posi¬ 
tive definite and its characteristic numbers are the reciprocals of the 
characteristic numbers of F{x,x). Hence we derive the conclusion 
that 

Max F-^(a;,a:) = 1/m, 'M.mF-'^(x,x) =1/M , (2.23) 

where F-'^{x,x) is used to designate the reciprocal of F{x,x). 

3. Herndtian Matrices. The theorjr -w-hich we have sketched 
above can be extended mutatis mutandis to a hermitian form, which 
we have already defined in chapter 3. It will be recalled that a form 

n _ 

H = '2aij XiXj- , 

ij-l 

is hermitian provided a-ij =~aji- The bars over the a and the x denote 
the complex conjugates of a-,-; and Xj respectively. 

Precisely as before, we define a matrix 

U = \\uu\\ , 

which, however, now has the property that 

UU' = I . 

It is customaiy to call this matrix unitary, rather than orthogonal. 
The transformation 

n _ _ n _ 

Si Xi = 2 yi 9 ^ y'] y 

yields the new hermitian form 

n _ 

— ^ iXiVi Vi , 

where the ui are the roots of the equation, 

A ill) =0 . . 

The transformation inverse to S is 

M _ n 

S ^• yi ‘ — 2 ] i yi' — 2 nij Xj • 

j=i ;=i 

U. Some Identities in Matrices. In section 2 it has been shown 
that the quadratic form 

F {x,x) = 2 aij Xi Xj (asj = 0 . 3 - 5 ) 

can be reduced to the normal form 


(4.1) 
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T —^ F {x,xy = 2 f^i Vi^ (4.2) 

i=l 


2 = 2 Vi^ (4.3) 

<=i i=i 

where the fii are the roots of the equation J (,«) = 0 and T and T-'^ 
are the transformations: 

T: Xi —2?t;iy; ; T-*: 2/i = 2 a?; . (4.4) 

j=i j=i 

Moreover, the resolvent of (4.1) was written in the form 


E(x,x)=-Z-^ (4.5) 

i=i .« — 

We propose now to derive som.e identities in matrices suggested 
by these propositions. Let us first designate by Lh the matrix of the 
substitution which corresponds to the quadratic form 

Ri{x,x) = ( 2 «i; »;)- • (4.6) 


Explicitly this matrix is given by 

TJi — jj V/iu tiitji 11 , A:, i— 1, 2, •' •, n 

and hence, since U = |] tin || is an orthogonal matrix, we have 

Ui^ = Ui, and UiUj = 0 , . (4.7) 

It is also obvious from (4.8) that 

+ = 7 , (4.8) 

and from (4.2) that 

A. = fXi U 1 ^<2 Uz ~|“ ■ ■ ■ “f" • (4.9) 

Hence we have 

n I - A C= (jU-^i) Z7i -j- (/t- jlz) Us -j- — (^- fin) Un , 


from which it follows that 


ifil — A) ■ 


Ui 

fM — lh. 


fi — IH 



“ Z7i -f- 7/2 ~(-j- c= / . 


This is merely a recapitulation of the proposition that R{x,x) 
is the resolvent of (4.1). 
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Let US now designate by ^(,«) a matrix defined by the following 
equation; 

ftl — pr . (4.10) 

Multiplying this equation first to the right and then to the left 
hy piA (p), we obtain 

p~ I — p A p A{p) — A A (p) p~ I j 

,/d I — p A p A (p) — A ip) A^ p-1 , 

from which it follows that 

u[A — A (,«)]= — AA(p) , 

p[A — A{p)2=^ — A(p)A . (4.11) 

If we now replace p by v in (4.10) and subtract the resulting 
equation from (4.10), we get 

ip — v)I = p^lplA (//)]"^ — v-[yI~\-A (v) ]. 

Now multiplying on the left hy pi A ip) and on the right by 
vl A{v),we obtain 

ip—v)[pI^A{p)-[lvI + Aiv)'\ 

= p^[vl -\-Aiv )']— »;-[//7A (//)]) , 

that is, 

ip—v) lpvI-irpA{v)-^vA(p)+A(p)A(v )] 

= ip-v — V-p) Ip-A {v) — v^A{p) . 

This equation reduces to 

p V A (v) pv A {p) {p — v)A ip) A {v) = 0 , 

that is, to 

A(j^) —A(,«)-f (l_i)A(//)A(a;) =0 . (4.12a) 

fi V 

If P and P are interchanged in this equation, we obtain the second 
relation 

Aiv) — A(p) i )A(y)A(^) 1= 0 . (4.12b) 

fl V 

From these results and from (4.11) we have established the two 
identities: 

AAip)=Aip)A , A (p) A iv) t= A (v) A (p) . 


(4.13) 
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Let us also note that (4.10) can be written 

I — 1A = [/-j-1 , l = l/u . 

Hence, since 

Z + ;A(,«) = [7 — 1.4]-^ , 

we get 

7 + jlA(,«) =7_;.A + rA= —+ , 

or 

— A («) = A —A^’ -f A^-, (4.14) 

this development being contingent upon the convergence of the series. 

5. Minimizing by the Method of Least Squares. Before consider¬ 
ing the applications contemplated by the preceding development, it 
will be useful to obtain some fomral results from the method of mini¬ 
mization employed in the method of least squares. 

Let us consider the following Stieltjes integral 

7= [u{x)—f{x;a^,a.,,---,a„)]-F{x)dv{x) , 

where F{x) is a weight function, positive in the interval {a,b), 
/(x; Ui, 02 , •••, ftp) is a real, continuous function of x and the n para¬ 
meters Oi, 0 - 2 , ••• , On for X in the interval {a,h) and the parameters 
throughout some domain D, and v{x) is either x or a step function of 
positive saltus equal to 1 at the points a, o -f (b —a)/p, o -j- 
2(5— a) Jy, etc. 

Equating to zero the partial derivatives of 7 with respect to the 
parameters, we obtain the following set of equations for the determi¬ 
nation of them: 

J f^F{x)iv—j ti(x) ^F{x)dvc=:0 , i=l,2,”-,n . 

(5.1) 

Let us now assume that f{x) is of the form 

f {x) = XiUifx) 0.2 112 {x) -]-®nMn(3j) . 

Under this assumption (5.1) becomes 


pb pi pi 

2422F(®)dv-f O 2 u^v.,F(x)dv -(-«„ u^uj'{x)dv= u^(x)F{x)u(x)dv 

Ja Ja Ja Ja 

pb pi pi 

u^u^Fixjdv -j- u,2^F(x)dv-i -h u^%JF{x)dv— u^(x)F(x)u{x)dv 

Ja Ja Ja. Ja 

pb pi pi p^ 

“1 M„M^F(*)dv+a2 ■u.„UiF(s:)dv + -h «■„ a.^^F(x)dvz= u„(x)F(x)u{x)dv . 

Ja Ja Ja Ja 

(5.2) 
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If the functions , Un{x) form a set of functions 

orthogonal with respect to F(a:) over the range («,&), that is to say, 
if we have 

J F(x)Ui{x)Uj{x)dv = 0 , , 

a 

then equations (5.2) assume the form 

Oi j F(,x)Ui-dv= ^Ui{x)F{x)uix)dv . 

Employing the abbreviation 


r F{,x)Ui-{x) dv , 

a 


(5.3) 


we can write the approximating equation for u(x) in the simple foim 
u(x) r K(x,t)u(t)dv , 

a 

where we adopt the notation 

.zq(a:)Mi(t) ii2{x)u2{t) Un{x)Un(t) 


K{X,t):=F{t) [- 






’] • 


If we introduce fix) = 2" ai Ui (x) into the integral I with which 
we started and note that 


^ f~ix)Fix) dv ^" 2 ^ ^2 “ 1 “ * ‘ ■ 4 m , 


we obtain 


1= r u-ix)Fix)dv — 2 r uix)f{x)Fix)dv-^ f Pix)Fix)dv 

a a a 

c= { ^i-ix)F {x)dv — 2 (Ui^ 4i-j-4,2 H-)+ ^Pix)Fix)dv 

da J a 

= r u-ix)F{x)dv — r f-ix)Fix)dv^O . 

a a 


We thus establish the Bessel ineq^ULlity 


.4) 


Ai 2.2 4n (^) (^) . (5. 

a 

If the set of orthogonal functions is an infinite set and closed, 
that is to say, if there exists no other function outside the set which is 
orthogonal with the set, then the equal sign holds and the approxima¬ 
tion sign in equation (5.3) is replaced by an equal sign. 
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We should note in passing that the value 


where L ~ F{x)dv^ is the familiar variance of the theoiy of sta- 

a 

tistics. 

From the fact that 


r-i 

0 


= 1 ; > 0 


d-I 

d ai dcij 


:0 


it is obvious that (5.3) furnishes a minimum for the integral I. 

Let us now assume for convenience that F(x) = 1. No loss of 
generality is implied by this since we may replace Ui(x) by Ui(x) — 
y/F(x) Ui{x). These new functions again form an orthogonal set. 
We may also assume without loss of generality that the functions 
are members of a normal set, that is to say, h = 1, since we 
may replace (x) by Ui (x)/\/Xi . 

Bessel’s inequality (5.4) then takes the normal fonn 


H-^ r 'ii-{x)dx . (5.5) 

^ a 

If the set of normalized orthogonal functions is closed, that is to 
say, if there exists no other function outside the set iii (x), which is 
orthogonal with the set, then the equal sign holds in (5.5) for all func¬ 
tions of summable square, A closed set is also called complete. The 
numbers ai, ag, are called the Fourier coefficients of u(x) with 
respect to the given orthogonal set. 

We may now propose the following question: Given a closed set 
of orthogonal functions and a set of numbers ai, a^, , an, • • • such 

that the sum 

d2f • * * -j— Unf —• • * (5.6) 

converges, does there exist a unique function u(x) of summable 
square for which the set forms the Fourier coefficients relative to the 
given system of orthogonal functions? The answer to this question 
is called the theorem of Fischer-Riesz, which may be stated as follows: 

If the series (5.6) converges, then there exists a function u{x) 
of summable square, unique to within a null function,for which the 
set Ui, a 2 , az, * • • is the set of Foimer coefficients corresponding to the 
given closed orthogonal system. 


*By a mill function we mean a bounded function which is everywhere zero 
except over a set of points of measure ze 2 X>. 
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Proof: Consider the series 


71 

Unix) =2 ft* Ui(x) 

i=l 

where Ui(x), v^ix), ••• , w.„(x) are members of a closed system of 
normalized orthogonal functions, and in connection with the series 
consider the integral 


(\Un 

^ a 


if nii * dtT 


R"n+1 ®-^n+2 ~1~ • ■ • “t“ 


Since (5.6) converges we know that 


lim Imn = 0 as m and n-^ oo . 

Hence we know that the set of functions Unix) converges in the 
mean to a limit function Uix). (See section 2, chapter 2). 

In order finally to identify Uix) with the desired function uix) 
we must show that 


I'b 

ai= I Uix)uiix)dx . 

For this purpose we employ the Schwarz inequality (see section 
9, chapter 3) and thus obtain 


t ClUix) —Unix)\Uiix)dxy 
da 

= f iUix) — Unix)}-dx (7if^ix)dx 

a «^a; 

Hence we obtain the desired result 


< e 


pi rb 

I Uix)Uiix)dx— Ixm I Unix)Uiix)dx = ai , 
which establishes the theorem. 

We note finally that any set of linearly independent functions 
ftix),ftix), — ,fnix) 

can be used to construct a set of orthogonal functions necessary in the 
above development. For convenience we define 

ifi,f})= f fiix)fjix)dv . (5.7) 

V a 

Since the functions are linearly independent, we can find con¬ 
stants Ci such that 


if i Oi fij fi )'— 0 , i '— 2, 3, ■5?. • 
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We thus see that the functions = fi{x) — Cj fi{x) form 

a set orthogonal to /i (a;). 

Proceeding similarly we next compute a set of constants di such 

that 

i9i — digi,g.)=0, i=3,4,•••,«. 

Hence the functions h; {x) — gi(.v) — ch gc(:c) are orthogonal 
both to /i (x) and gs (x). 

In this manner it is possible to construct a set of orthogonal 
functions 


fi (x), g. ix), h, (x),■■■ (.V) , 

which may be normalized by dividing the members respectively by 
(S^ 2 ,^/ 2 )^ {hsA)'% etc. 

Since the definitive integral (5.7) is a Stieltjes integral, which by 
means of step functions may be reduced to a series over a set of inte¬ 
gers 1, 2, ••• , p, it is clear that the method of orthogonalization just 
given covers not only sets of continuous functions, but also the types 
of discontinuous functions useful in statistical applications. 

PROBLEMS 

1. From the functions, 1, a:, x-, etc. construct a set of orthogonal poly¬ 
nomials over the range —1 to +1. Show that they are proportional to the Legen¬ 
dre polynomials: 

Pq{x) —ly P^(x) z=zx , P^ix) = VziSx- —1) , P^(x) = —See) , etc. 

Show that these latter are normalized by multiplication by [^/2 1) 

2. Derive the first five Hermite polynomials (see example 3, section 1) by 
constructing an orthogonal set of functions over the range —oo to -foo from the 
functions 

<P(x),x ^(x),x^ <P(x)yX^ <P(x), etc., 

where (p{x) = ^ 

8, From the functions, 1, Xj x^, etc. derive a set of polynomials orthogo¬ 
nal over the discrete range from —p to -\-p, that is, which satisfy the equations 

2 

«=-p 

Show that the first six are the following: 

0„(a;) =1 ; =x ; =x^—p(p+l)/& ; 

(Sp^ -f Sp — l)x/5 ; 

4>^(x)—x*— (6}>2 -1- 6p—5)a:V7 -f 3p(p2_l) (p+2)/35 ; 

{x) = ajs — 5{ 23>2 -f 2p — 3) a;V9 -I- (15p* + 30p3 — 35p^ — 60p + 12) a:/63 . 
Prove that these polynomials satisfy the recurrence formula 
4(4M2—1) 0^^ («) — 4(4w2—1 )X (») 

-1- n^(2p —M.-1-1) (2p-l-M.+l) =0 
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and that they are solutions of the difference equation 

[(p-1) (p+2) -Sx — x^-J A2 

+ [(«—!) (M—2) — 2a-] As6„(£i;) +n(n+l) <l>Jx)=Q . 
4. Show that the functions 






—1, 0 ^ a; < % , 
^ ^ 1 , 


0 , 0 g K < 1 —l/2»-i 

= —25<*'-i) , 1—l/2"-i ^ a- < 1—1/2« , w = 2, 3, ■ 
+ 2 Hn-i), 1—1/2« g a: ^ 1 , 


form an orthogonal system. 

00 

5. Show that the sum Ap^^(x) 

p=0 

is identically zero in 0 ^ a? < 1, where A = C, A = = 1, and the 

functions i^p{x) are defined as in problem 4. 

[The results stated in problems 4 and 5 are attributed to A. Haar by M. 
Flancherel: Les problemes de Cantor et du Bois-Eeymond. Annales de Pecole 
nm'maUy vol. 31 (3rd ser.) (1914), pp. 223-262; in particular p. 224. See also T. 
Carleman (Bibliography) , pp, 62-64.] 

6. From the functions 1, x, x-, x^y etc. construct a set of polynomials L^(x) 
(the Laguerre polynomials) such that 

I e-^ Lyy^(x) L^^(x) = . 

n 

Show in particular that 

L„(.r) =1, L^{x) = (_a-+l)/l! , L,(x) = (x^ — Ax + 2)/2! , 

L3(a:) = (—a;s + 9r2 —18x + 6)/S! , 

L^(x) = + 72x-2 —96ic + 24)/4! . 

7. Construct a set of polynomials such that 


2 =0 > , 

x=~2> 

where we define 


(2p)! 

(p+a:)! (p—x) : 


(i/2)p+ir (i/a)!)-® . 


Show that the first six are the following: 


■*'«(»:) =1 ; —X ; -^oCx) =x^ —p/2 ; 

4'3(a;)=a;3 — Vs (3p —1)» ; 

=x ^—(Sp—2)a;2 + 3p(p —1)/4 ; 

(x) =x^ — 5 (p—1)a:3 + (15p2 _ 25p + 6) x/4 . 

Show that these polynomials satisfy the recurrence formula 
—4a:-i'„(a:) +w(2p+l—w) =0 , 
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and that they are solutions of the difference equation 

+ 2 n ^,,( a ’)=0 . 

[These results, extending the theory of Herniite polynomials to discrete sum¬ 
mation, are due to H. E. H. Greenleaf: Curve Approximation by Means of Func¬ 
tions Analogous to the Hermite Polynomials. Ajinals of Mathematical Statistics, 
vol. 3 (1932), pp. 204-255.] 

8 Show that for n > —1, 


/: 


J,^Ckjx)dxz= 


0 


^ ^ j f 


where is the ?ith Bessel function satisfying the equation 




and where the quantities are the roots of the equation 


J„(X)=0 . 

9. Prove that if uit) is any function analytic in the interval {ct,b) such that 


X 


ti{t)dt — 0 


for n = 0, 1, 2, • • • , then u(t) must be identically zero. [J. Liouville: Solution 
d’un probleme d’analyse. Journal de Mathematique, t’ol. 2 (1837), pp. 1-2.] 

10. Show that if 


J u(t)dt=z0 f m = 0,1, 2, • • • , n —1 , 

then a solution is obtained in the form 

dn 

u (:^) = — [ (x—a) (x—b )« (.r) ] , 

dx^ 

where v^(a) and v^(b) are finite. 

If '^^(a;) =l/[nl (6—a)'»] , show that 

f 0 , m^n , 

(6_a)/(2M+l) , m = n . 

Show also that u^^{x) satisfies the equation 

(x—a) (X— 6) + (2x—a—6) it„.'(x) —nin+l)ii„{x) =0 . 

[H. Laurent: Sur le calcul inverse des integrales definies. Journal de Math., 
vol. 4 (3rd ser.) (1878), pp. 2125-246.] 

11. Let /(X) and g{x) be functions of integrate square in the intei-val 
(a,b). Then if /j are the Fourier coefficients of /(x) with respect to a closed .set 
of functions orthogonal and normalized for the interval (0,6) and if Pj are the 
corresponding Fourier coefficients of oix), prove that 

nti 00 

f{x)g{x)dx = 2figi- 
J a i=i 

[This is the generalized Parseval’s theorem stated in 1806 by M. A. Parseval for 
the special case of a Fourier series but with rather stringent conditions imposed 
upon the functions /(x) and g{x). See Paris mem. pres., vol. 1 (1806), p. 639.] 
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6. The Spectral Theory of Integral Eqvxhtions. In the first section 
of this chapter we defined the principal values and the principal so¬ 
lutions of the Fredholm integral equation 

u{x) ^ ^ ^ K{x,t)u{t)dt (6.1) 

Again in section 5 there were developed some properties of ker¬ 
nels expressed as finite bilinear forms, the elements of which were 
the members of a set of orthogonal functions. 

Since the theory of integral equations and the theory" of quadratic 
forms in infinitely many variables possess a striking similarity to one 
another, amounting, in fact, essentially to a complete dualism, it will 
be illuminating to generalize the investigations of the preceding sec¬ 
tion. 

These generalizations we shall set forth in a series of theorems. 

Theorem 1. The integral equation conjugate to (6.1), namely, 

r(x) =1 j^K{t,x)vit)dt , (6.2) 

has the same set of principal values as (6.1). 

Proof: The proof is immediately obtained from the observation 
that D (1) is the same for the kernel K{t,x) as for the kernel K{x,t). 
This fact is obvious from an inspection of the explicit expansion of 
D{X) given in equation (6.7) of chapter 11. 

Theorem 2. The principal functions, Ui (x), of (6.1) and the prin¬ 
cipal fimctions, Vi{x), of (6.2) form a system of biorthogonal func¬ 
tions. 

Proof: Let Ui{x) belong to the principal value and Vj(x) to 
the principal value Xj, which we shall assume to be different from Xi. 
Now substitute Ui{x) and Xi in (6.1) for u{x) and X respectively, 
multiply by Vj{x), and integrate the product between a and b. We 
then obtain 



ix)Vj{x)dx 


r , 


(6.3) 


where we abbreviate 

Ch Cb 

/= I K{x,t)Ui{t)Vj{x)dt dx . 

Similarly we substitute Vj{x) and 1,- for v {x) and X respectively 
in (6.2), multiply by Uiix), and integrate between a and b. We thus 
obtain 
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r Ui{x)vj{x) dx = XjI . (6.4) 

a 

Multiplying (6.3) byl;, (6.4) by 1; and subtracting the first equa¬ 
tion from the second, we get 

{ki — Xj) r Ui(x)Vj{x)dx~Q . 

^ a 

Since by assumption ^ /I;, the integral must vanish and hence 
we have established the biorthogonal character of the principal func¬ 
tions. 

Theorem S, The Fredholm minor, D {x,t]Ai) is a solution of equd- 
tion (6.1) and the adjoint minor, D(t,x;Xi) is a solution of equation 

( 6 . 2 ). 

Proof-. Referring to equations (7.13) of chapter 11, we obtain 
this result as an obvious consequence of the fact that D(,Xi) = 0. We 
should observe that the theorem does not exclude the possibility that 
the solutions may be the trivial ones %i(x) =0 and r (x) =0. 


Theorem j,. If X = Xi, then the Fredholm minor factors into the 
produict 


D{x,t;Xi) =Uiix)Vi{t) . 


where Ui{x) is a solution of equation (6.1) and Vi{x) is a solution of 

( 6 . 2 ), 


Proof: In establishing this theorem we shall make use of the fol¬ 
lowing lemma: 


If D(x,y) is a function of two variables and possesses first and 
second derivatives with respect to both, then a necessary and sufficient 
condition that it be factorable into a function of x and a function of y, 
D{x,y) = uix)v{y), is that it satisfy the following equation: 




dDdD 
dx dy 


(6.5) 


The proof of the lemma is left to the reader. 

If we now compute A ID (x,t ;X) ], we find after some computation 

that 


00 2 ^ / T \ 

/i[D3=x»(i)2y—i)“^J^- J yt,dt,-dt„ 


( 6 . 6 ) 


where we abbreviate 



542 


THE THEORY OP LINEAR OPERATORS 


/ a;i X 2 • • • Xp 

\y^y^^^^yp 


K 

(Xi,2/0 

‘ {x^^yp) {Xxyt-f) 

• x; (xi 

}tm) 



K(x^,y^) 

■ X(Xi,2/p) 

K (Xi,ii) 

■ ii:(xx 

An) 

K' 

y 

{Xp,y^) 

K (Xp,2/i) 

K (Xp,2/p) 

X (Xp,fi) 

X(Xp 

An) 

K' 

y 

(,ti>yi) 

K{t^,yf) 

X {ti,yp) 

K{tjf) 


Ai) 

K' 

y 

{.tm/yt} 

K{t,n,yi) • 

' ‘ * X {tiy^typ) 

K(hn,U) ■ 

•• K{hn,tm) 


If we denote by M a number greater than or equal to the upper 
bounds of j Z" {x,y)\, \ K'^ {x,y) |, | K'^ (x,y) j, and [ K{x,y) [ over the 
rectangle of definition, then it follows from Hadamard’s theorem (see 
section 4, chapter 3) that 

Since, moreover, we have 


711 I 

lim A (wi + 2) ! = 0 , 

m=Qo \ 

the second factor of (6.6) is seen to converg-e for all values of X. 

From this it follows that A [Z)] 0,, when X = Xi, and the theo¬ 

rem is thus established. 

Proofs of theorem 4, which differ essentially from the one just given, have 
been made by the follo'wing: L. Tocchi: Sopra una classe d’equazioni integrali. 
Per. di Mat, vol. 12 (3rd ser.) (1915), pp. 253-2'61; Due teoremi sulle serie di 
Fredholm. Giornale di Mat, vol. 54 (1916), pp. 141-150; G. Landsberg: Theorie 
der Elementarteilen linearer Integralgleichungen. Math. Annalen, vol. 69 (1910), 
pp. 227"265; and G. Kowalewski: Integralgleichungen. Berlin and Leipzig (1930), 
pp. 199-204. 

It will be observed that this is the extension of the algebraic theory of ele¬ 
mentary divisors to the transcendental case. 

Theorem 5. If for some value X — Xi it happens that 

^2 * * * ^i-1. ^i+1 * * “ Xp 

\yx y%---yi-iyui-"yp 
then the Fredholm minor 

[viyz'-Vp) 

will factor into a function of Xi by a function of yi* 
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Proof: This theorem is a generalization of theorem 4. It is an 
obvious deduction from the following identity where the derivatives 
in the symbol A apply to xi and y,: 



Theorem 6. The series Sp(x) defined in section 1 converges when 

p > 2, 


Proof: This theorem is immediately derived from the fact that 
D{1) is an entire function of genus not greater than 2. (See section 
7, chapter 11). 

Theorem 7. If all the principal values are simple zeros of D{k), 
then the resolvent kernel can he expressed in the form 


kix,t;X) =2 


Ui{x)Vi{t) 
h — X 


■R{x,t;X) , 


(6.7) 


where Ui{x) and Vi(x) are solutions respectively of equations (6.1) 
and (6.2) and R {x,t ;A) is a function which is finite for X = Xi, Xs • • • , 
Xn . 


Proof: Since D(X) is an entire function with a simple zero at 
X = Xiit can be written 

D(A) = (l_10[do + di(l —li)-f ■••] . (6.8) 

Similarly D(x,t;X) can be expanded 

D(x,t;X) = {X — Xi)HD^(x,t) + (X —Xi)D,ix,t) . 

(6.9) 

But from the equation [ see (7.2), chapter 11] 


dD 
dX ' 


rD{t,t; 

^ a 


X)dt 


( 6 . 10 ) 


we see that m must be equal to zero. 

Substituting (6.8) and (6.9) in the equation 

D(x,i;l) ^D{X)K{,x,t) +1 r Ji:(fl;,s)D(s,f;l)(fe 

a 


( 6 . 11 ) 


and letting X Xi, we get 

Dx{x,t)t=Xi r if(a:,s)Z)i(s,f)<fe . (6.12) 

a 
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Moreover since Diix,t) t= Dix,t;it) and since by theorem 4 
Dix,t;U) factors into the product of a solution of (6.1) by a solution 
of (6.2), we at once obtain as the residue of 

kix,t]X) ^D{x,t)X)/D{X) 

at 1 >= Xi, the value u-, {x) Vi (t) / (Xi — A). The argument is obviously 
extensible to any finite number of principal values. 

Theorem 8. If all the principal values of K (x,t) are simple zeros 
of D{X), then the kernel can he expanded in the form 

VI +\ Ui{xYVi{t) 

K.{x,t) =2 — —|-o(x,r,A) (6.1o) 

i~i 

ivhere 


S {x,t ;X) =R {x,t ;X) —X Ck (x,s)R (s,t ;X)ds . 

^ a 

Proof: Substituting the value of fc(a;,i;A) given by (6.7) in equa¬ 
tion (7.5) of chapter 11, we obtain 

K (x, t) —k {x,t ;/) — X f K(x,s) k {s,t ;X)d& 

^ a 

ft Ui{x)Vi{t) 


^ X 2li(x)Vi{t) 

Xi—X 17 Xi — X 

*b 


^ (‘T) 'i'', (0 


-\-R{x,t;X)—X f K(x,s)Ris,t;X)dt 

J a 

j-S(x,t;X.) ■ 


The arguments employed in the proofs of theorems 7 and 8 can 
be extended without difficulty to the case where D(X) has a zero of 
order p. We may then replace equation (6.8) by 

D(X) = (X — X,)'’[do-j-d,(X — XO+---l , (6.14) 

and hence obtain from equation (6.10) that m p — 1. 

If then both U (A) and D (a;,t;A) be substituted in equation (6.11), 
the factor (A — Ai)”* removed, and A allowed to approach Xi, equation 
(6.12) is again obtained. 

In the neighborhood of the principal value A = A,, the resolvent 
kernel now has the expansion 


k{x,t;X) 


kp l^Xft'^ 

(Ai — A)*" 


fcp-i (S'jt) 
(Ai —A)"-^ 


kx (a,t) 
(Ai A) 


R{x,t;X) 

(6.16) 


where R {x,t ;A) remains finite for A = Ai. 
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Since K{x,t) = k{x,t ;0), the expansion of the kernel correspond- 
to (6.13) is immediately written down from (6.15). 


irJK,ui3JLjJLmo 


D{\) 


i 7 1 > 


1. Show that if 

K{x,y)=zX,{x)Y^(y) + X^Jx)Y^{y) XJx)YJy) , 

where X^{x) and Y^{y) are integrable over the fundamental square, then DCK) 
is a polynomial of degree n. 

Show in particular that 

and that 

Dix,t) ; 

where we write 



X^(x) 

a,> 

a.. X, (^) 



Y,(t) y,(t) 

YnW 0 


pi. 

°'ii = ^li — ^ 

Xi(t)Xj(t)dt 


[Bilinear kernels were first studied by E. Goursat: Sur un cas elementaire 
de I’equation de Fredholm. Bull, cle la soc, math, de Frayice^ vol. 35 (1907), pp. 
163-173. The extension of the theory to bilinear kernels in an infinite number of 
variables was made by H. Lebesgue: Sur la methode de Goursat pour la resolu¬ 
tion de I’equation de Fredholm. Bull, de la soc. math, de France^ vol. 36 (1908), 
pp. 3-19.]. 


2. Show that if the functions X^(x)F^(2/) of problem 1 possess first deriva¬ 
tives, then 

( X X'\ 

Y Y') ’ 

where we abbreviate 




«12 •• 



X 

«21 

^2 •• 

^271 


^2 

a-m 

■■ 

^nn 



Y^ 

Y, • 

■■ Yn 

0 

0 

r,' 


■■ r'„ 

0 

0 


3. If a kernel has a finite number (m) of proper value, prove that the traces 
ip > 2), must be linearly dependent. 





546 


THE THEORY OF LINEAR OPERATORS 


4. Prove that if (p > 2), are linearly dependent, then 

the kernel to which they belong can have only a finite number (m) of princi¬ 
pal values. 

5. Prove that for the existence of a solution u(x) of the equation 

u(x) z=zf(x) + Xj r K(xyt)u(t)dt , 

^ a 

where X. is a principal value, it is both necessary and sufficient that the function 
f(x) satisfy the equation 


J* f(x)Vi{x)dx = 0 , 


where Vj (a:) is the solution of the adjoint 

=X 


i f K(t,x)Vi 

^ a 




(This result is referred to in the literature as Fredholm*s third theorem.) 
6, Show that the solution of the equation 


0 


i(r)~6:c2 — 6r + 1-f-X’^ |- (x-\-t)u(t)dt , 

where D(X*) = 0, is 

tc(x)=6x^ — 6r 4-1 + c(via; + 1) . 


7. The Spectral Theory Associated ivith Symmetric Kernels. Re¬ 
sults of great elegance can be obtained when the theory of the pre¬ 
ceding section has been specialized so as to pertain to the symmetric 
kernel- Moreover, the spectral theory of the Fredholm integral equa¬ 
tion in this specialized form is so closely analogous to the spectral 
theory of quadratic forms as set forth in section 2 that one can with¬ 
out difficulty state the theorems in one discipline by an almost obvious 
translation of the theorems in the other. Since, however, there is 
illumination in the proofs, we shall derive some of the principal re¬ 
sults in the spectral theory of the symmetric kernel. 

From the roots of the Fredholm equation 

DU) =0 

we obtain a set of principal values, 1^, I 3 , * * • , hi corresponding to 

which there exists a set of principal functions, u^ix), v^ix), , 
{x ), which satisfy the equation 

Ui{x) r K{x,t)Ui(t)dt . 
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Theorem 9. Every symmetric, qtiadratic integrable kernel, which 
is not CL null function, has at leoMt one principal vahie. 

Proof: This theorem, first established by D. Hilbert in his Grund- 
ziige (p. 22), has been proved in several ways. One of the most no¬ 
table is due to E. Schmidt, whose papers on integral equations, par¬ 
ticularly as they pertain to the properties of the symmetric kernel, 
are now classic. (See Bibliography), The following proof, however, 
is taken from A. Kneser.**^ 

From section 7, chapter 11 we have the equation 

D'O) 

D{X)~ 


- (Si - 1 - 1 'So -)- A" S 3 -p /" S 4 -j- * • ') (7.1) 


where the coefncients 


j; 


K,{t,t)clt 


are traces of the kernel. 
Since 


we see that 


Etyi+n Ged) Kn (^t,y) dt , 

^ a 

Stn+7i ' - r K,„ {s,t)Kn{t,s)dt ds , 

J a 

and hence by the Schwarz inequality (see section 9, chapter 3) 

. (7.2) 

We now observe that since D'{a) and D (1) are both entire func¬ 
tions of 1, series (7.1) will converge only within a circle of radius 
I I , where h is the first principal value. It is now our purpose to 
establish an upper value for this radius. 

If in (7.2) we set m p-j-1, n c= p —1, we obtain 

S^ 2 p = S2P+2 Sop-Z f 

an equality which may be written in the form 

S^ 2 p—2 S 2 p 

S2P4-2 

provided none of the denominators is zero. 

Letting p assume successively the values 2, 3, 4, 

S, Se'-^Ss^ 


^2p 

S2p-h2 


, p, we obtain 
(7.3) 


*Ein Beitrag zur Theorie der Integralgleichungen. Rendiconti di FaZermo, 
vol. 22 (1906), pp. 233-240. 
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We next note that 

52,,= r° r [Knis,t)y ds dt 

n. ^ a 

from which we see that So,, cannot be zero unless {x,t) is a null 
function. 

In order to show that Kn{x,t) is not a null function, we need the 
lemma: If K(x,t) is symmetric and is not a null function, then the 
iterated kernels are symmetric and not nidi functions. 

The symmetry of {x,t) is proved by induction. For this pur¬ 
pose we first assume that Kn-i ix,t) is symmetric, and then compute 

Knix,t) z= r Kn-iix,s)K{s,t)ds 


= I k„-^{s,x)K{t,s)ds 

^ a 

‘ — I^n i'lfX') • 


(7.4) 


Since, moreover, by the same argument, which makes use only 
of the known symmetry of K{x,t), we know that K,i(x,t) = Ki(t,x). 
Hence by induction we prove that all the iterated kernels are sym¬ 
metric. 

Let us now assume that of the kernels K 2 ix,t), Kz{x,t), ••• , the 
kernel Kr{x,t), where r 1, is the first null function. Then by the 
first equation in (7.4), Kr^i{x,t) must be a null function, and hence 
by iteration all the other kernels must be null functions. But since 
either r, or r-fl must be an even number, 2m, we shall have 

K 2 „:(x,x) — r Km{x,s)K,„(s,x)ds= r [E;„(r,s)]^ ds = 0 , 

a ^ a 

except over a set of points of measure zero, since is a null 

function. But this is impossible since Km(x,s) is not a null function. 
The contradiction proves the lemma. 

Now returning to the sequence (7.3), we see that all the fractions 
exist and are not zero. In particular we have 



Since, moreover, the square of the radius of convergence of (7.1) 
is given by 


= lim 

S=oo s. 


Sap 


2p+2 



we have proved that i 1 ^ ySs/S*, which establishes the theorem. 
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Example. As an example, consider the kernel 

, x^t . 

We can show by direct calculation that So — 1/90, S '4 = 1/9450, 
and hence that | li i ^ V (9450/90) — V105 = 10.2470. 

Since D (A) = (sin \/J)/ it is clear that Ai = = 9.8696. 

Theorem 10. All the principal vcobies of a symmetric kernel are 

real. 

Proof: Since the coefficients of D{X) are real, the conjugate, 
u = a — bi, of a complex I'oot, 1 = a + bi, must also be a principal 
value. Hence — i is the principal function corresponding 
to i, then V t=Ui — itu is the principal function corresponding to y.. 
Then from the orthogonality property we get 

{ u{x)v{x)dx= I [tti^(a;) + ^^■ 2 ■(x)] dr = 0 , 

which is impossible. From this contradiction we derive the proof of 
the theorem. 

Theorem 11. If ,n is the principal value for a symmetric kernel 
and v(x) is the corresponding principal function, then /x” and v{x) 
are the corresponding principal value and principal function for the 
iterated kernel Kn{x,t). 

Proof: By hypothesis 

r>> 

vis) 

from which we derive 




f Kis,t)v it)dt ; 

a 


f'’K(a:,s)-i;(s)dst=:« rKix,s)Kis,t)vit) 

J a ^ a ^ d 

"J' 


dt ds 


’’K^ix,t)vit)dtc=yvix) 


that is to say, 

vix) c=iP r K2ix,t)vit)dt . 

J a 

Since this argument may be continued to higher kernels, we fi¬ 
nally obtain 


vix) 


J 


ix,t)vit)dt 
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Theorem 12. If K{x,t) is symmetric, then the poles of its resol¬ 
vent are simple. 

Proof: Let us assume the contrary, and for simplicity of argu¬ 
ment, let us assume that the order of the zero 1 — h of D{X) is 2. 
Then from equation (6.14) in which p = 2, equation (6.9) in which 
m n= 0, and from (6.11) and its derivative with respect to A, we read¬ 
ily obtain 

Di(a;,t)=Ai f Kix,s)D^{s,t)ds , 

a 

D2ix,t)t=Xi rK(x,s)D2(s,t)ds-l- f Z(x,s)Z?i(s,t)ds 

a a 

= Xi rKix,s)D,{s,t)ds ^ ^ DAx,t) ■ 

*'a 

Multiplying the first of these equations by D 2 {x,t) and the sec¬ 
ond by Di {x,t), subtracting the first product from the second, inte¬ 
grating with respect to t, and taking account of the symmetry of the 
kernel, we can show without difficulty that 


r[I)i(x,t)]=dt = 0 . 

J a 

Since Di (x,t) is not a null function, the assumption that the re¬ 
solvent has a pole of second order is false and the theorem is proved. 

From this theorem it is evident that the expansions (6.7) and 
(6.18) for symmetric kernels are always respectively the following: 


kix,t;l) R{x,t-,X) ; (7.5) 


i=l A, 


■I 


K{x,t)=^i — — + g ix,t;X) . 

i=l 

Theorem IS. Every continuotis function of the form 


F(x)= rK(x,t)h(t) 

^ a 


dt 


(7.6) 


(7.7) 


where h(t) is a function of integrable square and K{x,t) is a sym¬ 
metric kernel of integrable sqivare, can be developed in a uniformly 
convergent series of the principal functions which belong to K{x,t). 


Proof: This theorem is due to D. Hilbert and E. Schmidt and is 
generally referred to as the Hilbert-Schmidt theorem.* We begin by 
assuming the expansion 


*Hilbert: Grundsuge, pp. 24 et seq.; Schmidt: Sea Bibliography. 
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F{x)^-2findx) , (7.8) 

i=i 

from which we derive obviously 

fiz^ ( F{x) Ui{x) r K{x,t) }L{t) mix) dx = 

a ^ a a 

where we use the abbreviation of (5.7). 

Employing the Schwarz inequality (see section 9, chapter 3), we 

have 


Pii^ = [Ai^ti(^) f iidl'iii (x)1- ^ [ (■^tiijh) ^-f--j- (?tm,/l) 

'u„-{x) I ^^t„-{x)^ 

)\ ; 2 < * 1 ; 2 

Since the quantities (UrJi) are the Fourier coefficients of a func¬ 
tion of integrable square, the sum of their squares converges by 
Bessel’s inequality [see equation (5.5)]. Hence the first sum on the 
right side of the inequality is less than some arbitrarily small positive 
constant s when n and m exceed M. Moreover, the quantities tir{x)/Xr 
are the Fourier coefficients of the function K{x,s) and since the in¬ 
tegral of its square exists, the second sum on the right side of the 
inequality also exists by virtue of Bessel’s inequality and is inferior to 
some arbitrarily small positive constant e'. Hence is less than 
e s' and from this we infer that series (7.8) converges uniformly and 
absolutely in (a, 5). 

In order to identify F{x) with the series which forms the 
right member of (7.8), we designate the series by S{x) and consider 
the difference 


P{x)r=F{x) —S{x) . 

Since P{_x) is orthogonal to all the principal functions and hence 
to K{x,t) we shall have 

rP2(a;) dxz= rF(a;) P{x) dx— rS(iK) P(x) dx 

Ja a ‘'a 

= {'‘f{x) P{x) dxz= ( P{x) r K{x,t) h{t) dtdx 

Ja •''a CL 

= r /i(i) r K{x^t) P{x) dxdt t=0 . 

From this we infer that P(®) is zero and hence that F{x) is 
equivalent to S (a?). 
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Theorem 1I^. The principal values of a positive definite symmetric 
kernel are positive; conversely, a symmetric kernel is positive definite 
provided the principal values are positive. 

Proof-. Consider the integral 

I(h)c= r r K(x,t)h(x)h(t)dxdt. 

J a •'a 

We know from theorem 13 that 

„ OD 

F(x)=: K{x,t)hit)dt='ZfiUiix) , 

•J a i=l 

from which we immediately infer that 

Hh)= CFix)dx=^^^^!^^^ ■ (7.9) 

Hence, since / (Ti) > 0 by hypothesis, the principal values must 
be positive. 

Conversely, if the principal values are positive then the kernel 
is positive definite. That the condition is sufficient is at once seen 
from (7.9). That the condition is also necessary is observed from the 
case I iui) = 1/Xi . 

Theorem 15. If K {x, t) is a positive definite, continuous, symmet¬ 
ric kernel, then it may he represented as follows: 


i=i Ai 


where the series converges uniformly and absolutely. 


(7.10) 


Proof: This theorem is due to J. Mercer and is usually referred 
to as Mercer's theorem,^' We shall first represent the series compris¬ 
ing the right hand member of (7.10) by S {x,t) and the first n terms 
by Sn (x,t ). Assuming then that S ix,t) is uniformly convergent in the 
fundamental square, we shall begin by proving that K {x,t) = S {x,t). 

For this purpose let us consider the function 


Hix,t) =K{x,t)—S{x,t) , 


Functions of Positive and Negative Type and their connection with the The¬ 
ory of Integral Equations. Trans, of the London Phil. Soc, (A), vol. 209 (1909), 
pp. 415-446. Other references to the subject of positive kernels include the fol¬ 
lowing: H. Bateman: On Essentially Positive Double Integrals and the Part 
which they play in the Theory of Integral Equations. British Assn, Report {Lei¬ 
cester)^ vol. 77 (1908), pp. 447-449; On Definite Functions. Messenger of Math., 
vol. S7 (1907), pp. 91-95. H. S. Carslaw: Functions of Positive Type and their 
Application to the Determination of Green’s Functions. Messenger of Math,, vol. 
42 (1913), pp. 135-140. W. H. Young: A Note on a Class of Symmetric Functions 
and on a Theorem Bequired in the Theory of Integral Equations. Messenger of 
Math,, vol. 40 (1910-1911), pp. 37-43. 
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which is obviously symmetric. If it is not identically zero it will possess 
at least one principal value, a, and a corresponding principal function, 
u(x), which is not identically zero. 

We then form the equation 

I u{x) dx'=l I U{Xyt) ii{t) Ui(x) dx dt , 

the right hand member of which, from the uniform convergence of 
S {x,t ), can be integrated term by term. We thus obtain 

u{x) Ui{x) dx^— ii{t) Ui{t) dt — ~ iLi{t) u{t) dt^Q . 
da /i: J^, 

Hence u{x) is orthogonal to all the principal functions and thus 


u(x) 


f 

a 


H{x,t) u{t) dt = X K{x,t)uit)dt 


that is to say, u{x) is a principal function and i a principal value of 
the kernel. From this one immediately concludes that uix) is either 
identically zero or else a linear combination of the members of the 
original set of principal functions. But the fact that u(x) is orthogo¬ 
nal to all the members of the set proves that the second possibility is 
untenable and hence ^^(a;)=0 . This contradiction proves that 
H{x,y) =0 . 

We shall now show that S{x,t) is uniformly and absolutely con¬ 
vergent in both variables, provided K(x,t) satisfies the conditions of 
the theorem. Since the kernel is positive definite, all the principal 
values are positive; hence we obtain from the Schwarz inequality (see 
section 9, chapter 3): 




— Sn{X,t)y~ 


2 


L 


Uiix) 

"\/ 


Uijt) ^ Udjx) 

'\/Xi _ i=n 


%~n A I 


We now observe the inequality 


^ 0 , (7,11) 

i~l M 

and in connection with it the following lemma due to U. Dini:* 

If a series of 'positive continuous functions of a single variable 
converges to a continuous function, then the series converges uniform¬ 
ly in its region of definition. 


§99. 


*Fondamenti per la theoria delle funzioni di variabili realL Fisa (1878), 
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Since from (7.11) the series JU is seen to conform to 

the conditions of the Dini lemma, it converges uniformly in (a, b). 
From this it follows that there exist positive quantities s and M in¬ 
dependent of the variables, such that 

[S,nix,t) —Sn(.X,t)y < S , 


when m, n > M, and from this we conclude that Six,t) converges 
uniformly in the fundamental square. 


Corollary: 
given by 


If K{x,t) is a symmetric kernel, then K 2 (x,t) is 


K..{x,t) 


Ui{x) Ui{t) 

' I? 


and the series converges absolutely and uniformly in the fundamental 
sqtiare. 


The proof is derived from the observation that the principal 
values of K^{x,t) are positive. Hence by theorem 14 the kernel is 
positive definite. Since it is also continuous we may apply the results 
of theorem 15. 


A very important application of the results discussed above is found in the 
theory of the following Sturmian system: 

d 

— (ptt') — qu + >^ku = 0 , 

dx 

u'(a) =hu{a) , 

%i'ib)=i—Hu{b) , (7.12) 

where p{x), q{x)j and h(x) are positive and continuous and p'{x) is continuous 
in the interval (u,6). The constants h and H are positive. 

Eeferring to the theory developed in section 5, chapter 11, it is at once seen 
that the Green’s function for the equation 


L(^l) — qu=:0 , (7.13) 

dx 

subject to the boundary conditions of (7.12), is symmetric since the system is 
self-adj oint. 

Moreover, system (7.12) is equivalent to the integral equation 

7i(a:)=^ r '^(Xyt)k(t)tL(t)dt . (7.14) 

a 

If we write tv{x) Vk{x) u(x) , then this equation can be put in the sym¬ 
metric form 


'W(x) 


I 


K{x,t)w(t)dt , 


(7.16) 


where we abbreviate 


Kix,t)=F{x,t)lkix)k{t)Ji . 


(7.16) 
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"We slia.ll now prove that the Jcet'^iel is positive definite. For this pur¬ 

pose consider the following identity: 

( u(x)L(u)dxr=— {p[M'(fl:)]2 4-3 212} dr-1-(7.17) 

which is easily established from the identities of section 2, chapter 11. 

If now we let X ~ X,^, where X^^ is a principal value of (7.14) [and also of 
(7.15)], and if u(x) = the corresponding principal function normalized 

by the condition 

r k (x) (x) dx =z 1 , 


then (7.17) becomes 

+ ^ + Hp(6)[n.^^(5)]2 . 

a 

From the conditions on the functions and the two constants, it is obvious 
that X„ is a positive number. Hence from theorem 14 the kernel K{x,t) must be 
positive definite. 

We are thus able to deduce that the principal functions of the differential 
system (7.12) form a closed, and hence infinite, set and that an arbitary function, 
f(x), of integrable square can be expanded in terms of them. The series thus 
obtained is referred to as a Sturm-Liotwille series. 

We have already discussed at length in example .2, section 1, a special case. 
The reason why such elegant results were obtained is now seen to be essentially 
the positive definite character of the kernel of the equivalent integral equation. 


PROBLEMS 


1. Prove that for a symmetric kernel 

where k^, • • • , k^_^ are the multiplicities of the roots X^^, X^, • 
where we abbreviate 


Qn — — 


A 

X/ 


A 

X,^ 


'^p-1 






Hint: Consider the development of 












Then set X = Xg + and show that 

— == (^2 + > 

where -> 0. [A. Kneser: Ein Beitrag zur Theorie der Integralgleichungen. 
Rendiconti di Palermo, vol. 22 (ldO'6), pp. 233-240.] 
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2. Show that for a syiiuiietric kernel 


Sin-1) 5 («) 

"• >n=ijD ^(K-I) 

‘jni 2ni+2 


where we abbreviate 




dt^ 


From the expansion 


.■■(%)"(%)'■■■(%)’ 


where + 2s^ + • • * + prove that 

Soy^rMO (^“2m — ^4m) 


•VO. _-j* -'2m-f2 2m 

= S—r^2 --v ’ 

Wi=X‘ 2m-f2 '^2»j-i-4-' 


^2_ (^‘2m+2 ^^ 4 ^ 1 + 4 ) (^^2m ^^2m^4m 

m=x) (^^2m (^^2m+3 


^'^2m+2'^4m+4 ^^Qm+6^ 


[I. Schnr: Zur Theorie der linearen homogene Integralgleichungen. Mathe- 
matische Annalen, vol, 67 (1909), pp. 306-339.] 


The theory of the skew-symmetric kernel is similar in many respects to the 
theory of the symmetric kernel. The following theorems contain the essential 
characteristics of this kernel: 

3. Show that a skew-symmetric kernel has at least two principal values, 

4. Prove that the principal values of a real skew-symmetric kernel are pure 
imaginaries. 

5. Show that the poles of the resolvent of a skew-symmetric kernel are 
simple. 


6. Prove that if u(x) is the principal function of a skew-symmetric kernel, 
then u{x), the conjugate imaginary of u(x), is the principal function of the 
associated kernel. 


8- The Equivalence of the Theories of Quadratic Forms and 
Integral Equations. We have already commented in section 6 about 
the remarkable dualism which exists between the theory of quadratic 
forms and the theory of integral equations. The reason for this strik¬ 
ing similarity is easily exhibited by means of the properties of the 
symmetric kernel which were developed in the preceding section. 

Let x{t) represent a function of integrable square and let us 
consider the following expansion valid in an interval a'^t^b: 

X {t) n=z (t) -j- X^2 (^) (^) * (8,1) 
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The functions •cpiXt) are the members of a closed set of noirmal- 
ized, orthogonal functions in (a, 6), and hence we have 

(flit) dt . (8.2) 

Let us now introduce a symmetric kernel, K (s,t), to which belongs 
the normalized set of principal functions: Ml(s), ; 

we shall assume that the set {u, (s )} is closed over the interval (a, b). 
Then if we define 


r r Kis,t) ds 

a a 


dt — a 


'PQ - J 


we shall attain immediately from (8.1) and (8.2) the symmetric 
quadratic form 

rb rb XI 

F{x,x) — I I K{s,t)x{s)x(t)ds dti='Z<ipqXpXq . 

Since by assumption both the set {ipi (t )} and the set {Uj (s)} are 
closed, we can form the series 

00 

x{t) , l/i= I x(t)Ui{t)dt ; 

i=l tJ a 




I Vij (t) , 


<pii— J* Vi{t)Uj(t)dt ; 


Uj (^) 1 = 2 '^ij (^) • 

i=l 

Moreover, from the equation 

ri) 00 

I '9^7 (^) c— 2 ~} 

Ja Ttel 

it is seen that the matrix | \q)ij [ ] is orthogonal. 

From the equations 


x{t) t=^Xiq)ijUj{t) 

ij=^i ;=i 


= 2 Vj ^3 (^) 
i/=i 




we at once obtain the orthogonal transformations: 


00 


” 2 ^^3 f 

i=l 


iCi c= 2 Vj <Pi3 • 
;=:1 
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Since the functions ui{t) belong to the kernel K{s,t), it is clear 
that the form F(a:,x) can be normalized in terms of the yi as follows: 

ni ph 00 

F{x,x)= I x(s) I K(s,t) 2yptOp(t) dids 

Ja Ja p=i 


rh CO 

= *(S)2 

p=l 


Vp 


•S yp" 


■cfsi 


7 

P=1 Ap p=l Ap 

Moreover, from the integration of the equation 
x{s) = A r K{s,t) xit) dt , 

J a 

we obtain 

nb pb pb 

x{s) ds = /. J K{s,t) x{t) ds dt , 

Ja Ja Ja 

from which we immediately derive the following infinite system; 

(8.3) 


CO 

Xp -2 ^pq ‘ — ^ > jP- 1? Of 

Q=1 


Conversely, from the solutions of (8.3) we derive 


pb GO 

:{s) =A KiSft) 2 Xpq7p{t) dt 

Ja ■p=\ 

CO pb 

= / K{Sft) <pp{t) dt . 

p=i a 


Having thus obtained the main features of the theory developed 
in section 2, we see that the construction of the resolvent of the form 
F(x,x) may be obtained in an obvious mannei’. 


9. The Continuous Spectmm of a Quadratic Form — Hilbert’s 
Example. In section 2 there was developed a normalization theory of 
quadratic forms which centered around the properties of the charac¬ 
teristic numbers of the form. The formal development of this theory, 
however, assumed the existence of a discrete spectrum and any con¬ 
densation of the members of the spectrum in the finite plane was ex¬ 
cluded. That this assumption is a severe restriction upon the theory 
of infinite quadratic forms was pointed out by Hilbert, who gave a 
simple, but elegant example, which it will be profitable for us to dis¬ 
cuss at this point. 

Let us consider the following quadratic form: 

F {XjX’) = 2 (Xi 2/2 2/2 2/3 2 / 32/4 ~|— ’ * * ) , 


(9.1) 
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which has for characteristic numbers the roots of the equation 


A(fi) = 


/< —1 0 0 0 0 

-1 fi —1 0 0 0 

0—1 —1 0 0 
0 0—1 « —1 0 


= 0 . 
(9.2) 


In order to determine explicitly the nature and distribution of 
these roots let us represent the mth principal minor of A (fi) by Amifi) . 
Expanding this determinant by the elements of the first column, we 
immediately obtain the recurrence relation 

AdA^A (y) —, 

We compare this with the similar formula for the Legendre 
polynomials, namely, 

P«.(y2«) = (1—l/2m) — (1—l/m)P»-2(i/2,u) , 

and thus observe that when m co , we have 

^<11 (i^) —^kP ,),(%/<) . 

Noting the asymptotic formula* 

+ Oil/n^n , 

where 4 is between 0 and n, we see that the zeros of Pn (%,«) con¬ 
fined to the interval between —2 and -{-2> and tend to a continuous 
set as w -» oo . 

We thus infer that the characteristic numbers associated with 
the quadratic form (9.1) form a continuous spectrum between —2 
and ~|~2. 

In order to bring this conclusion within the scope of the theory 
developed in section 2, we now replace the transformation T-^F 
[equation (2.18)] by the integral 

T\\yHp) dfx . (9.3) 


*See E. W, Hobson: The Theory of Spherical and Ellipsoidal Harmonics. 
Cambridge, 1931, p, 297. 



560 


THE THEORY OP LINEAR OPERATORS 


Since is an orthogonal linear form in the variables Xi, we 
define it as follows: 


00 

y{ij) , 

i=l 


(9.4) 


where {Ui {(/) } is a normalized set of functions orthogonal in the in¬ 
terval between —2 and -f-2. 

Such a set is furnished by 


^ ^_ 1 sin pt 

~T^XsKW' ’ 


cos t = 


, . ^ ^ Won , when «. = wt+l OP —1 > 

^ cos t sm mt sm nt ii ^ or m-1 , 


From the fact that 

pir 

we immediately derive 


£,»r 


(a) du = F {x,x) . 


We next note that the reciprocal of the form, X I (x,x) — F (x,x), 
is given by 


F (^XjX jA) — ^ 


- y^^n) djj L 

2 A —/< 


(9.5) 


“i^pg(A) X^Xq , 
pq=X 


where we abbreviate 


R 


2 sin pt sin qt 
cos t 




dt 


vJ: 


COS(p- Q)t — COS (p -i-g)t 

X — 2 cos t 


dt • 


From the integral 


cosaxdx 

71 

"A— (A=__4)5 - 

K X — 2 cos X ~ 

(A2—4)i 

2 


where o is a positive integer and A i> 2, we derive 
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sinh qL , P > q , 

RdqU)—- /j 2 __tyt ^'’^sinhpL , ‘p = q , 

* sinh pL , P < q , 

where we employ the abbreviation 

L = log[i/ 2 {i—a=-_4)*}] . 

It is instructive to verify this result for the cases p = q = 1 , and 
p^2,^ qc=l. 

Since X I (x,x) — F {x,x) is a Jacobi form (see chapter 3 ), we can 
investigate explicitly the solution of the associated system of linear 
equations, that is to say, the system 

XX^ - fcl /2 ^ — 1 , 

—Xi -]— XX2 — A’a cz= 0 , (9'6) 

— x-i — Xxz — Xi 0 , 

— X'^ — Xx^ a '5 —— 0 , 

It is clear that the general solution of this system is given by 

Xp = Fpi ( 1 ) , 

and hence we immediately derive 

x-L != - ■ r 6 '' sinli L <= YzX — Yu (J-—4) • , 

—4) ■ 

a;, ^ ^ ~ 4) ■ — 1 . 

Referring now to the explicit solution for given in section 2, 
chapter 3 , we can compute Xi directly as follows: 


that is, 



From this equation we derive immediately 
Xj. = Yz^ — Vs ' » 

and from the first equation of system (9.6), 
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— 1 = 1/2;.^ — 1/2^ (^ — 4 ) ' — 1 = , 

results which agree with those obtained above. 

We now inquire whether the solutions of (9.6) belong to Hilbert 
space. From the explicit values of Rpx{X), it is immediately seen that 

X^r=R-py{X) , 

and hence the convergence of the series 

OC' 

is dependent upon the inequality Xi- < 1 . This leads to the definition 
|jl] > 2, and hence the solutions of (8.6) belong to Hilbert space for 
all values of X not included in the spectrum of F(x,x ). 

E. Hellinger in a notable paper: Neue Begriindung der Theorie 
quadratischer Formen von unendlichvielen Veranderlichen, Journal 
fur Mathematih, vol. 136 (1909), pp. 210-271, took his departure from 
a consideration of the solutions of the homogeneous system corres¬ 
ponding to (9.6), that is to say, of the system 

Xx^ — X, = 0 , 

— x-x Xx^ — Xz 0 , (9.7) 

—X 2 — XXi — X4 = 0 , 

If we replace X by 2 cos fi and assume that Xj = a sin y , we may 
then compute 

x^ = Xxi — aZsixifi cos y = a. sin 2y , 

— —Xi -|- Axa = —a sin y 4 - n 2 cos y sin 2 y = a sin 3 y , 
and in general, 

x„ = a.sinwy . 

It is now observed that this solution does not belong to Hilbert 
space since the series 

2 Xm- = 0-^2 sin^my = a^ [%n -1- % — %{sin y/sin y}] 

m-1 ?)tel 

has no limit as w -?■ co . 

Hellinger observed, however, that the functions 
Vnifi) = I a:„(y) dy 

belong to Hilbert space and hence he was led to broaden the field of 
permissible solutions to include those whose integrals belong to Hil¬ 
bert space. 
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PROBLEMS 


1. Show that the spectrum of the form 

F{x,x) =2 + a^x^x.^ + + ■■■) , 

where = iw/ {Am? — 1) '^, is the totality of values between -f-l and —1. Show 
that the generating set of normalized orthogonal functions is given by 


where P„{x) is the wth Legendrian polynomial satisfying the equations 
(n + l)P„+i(*) — (2Ti+l)a;P„(x) +MP„.^(r)=;0 , 

0 , m=j^n , 

2/(2n+l) , w = n . (Hilbert). 

P(.i’,.i') where F{x,x) is 


i: 




2. Show that the reciprocal form lpl(x',x) 
the quadratic form of problem 1, is equal to 


R(x,x;\)=K^ V(2p—1)(2(^~-1) , q^p, 

pq^l 

in which Qq(\) is the Legendrian function of second kind and K is 1 or 2 as g is 
equal to or greater than p.'^ (Hilbert). 


3. Solve the system of equations 

\x^ — ^2 = 1 , 

— x^ -h X cCg — a., iTg =: 0 , 

— a^x^ -hXx^ — a^x^:=z0 , 


where the values of the coefficients are those given in the first problem. (See 
section 2, chapter 3). 

10. Some General Considerations Concerning the Continnom 
Spectra of Qnjadratic Forms. The special problem which we have dis¬ 
cussed at length in the preceding section may be generalized in the 
following manner. 

Let us assume that we have a quadratic form 

00 

F{x,x) t=^ci,ijXiXj , {aij — dji) (10.1) 

where the variables are assumed to belong to Hilbert space. The 
form may have both a discrete spectrum, ps,--- and a continuous 


*This depends upon establishing the identity 


r^p,(M)P,(fi) 

•o' X P- 


d/* = 2P,(X)QJX) 



For p = 0, this reduces to what is called Neumann's formula IJournai fur 
Math., vol. 37 (1848), p. 24.] 
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spectrum over a set of intervals, M-,, Ma, Ms, • • • in the infinite range 
from —CO to +CO . 

Under these conditions we may assume that (10.1) can be written 
in the following way: 

OD 00 Too 

F{x,x) === 2 “ H"* I fx d^cF{^x,x , ( 10 . 2 ) 

i=i i=i J-zn 

where the matrix is orthogonal and the quantity a{x,x;fM) is a 

quadratic form which depends upon the continuous variable fx. This 
form is assumed to be identically zero except over the range, M,, M^, 
Ms, - • • of the continuous spectrum. 

Similarly the inverse form 

E{x,x;p.) = Uil{x,x) — F{x,x)y^ 


may be written 


R {x,x ;,<i) 



i=i _ 

il - fli 



d<rix,x;X) 
p.—X 


(10.3) 


The second term of the right hand member of this equation has 
been called by Hilbert the spectral form associated with F{x,x). 

A special case of particular importance is found in the theory of 
Laurent forms, which we have defined in chapter 3. The general 
Laurent or L-fomn may be written 


U(r,rr) —2 ^q-p^p^q , (10.4) 

P'P-'XI 

which, for convenience, we shall assume is Hermitian. 

Now consider the associated function, 


/(z) — Cq —|- c^z CoZ" —• • * 

-}- -j- C-^Z"^ ,_j_ ... j 

the expansion being assumed convergent within an annulus which in¬ 
cludes the unit circle in its interior. 

We shall then have 

/(eT*) 1 = Co Cl (cos (p-\-ismq>) + Ca (cos 2^ -j- i sin 2^5) -|- 

-j- c-i (cos q> — i sin qs) -f c .2 (cos 2q3 — i sin 2^) -j-. 

If we denote /(e’’*) by F (^), we may compute 

. rS-JT 

F(€f ) dq)c==iji{Cn — C-„) , j cos nq) F(<p)d<p — n{Cn'-\-c^n)» 

do J n 
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Representing e”?”* by and e-'P* by , we obtain 

r -'JT p 27r 

J (pnF{ip) dfp^2jlC-n » <pnF{q)) dcf = 2n Cy, , 

Then if we define the two functions 

>X> _ *jO _ __ 

^'( 9 ^) =2 a:. Cg^i) , 

'^'-1 i=i 

and observe the orthogonality condition 


^-'n (^p ^ 

0 


■ ^mn n 


it is clear that we shall have 


I x(<f) x(q)) dip^2jl{XrXi '-^ -) 

do 

_ 00 

I F {(p) X Up) X (xp) d^cp = 27 i' 2 <^Li-p Xu = 2jz C {XyX) . 

0 Pq=~(X} 

In order to determine the spectrum of the form we make the 
transformation 

a — F{<p) , 

Hence, since p varies from pi F(0) to fh — msix F{(p) and from 
to c= F(2n) as <p varies from 0 to 27r, we obtain the following 
theorem proved by 0. Toeplitz:'^' 

Theorem 16. The spectrum of a regular L-form contaihis the 
totality of values which the associated analytic fimction assumes upon 
the unit circle. 

An example of particular interest is furnished by the Lrform 
whose associated function is f{z) ^\o^z. Then we have F(:(p) = 
ipi and hence 

1 f , — °° Xp Xq 

C{x,x) = — j q)ixUp) x{^) d<p^ y/ 

mJI j ^ pq=z~oo p Q 

where the dash on the symbol of summation denotes that the terms 
for which p ^ q are to be excluded. 

The spectrum is obviously the totality of values from 0 to 27i. 

The theory of the L-form may be generalized in the following 
manner: Let us suppose that Ux{t), %h{t), u^{t) , is a normalized, 
orthogonal set of functions which is closed over the interval (a, 6). 

*Zur Theorie der quadratischen und hilinearen Forimen von unendlichvielen 
Veranderliclien. I. Teil: Theorie der L-Formen. Ma^h. Annalen, voL TO (1911), 
pp. 3i51“376. 
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If we then define two functions of integrable square 

CC 00 

x(t) =2xiUi(t) , y(t) ='ZyiUi{t) , 

i~l i=l 

we shall have 


ri oD r6 Qo r'b 00 

xHt) dt=z'2ocr- , x{t) y(t) dt^'ZxiVi , I yHt)dt = '2yi^- 
Ja i=l Ja fcl Ja i=l 

Next let us define a third function F(t) in terms of which we 
obtain the coefficients of the form, 

ttij— f F(t) Ui(t) Uj{t) dt . 

V a 

Thus we construct the bilinear form 


CO 

Fit) x{t) yit) ^'S.aijXiVj . (10.5) 

a i;=:l 

If now we set F (t) = ^, t = q? in) , then (10.5) can be put in 
normal form 


F(x,y) 


X 


X*i{l) 

ft - ■ — = r . r- 

F(a) Vviy) 


y*iy) 




dfi 


where «*(^) and y*iii) designate xit) and yit) after the transforma¬ 
tion. We also use the abbreviation ytiy) = l/q/iy). 

Since also 


np(b) 

Uiit) Ujit) dt^ Uiifi) Ujifi) dfi = dii > 

^ Fia) 

where we write Uiifx) = Ui iy) ]/V'P iy) > we may define the func¬ 
tions Vi ifi) as the basic set of the bilinear form. The spectrum is ob¬ 
viously the continuous interval from ,ui <= F (a) to /is = F (5) . 

This theory will be seen to include the Hilbert example discussed 
in the previous section. 


PROBLEMS 

1 . Show that the Jacobi form 

J = 0.^ 4. a;,/ H- 2 - 

in which we set • * • = 0 , 5^^ = ^3 = 6 g = . ■. = a, = 

• ** = 6 , (a .6 = 1 ), has a continuous spectrum from —a — 6 to —a + 6 , and 
from a — 6 to a + 6 . (Toeplitz). 

2 . Show that for the Jacobi form of problem 1 
(X) = (1/2X) [0)2 X2 _ (a4 _ 1) 


± V(aX + a2 +1) (aX-~a2 + 1) (aX + —1) (aX — a2_l)] 

(Toeplitz). 
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3. Given the series 


00 

/(a;) = + 2 2 (lOI^ cos rx -f sin rx) , 


and the determinant 

■1^1 



Uq X , 

a^-^ih^ , 

«2 “T i &2 > ‘ 



a^ X y 

Ui -f~ i &! , • 

, a„-i + iV 



^n-2 ^ ^ n -2 9 

o 

1 


show that 


lim )!/« =: lim [Z),^^(/)]i/« — exp [ (1/277) log/(a;)(^a‘] . 


[This problem is due tO’ G. Polya: Uinterinediare des 7nathematicienSy vol. 21 
(1914), p. 27, question 4340, For a discussion of it see G. Szegd; Mathematische 
Annalen, vol. 76 (1915), pp. 490-503.] 


4. Apply the theorem of problem 3 to the Poisson series 

1 — r2 CO 


1 — 2r cos ic -j- r2 


— 1 _{_ 2 2 cos 7ix , 1 r [ < 1 . 


5. Show that the function 


u(x) =ze-^‘/^ h,^(x) , 

where h^(x) is the nth Hermite polynomial, satisfies the integral equation 

u{x) =X I dt , 

d-QO 

when X„2 = (—l)«/47r. [See A. Milne: On the Equation of the Parabolic Cylin¬ 
der Function. Proc, of the Edinburgh Math Soc,, vol. 32 (1914), pp. 2-14.] 

6 . Show that the integral equation 


U{X) =\ e^cosa? cos i 
d ^‘n 

is satisfied by even periodic solutions of period 277 of the differential equation 
u" (x) + (a2 -{- k^co&^x) 7i{x) =0 . 

[This problem is due to E. T. Whittaker. See Whittaker and Watson: Mod¬ 
em Analysis. (3rd. ed.) Cambridge (1920), pp. 407-411.] 

7 . A function fix) is said to be self-reciprocal with respect to a transfor¬ 
mation T, provided 

nx)z=Tum. 

Prove that if 

poo 

T[/(t)] = VW cos xtf(t) dt , 

Jo 

then f ix) z= x-^ sech ix V , iVzx^), are self-reciprocal. 
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Also, given 

_ Poo 

!r[/(t)] m V27F I sin xtf{t)dtj 
•Jo 

show that f {x) ~ x-^- , , l/[exp(x V2w) — i] — 1/{x V2‘7r) , are self- 

reciprocal functions. 

Show also that f {x) = J^j^{x^/2) , are self-reciprocal 

functions with respect to the transformation 

P 00 

3 ’[/(t)]z= f(t)dt , V^—V 2 . 

•^0 

[See G. H. Hardy and E. C. Titchniarsh: Self-reciprocai Functions. Quarterly 
Journal of Math. (Oxford series), vol. 1 (19S0), pp. 196-231.] 


11. Historical Note on Infinite Quadratic Forms. As we have al¬ 
ready stated in section 10, chapter 1, the study of infinite quadratic 
and bilinear forms was inaugurated by D. Hilbert in his now classical 
Grundziige einer allgemeinen Theorie der Linearen Integrcdgleiehun- 
gen, which was first published in the Gottinger Nachrichten from 1904 
to 1910, and appeared in completed form in 1912. This powerful work 
immediately stimulated an intensive study of such forms and numer¬ 
ous memoirs were produced, mainly in Germany, in connection with 
the intimately related theory of integral equations, which by that 
time was stirring the imagination of the mathematical world. 

In 1913 F. Riesz published a comprehensive account of the gen¬ 
eral theory of systems in infinitely many variables (see Bibliography) 
and this work probably more than any other has served to introduce 
the theory to mathematicians and to suggest the generalizations which 
have followed. It well deserves to rank as a classic in this subject. 
More recently A. Wintner in his Spektraltheorie der unendlichen Mat- 
rizen, which appeared in 1929, has brought together and correlated 
the principal contributions and generalizations which the subject has 
stimulated. His work may be regarded as definitive of the present 
status of the theory. 

To enumerate in any complete way the contributions to the sub¬ 
ject of quadratic and bilinear forms in infinitely many variables would 
be a large task and cannot be undertaken here. However, the reader 
will find a masterful survey of the literature by E. Hellinger and 0. 
Toeplitz in their Integralgleiclnmgen und Gleichungen mit unendlich- 
vielen Uribekannten (see Bibliography) , published in 1928. 

It may be useful, however, to enumerate a few of the classical 
papers from which the general theory has been largely evolved and a 
brief bibliography is accordingly appended. 

E. Hellinger-. Neue Begriindung der Theorie qvadratischer Formen von un- 
endlichvielen Veranderlichen. Journal filr Math., vol. 136 (1909), pp. 210^-271. 
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E. Hellinger and 0, Taeplitz: (1) Grundlagen fur eine Tlieorie der unend- 
lichen Matrizen. Mathematische Annalen, vol, 69 (1910), pp. 289-330. 

(2) Zur Einordnunj? der Kettenbruchtheorie in die Theorie der quadratisclien 
Formen von uneiidliclivielen Veranderlichen. Journal filr Math., vol 144 (1914^ 

pp. 212-238. . K 

E. Hilb: (1) tiber Integraldarstellungen willkurlicher Fuiiktionen. Mathe¬ 
matische Annalen, vol. 66 (1909), pp. 1-66. 

(2) tiber die Auflosung unendicbvieler Linearer Gleichungen mit unendlicli- 
vielen Unbekannten. Mathepiatische Annalen, vol. 70 (1911), pp. 79-86. 

Anna Johnson Pell: Biorthogonal Systems of Functions. Trans, of the Ameri¬ 
can Math. Soc., vol. 12 (1911), pp. 135-164. 

(2) Applications of Biorthogonal Systems of Functions to the Theory of 
Integral Equations. Trans, of the Americaii Math. Soc., vol. 12 (1911) * nn. 
165-180. 

F. Riesz: tiber quadratische Formen von unendlichvielen Veranderlichen. 
Gdttinger Nachrichten, (1910), pp. 190-195. 

E. Schmidt: tiber die Auflosung linearer Gleichungen mit unendlichvielen 
Unbekannten. Rendiconti di Palermo, vol. 25 (1908), pp. 53-77. 

I. Schur: (1) tiber die charakteristischen Whrzeln einer linearen Substitu¬ 
tion mit einer Anwendung auf die Theorie der Integralgleichungen. Mathema¬ 
tische Annalen, vol. 66 (1909), pp. 488-510. 

(2) Bemerkungen zur Theorie der beschrankten Bilinearformen mit unend- 
iichvieien Veranderlichen. Journal fiir Math., vol. 140 (1911), pp. 1-^28. 

0. Toeplitz: (1) Die Jacobische Transformation der quadratischen Formen 
von unendlichvielen Veranderlichen. Gdttinger Nachrichten (1907), pp. 101-109. 

(2) Zur Theorie der quadratischen Formen von unendlichvielen Verander¬ 
lichen. Gdttinger Nachrichten (1910), pp. 489-502. 

(3) Zur Theorie der quadratischen und bilinearen Formen von unendlich¬ 
vielen Veranderlichen. I Teil: Theorie der L-Formen. Mathematische Anyialen, 
vol. 70 (1911), pp. 351-376. 

12, Generalizations. In the preceding sections of this chapter 
we have traced the interconnections between the theory of Fredholm 
integral equations and the theory of quadratic forms in infinitely 
many variables. As we have already indicated elsewhere, this intrigu¬ 
ing dualism has exerted an appeal to numerous mathematicians, who 
by various generalizations have endeavored to unify the essential parts 
of the two theories and thus to reduce them to a single general symbol¬ 
ism. In all of this the concept of linear operator has been the dominat¬ 
ing idea. The present status of the general problem has been ably 
epitomized by T. H. Hildebrandt in a paper published in 1931 under 
the title Linear Functional Transformations in General Spaces, from 
which we quote:* 

''An abstract theory of linear functional transformations has as 
guide linear transformations in a finite or denumerably infinite set of 
variables, linear integral transformations and equations associated 
with these. The desire to proceed symbolically and replace details by 
general procedure seems to be inherent in the situation. Pincherle is 
perhaps one of the great exponents, so that he even seems to have an¬ 
ticipated some of the famous results of integral equations by a num¬ 
ber of years. E. H. Moore set himself the task of unifying the Fred- 


Bulletin of the American Math. Soc., vol. 37 (1931), pp. 185-212, 
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holm theory of integral equations and algebraic equations in finitely 
and infinitely many variables, and has succeeded in setting up a sys¬ 
tem which indicates in a host of special cases a valid and elegant 
method of procedure analogous to the Fredholm integral equation 
theory. Volterra has devised an elegant theory of linear integral and 
associated operations based on the notion of permutability or com¬ 
mutativity of operations.” 

The most comprehensive sources of the general theory as it is 
contemplated in its abstract form by Hildebrand are the volumes by 
S. Banach (1932), M. Frechet (1928), P. Levy, (1922), F. Riesz 
(1913), M. H. Stone (1932), A. Wintner (1929), and a series of vol¬ 
uminous memoirs by J. von Neumann, the first of which appeared in 
1927. The reader is referred to the Bibliography for these contribu¬ 
tions. Of somewhat more limited scope, but notable because of its 
penetration into the problem of the continuous spectra of integral 
equations, is the volume by T. Carleman (1923) on the theory of sin¬ 
gular integral equations with a real and symmetric kernel. 

The general problem begins naturally with the definition of the 
space fundamental to the operators. The postulates for this space 
have generally assumed commutative and associative addition, and 
commutative, associative and distributive multiplication. A large 
amount of freedom has been permitted in the definitions of the norm 
of the space and the concept of completeness with respect to this norm. 
In the main the notion of convergence in the mean has been assumed, 
but a number of different spaces have been defined by variations of 
this basic concept. 

Proceeding from the fundamental space, the various authors 
have found considerable freedom in their definitions of the operators 
on the elements of the space. The postulates of linearity have been 
generally assumed and most writers have made use of the Stieltjes- 
Lebesgue integral as the most general tool for their investigations. We 
have already indicated the nature of this problem in the brief des¬ 
cription of the operational symbol of von Neumann and Stone given 
in section 4, chapter 2. 

The third part of the problem is associated with transforrmtions 
on the space and with general definitions for the inverse of a given 
transformation. The basic thread which runs through all these inves¬ 
tigations is that of the matrix calculus. One is upon the threshold of 
these modern abstract theories when he has mastered such details as 
we have set forth in the preceding pages of this chapter. 
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It will be obvious that the attainment of a reasonably complete 
bibliography for the calculus of linear operators would be an immense 
undertaking. It would involve the compilation of several essentially 
separate bibliographies, one on linear differential equations, another 
on difference equations, a third on integral equations, a fourth on 
functionals and general abstract operators. The history of this sub¬ 
ject is also extensive in time, its origin being found in the foundations 
of the integral and differential calculus and its development extending 
with ever widening horizons down to the present time. 

The most adequate bibliography of difference equations is found 
in N. E. Norlund's Differenzenrechnung, Berlin (1924), where in 68 
pages 1427 references, the work of 540 authors, are to be found. The 
bibliography of Norlund has been supplemented by more than 300 
additional titles listed at the end of an important summary: Linear q- 
Difference Equations, by C. R. Adams, Bulletin of the American Math. 
Society, vol. 37 (1931), pp. 361-400. 

A comprehensive bibliography of functionals is given at the end 
of the chapters in V. Volterra’s Theory of Functionals, London and 
Glasgow (1930), where 539 references are cited. The literature of in¬ 
tegral equations prior to 1910 is conveniently reached through H. 
Bateman’s Report on the History and, Present State of the Theory of 
Integral Equations, made to the British Association for the Advance¬ 
ment of Science at the Sheffield meeting (1910), pp. 345-424; prior to 
1912 through T. Lalesco’s Introduction d la theorie des equations in¬ 
tegrates, Paris (1912), 152 p.; prior to 1926 through the author’s 
monograph: The Present Status of Integral EquMions, Indiana Uni¬ 
versity Studies, where 495 titles, the work of 213 authors, are classi¬ 
fied; and prior to 1927 through the extensive account of the subject 
prepared by E. Hellinger and 0. Toeplitz: Integralgleichungen und 
Gleichungen mit unendlichvielen JJnbekannten, Encyklopadie der 
mathematischen Wissenschaften, vol. 2, part 3, hefte 13, pp. 1335- 
1616. In this work the researches of 340 authors are cited. 

No adequate bibliography of differential equations has ever been 
prepared so far as the author is aware. For the development of the 
subject prior to 1906, the six volume work of A. R. Forssffh: The 
Theory of Differential Equations, Cambridge (1890-1906) gives num¬ 
erous bibliographical references. Although containing no extensive 
bibliography, the work of E. L. Ince: Ordinary Differential Equations, 
London (1927), viii 558 p., refers to the researches of 165 authors. 
Some idea of the magnitude of the subject may be gained from a 
casual survey of the 48 pages of condensed bibliography devoted to it 
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m the Catalogue of Science Papers 1800-1900, vol. 1, Cambridge 
(1908), prepared by the Royal Society of London. The most extensive 
bibliography of linear differential equations was published in 1909 by 
L. Schlesinger: Bericht ilber die Entwickelung der Theorie der Lin¬ 
ear en Differentialgleichungen seit 1865. Leipzig und Berlin (1909), 
133 p. In this bibliography about 1750 titles, the work of 469 authors, 
are cited. 

The present bibliography contains references to the formal 
theory of operators, differential and integral equations of infinite or¬ 
der, the Heaviside calculus, fractional operators and the modern 
theory of functionals and abstract operations. No systematic attempt 
has been made to attain a complete bibliography, but the author hopes 
that sufficient reference has been made to exhibit the trend of the 
subject both in its tiieoretical development and in its application. Con¬ 
siderable help in the assembling of the items which refer to the formal 
theory of operators has been received from a short study published by 
E. Stephens in 1925. (See Bibliography). Also R. D. Carmichael 
kindly made accessible to the author an extensive list of titles, which 
pertained to the theory of differential equations of infinite order. 

Adams, E. P. 

Some Applications of Heaviside’s Operational Methods. Proc. 
Amer. Phil. Soc., vol. 62 (1923), pp. 26-47. 

A m a 1 d i, U. 

[See Pincherle, S. (4) ]. 

Andreoli, G. 

(1) Su un problema di meccanica ereditaria. Atti R. Accad. 
Sci. di Torim, vol. 50 (1915), pp. 1036-1052. 

(2) Sulla derivazione applicata iteratamente a funzioni anali- 
tiche. Rendiconti dell’Accad. Sc. di Napoli, vol. 25 (3rd series) 
(1919), pp. 39-48; 77-86. 

(3) Sovra certe equazioni integro-differenziali lineari. Rendi¬ 
conti dell’Accad. Sc. di Napoli, vol. 31 (3rd series) (1925), pp. 
172-177. 


A p pell, P. 

(1) Observations sur la communication precedents. Comptes 
Rendus, vol. 124 (1897), pp. 1433-1434. [Reference to Bourlet (4)]. 
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dix to Sir John Herschel’s: A Collection of Examples of the Applica¬ 
tions of the Calculus of Finite Differences. Cambridge (1820), pp. 
1-42. 


(2) Observations on the Analogy which subsists between the 
Calculus of Functions and other Branches of Analysis. London Phil. 
Transactions, vol. 107. (1817), pp. 197-216. 

Baker, B. B. 

An Extension of Heaviside’s Operational Method of Solving Dif¬ 
ferential Equations. Proe. Edinburgh Math. Soc., vol. 42 (1924), pp. 
95-103. 
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Theorie des Operations Lineaires. Warsaw (1932), vii-|-254p. 
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pp. 30-34. 
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pp. 42-53. 
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of operators, 671-615. 

Bilinear forms, infinite, 126, 137-152; 
limited, definition of, 138; Laurent, 
112; Jacobi, 113; method of limited, 
383-389. (See quadratic forms). 

Biortiiogonal functions, 540. 

Boolian algebra, 4; operators, 158. 

Borel summability, 24, 26, 136-137, 
184, 359, 372, 395-396. 

Borel theorem on continuation, 223- 
225. 


Bourlet’s method of inversion, 177- 
181; applied to the Euler equation, 
431-432. 

B'ourlet’s operational product, 155- 
158. 

Branch point operators, 64-85. 

Business cycles, theory of, 300. 

Cable problem, 37, 327-333. 

Calcid des derivaXions, 15 

Calcul de generciliscition, 16, 94-98. 

Calculus, matrix, 8; of forms in in¬ 
finitely many variables, 8, chapters 
3 and 12; of finite differences, 12, 
85-91; Heaviside operational, chap¬ 
ter 7; 7, 11, 21, 28, 34-38; genera¬ 
trix, 28-34; of variations, 39; of 
Oltramare, 16, 94-98. 

Canonical transformation, 198-199. 

Calculus of forms in infinitely many 
variables, 8, 46-50; chapters 3 and 
12 . 

Capacity, definition of, 806. 

Carson, method of, 255-260. 

Cartan’s theorem, 297. 

Cauchy-Broniwich, method of, 250- 
255. 

Cauchy circuit, 67, 366-367. 

Cauchy function, 472. 

Cauchy inequality, 213. 

Cauchy-Lipschitz, method of, 466. 

Cauchy problem of differential equa¬ 
tions, 468-481. 

Characteristic functions, (See princi¬ 
pal functions). 

Characteristic values, (See principal 
values). 

Chronaxie, 290. 

Classification of operational methods, 
7-8. 

Closed cycle, class of the, 21, 23, 27; 
principle of, defined, 45; group of 
the, 77. 

Closure of orthogonal functions, 49, 
535. 

Coefficient of heredity, 45. 

Commutation rule, 199. 

Commutative law, definition of, 6; 
origin of name, 15. 

Commutative operators. (See per- 
mutable operators). 

Complementary function, 70-72, 74. 

Complete set of functions, 635. 

Complete operator, 104. 

Composition, definition of, 159; of 
first kind, 160; of second kind, 160; 
conservation of, 171; algebra of 
functions of, 169-163. (See permut- 
able functions). 
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Conduction of nerve liber, problem of, 
288-1290. 

Conduction in cables, 37, 327-383. 

Conjugate matrix, 108. 

Contact transformation, 198-199. 

Continuation, Borers theorem on, 
223-225. 

Continued fractions, 33, 113, 561. 

Continuity, in the mean, 41; order of, 
41-42. 

Continuous operator, 100. 

Continuous spectrum, 48, 523-524, 

558-568; of a quadratic form, 558- 
568; Hilbert’s example of, 558-563. 

Convergence, line of, 300, 423; ab¬ 
scissa of, 300-301, 423; maximal 
(minimal) region of, 303, 

Convergence in the mean, definition 
of, 54-55, 536. 

Convergent and asymptotic series, 
294-296. 

Cramer, rule of, 131-132, 209. 


Damping factor, 306. 

Dedekind cut, 2. 

Definite kernel, 516, 552. 

Definite quadratic form, 140. 

Definition of an operator, 3-6. 

Derivative, concept of, 51-52. 

Determinante, definition of, 93. 

Dielectric constant, 206. 

Difference calculus, 85-91. 

Difference equations, 107. 

Differences, table of, 89-90. 

Differences of zero, 89, 98. 

Differential and integral equations of 
infinite order, 23-28. 

Differential coefficients of zero, 89, 98. 

Differential equations of Euler type, 
chapter 9. 

Differential equations of finite order, 
solution of ordinary, 433-436. 

Differential equations of fractional in¬ 
dex, 268-276. 

Differential equations of Fuchsian 
type, chapter 10. 

Differential equations of infinite or¬ 
der with constant coefficients, chap¬ 
ter 6. 

Differential equations of Laplace type, 
chapter 8. 

Differential operator of infinite order, 
100-107; as Cauchy integral, 103- 
104; generatrix of, 104-105. 

Dini’s lemma, 553. 

Differentiation, fractional, 64. 

Dirichlet’s formula, 61-62, 159, 161, 
162. 

Dirichlet’s series, 298, 300-304; maxi¬ 
mal (minimal) region of conver¬ 
gence of, 302-303. 

Discrete spectrum, 482, 563. 


Distributive operators, 7, 15. 

Disturbing function, 200-206. 

Echelle operations, 15. 

Econometrics, problems in, 300, 317- 
318, 488-489. 

Eigenfunktionen. (See principal func¬ 
tions). 

Eigenwerte. (See principal values). 

Elastic plate, problem of, 182-185. 

Elastic string, problem of, 822-327. 

Electrical networks, 306-308. 

Electric filter, 309. 

Electromotive force, definition of, 
306, 

Entire functions, 213-214. 

Equation, of Abel, 277, 415, 428-431; 
of Bessel, 378-379; of gamma func¬ 
tion, 362-365; of Heaviside, 33i2; of 
Hill, 436-439; hypergeometric, 421- 
423, 451-452; indicia!, 367; of Lales- 
co, 523; of Legendre, 440, 480; of 
Picard, 48, 523; reduced, 347; of 
telegraphy, 35, 332-333; wave, 519; 
principal values of wave, 522; of 
Weber, 519-520; of Weyl, 524. 

Equations, difference, 107; differen¬ 
tial systems of, with constant co¬ 
efficients, chapter 7, 335-337; differ¬ 
ential systems of first order, chapter 
10, 460-467; of Euler type, chapter 
9, 460; auxiliary Euler, 447-451; 
fractional, solution of, 268-283, ap¬ 
plications of, 283-291; of Fuchsian 
type, chapter 10, 367; integral, 
chapters 11 and 12; 7, 107, of in¬ 
finite order, 489-491, of Volterra 
type, 445-446, 491-489; of Fredholm 
type, 501-515, differential back¬ 
ground of, 491-501; integro-differ- 
ential, 46; of Laplace type, chapter 
8; linear systems of, chapter 3, so¬ 
lution by method of Liouville-Neu- 
mann series, 126-130, by method of 
segments, 130-187, by method of in¬ 
finite forms, 137-152; mixed inte¬ 
gral, 107; ordinary linear differen¬ 
tial, inversion of, 433-436; partial 
differential, of physics, 319-327, 

. q-difference, 107, 446, 45i2-455, 459- 
460. 

Equivalent forms. (See permanence 
of equivalent forms). 

Euler-Maclaurin formula, IS, 15. 

Euler’s constant, 22, 78, 293, 401, 412. 

Euler’s differential equation, chapter 
9, 414, 460; auxiliary, 447-451. 

Expansion theorem of Heaviside, 35, 
315-317. 

Exponent of Holder space, 149. 

Exponential type, functions of, 212. 

Extraneous solutions of fractional 
equations, 276. 
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Factorial series, 803-304, 375-376, 

380-381, 399-400, 423-426. 

Finite differences, calculus of, 12, 85- 
91. 

Fischer-Riesz theorem, 49-50, 54-55, 
535-536. 

Fission, propagation by, 207-210. 

Flow of heat, problems in, 320-322, 
334-335. 

Forced vibration, 317. 

Formal theory of operators, 8-16. 

Forward inverse, 143. 

Fourier coefficients, 535, 551. 

Fourier definition of operators, 53-58, 
260-268. 

Fourier heat problem, 320-322. 

Fourier integrals, Campbell-Foster 
table of, 37, 262. (See Fourier 
transforms). 

Fourier operators, 81-82, 260-268. 

Fourier series, 260-261. 

Fourier transforms, 52, 53-5.8; meth¬ 
od of, 260-270; table of, 269-270. 

Fourier’s fractional operator, 70. 

Fractional equations solution of, 268- 
283; application of, 283-291. 

Fractional operators, 16-22, definition 
of, 64; table of, 75-76; application 
of, 283-291, 401-403; of Abel-Rie- 
mann, 17, 20, 64; of Fourier, 18, 
70; of Laplace, 17-18; of Laurent, 
20-21, 66-67; of Liouville, 16, 19, 
66; of Heaviside, 21, 327-332; De 
Morgan on, 19-20. 

Fredholm’s determinant, 47, 504, 505, 
514. 

Fredholm’s integral equation, chap¬ 
ters 11 and 12, 46-48, 501-514; dif¬ 
ferential background of, 491-501; 
as a differential equation of infinite 
order, 502-507. 

Fredholm’s minors, 47, 508-514, 541- 
543. 

Fredholm’s third theorem, 54G. 

Frequency, definition of, 305. 

Fuchsian equations, chapter 10, 367. 

Fuchsian operators, chapter 10. 

Functionals, 7-8, 38-46; degrees of, 
42-43; continuity of, 41-42; deriva¬ 
tives of, 43-44; integration of, 44- 
45. 

Functions, associated with Laurent 
forms, 564; Bessel’s, 158-159, 228, 
378-379, 485, 539; biorthogonal, 
540; Cauchy, 472; complementary, 
70-72, 74; of composition, 21, 22,45, 
159-163, definition of, 159, of first 
and second kinds, 160; disturbing, 
200-206; entire, 213-214; of expo¬ 
nential type, 212; of finite grade, 
215-222; gamma, 222, 228, 371-372; 
generatrix, 16, 63, 99; Green’s, 321, 
325, 492-501, 513, 517-518, general¬ 


ized, 494, 495, 501; hypergeometric, 
422; impedance, 308; impulsive, 
263-264; incomplete gamma, 371- 
372, 486; logarithmic integral 

[li(.r)]> 294; of lines, 8, 38-46; of 
Mittag-Leffler, 280-282, 289-290, 

293; null, 55, 535, 548; orthogonal, 
49, 535-539, closed (complete) set 
of, 535; permutable, 160-177, alge¬ 
bra of, 163-164; calculation of, 165- 
171, (see transformation of Peres), 
of second kind, 176-177; permutable 
with unity, 76-77; of positive and 
negative type, 552; principal, 48, 
516, 518, normalized, 518, of sym¬ 
metric kernels, 546-556, of skew- 
symmetric kernels, 556; psi, 229, 
230, 293, 404-406, 412-413; self-rec- 
ciprocal, 30-31, 567-568; symmetric, 
248; theta, 460, zeta of Riemann, 
88 . 

Fundamental set of solutions, defini¬ 
tion of, 469. 


G-transformations, 94-98. 

Gamma function, 222, 228, 371-372; 
equation of, 362-365. 

General analysis, 27, 40, 50, 99, 570. 

General spaces, transformations in, 
569-570. 

Generalized integration and differen¬ 
tiation, 16-22. (See fractional op¬ 
erators) . 

Generatrix calculus, 28-34, 37. 

Generatrix functions, 16, 99; defini¬ 
tion of, 63. (See generatrix calcu¬ 
lus). 

Generatrix operators, 93-94; of differ¬ 
ential equations of infinite order, 
104-105; of Fredholm, 106; of Vol- 
terra, 106; of first kind, 154; of 
second kind, 154. 

Generatrix of Appell polynomials, 25, 
225. 

Generatrix of Laplace, 93. 

Generatrix, resolvent, 178; properties 
of, 185-188; expansion of, 239-250. 

Genus, of entire functions, 213. 

Grade, of an operator, chapter 5; def¬ 
inition of, 211; functions of finite, 
215-222. 

Gram determinants, 140. 

Green’s functions, 321, 325, 492-501, 
517-518; definition of, 492; general¬ 
ized, 494, 495, 501, 513. 

Group, concept of, 153; of closed 
cycle, 77. 

Hadamard’s operator, 92-93. 

Hadamard’s theorem, 116-123, 508. 

Harmonic motion, 305. 

Heaviside’s equation, 332. 
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Heaviside’s operational calculus, 
chapter 7; 7, 11, 21, 28, 34-38, 200, 
207, 264; Cauciiy-Bromwich method 
in, 36, 250-255; Carson method in, 
36-37, 255- 260. 

Heaviside’s expansion theorem, 315- 
317. 

Hellinger’s theory of quadratic forms, 
562-563. 

Hereditary mechanics, 45-46. 

Hermite polynomials, 49, 389, 522, 
567, 577. 

Hermitian forms, 138, 530. 

Hermitian kernel, 516, 

Hermitian matrix, 109, 530, 
Hilbert-Schmidt theory of quadratic 
forms, 550-551. 

Hilbert’s example of a continuous 
spectrum of a quadratic form, 558- 
563. 

Hilbert space, definition of, 137, 467, 
516, 562. 

Hilb’s solution of equations of La¬ 
place type, 374, 383-389. 

Hill’s equation, 436-439. 

Holder inequality, 140-141, 149. 

Holder space, 149-152; exponent of, 
of, 149, 

Homogeneous equation of Laplace 
type, 346-369; examples of, 349- 
358; Perron’s theorem for, 366-369. 
Hooke’s law, 323. 

Hypergeometric equation, 421-423, 
451-452. 

Hypergeometric function, 4i22, 
Hypergeometric operator, 408-410. 

Identities in matrices, 530-533. 
Identity of Lagrange, 473-475. 
Impedance, function, 308; series, 309; 
shunt, 309. 

Impulsive function, 263-264. 
Incomplete gamma function, 371-372, 
486. 

Index law, 6, 65, 162. 

Indicial admittance, definition of, 308. 
Indicial equation, 367. 

Inductance, definition of, 306. 
Inequality, of Schwarz, 139-140; of 
Holder, 140-141, 149; of Minkow¬ 
ski, 141, 149. 

Infinite determinants, chapter 3; con¬ 
vergence of, 114-116; upper bound 
of (Hadamard’s theorem), 116-1)23; 
which do not vanish, 123-126. 
Infinite systems of ditferential equa¬ 
tions, 335-337, 460-467. 

Integral equations, chapters 11 and 
12; 7, 27, 45-50, 107; of Volterra 
type, 445-446, 481-489; of Fredholm 
type, 501-514, 515; of Laplace type, 
29-31, 256-260, table of, 258-260; of 
fractional index, 276-282; of infinite 


order, chapter 11, Lalesco’s theory 
of, 489-491; of Abel type, 277, 415, 
428-431. 

Integral, concept of, 52; of Stieltjes- 
Lebesgue, 58-59. 

Integration, fractional, 64. 
Integro-diiferential equations, 46. 
Inverse differences, table of, 90. 
Inverse matrix, 108-109; 143-148. 
Inversion of operators, Bourlet’s the¬ 
ory, 177-181, applied to Euler’s 
equation, 431-432; by successive 
substitutions, 181-185; by infinite 
differentiation, 188-190. 

Jacobi forms, 113, 561-562, 566-567. 
Jacobi matrix, 113. 

Jacobi transformation, 145. 

Kernels, 164, iterated, 502, 512; re¬ 
solvent, 508-514; symmetric, 516; 
skew-syinmetric, 516; definite, 516, 
Hermitian, 516; of class p, 516-517; 
bilinear, 514, 545; traces of, 509; 
orthogonal, 512; semi-orthogonal, 
513; expansion of, 518, 543, 544, 
545, 550, 552, 554. 

L-forms, 112, 564-566; spectrum of, 
565-566. 

Lagrange adjoint, 474. 

Lagrange identity, 473-476. 

Lagrange on operators, 11-12. 
Laguerre polynomials, 32, 49, 425- 
426, 538. 

Lalesoo’s integral equation, 523. 
Lalesco’s theory of integral equations 
of infinite order, 489-491. 

Laplace differential equation of in¬ 
finite order, chapter 8, 24-25. 
Laplace integral equation, 29-31, 256- 
260; table of, 258-260. 

Laplace on symbols, 10. 

Laplace transform, 24, 25, 28-34, 59- 
60, 447, 450, 451. 

Laplace’s partial differential equa¬ 
tion, 10, 136-137. 

Laurent circuit, 67, 349, 367-369. 
Laurent forms. (See L-forms). 
Laurent matrix, 112. 

Least squares, method of, 533-539. 
Lebesgue class, 22. 

Lebesgue integral, 41. (See Stieltjes- 
Lebesgue integral). 

Legendre polynomials, 32, 49, 203, 
440, 537, 559, 563. 

Legendre’s equation, 283, 440, 480. 
Leibnitz, rule of, 8, 481; generaliza¬ 
tion of, 16, 154-155. 

Lerch’s theorem, 29. 

Limit in the mean, 54-55. 

Linear operators, definition of, 7. 
Linear oscillator, 519. 
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Linear system of equations, solution 
of, by method of Liouville-Neumann 
series, 126-130; by method of seg¬ 
ments, 130-137; by method of in¬ 
finite bilinear forms, 137-152. 

Line of convergence, 300, 423. 

Liouville’s fractional operator, 16, 19, 

66 . 

Liouville-Neumann series, method of, 
126-130. 

Liouville, problems of, 286-287, 291. 

Lipschitz class, 22. 

Logarithmic operators, 22, 78'-85, 100, 
401, 403-408; equations involving, 
291-294. 

Logarithms of composition, 22. 

Maclaurin’s integral test, 292. 

Magnetic permeability, 206.^ 

Matrix, conjugate, 108; reciprocal or 
inverse, 108-109, 143-148; Hermi- 
tian, 109, 530; secular or normal, 
109-110; triangular, 110-112; Laur¬ 
ent, 112; Jacobi, 113; unitary, 530; 
of orthogonal transformation, 526; 
identities, 530-533. 

Matrix calculus, 8. 

Matrix transformations, 524-530. 

Maxwell’s equations, 206-207. 

Mean, convergence in the, 54-55, 536. 

Mercer’s theorem, 552-554. 

Method of limited bilinear forms, 
383-389. 

Minkowski inequality, 141, 149. 

Mittag-Leffier function, 280-282, 289- 
290, 293. 

Mixed integral equations, 107. 

Modulus of elasticity, 323. 

Moment problem, 32-34. 

Multiform operator, 100. 

Natural bound, 442. 

Nature of operators, 1. 

Networks, problem of electrical, 84. 

Neumann’s formula, 563. 

Newcomb’s operator, 205-206. 

Newton’s series, 303-804, 423-426. 

Non-homogeneous equation of La¬ 
place type, 369-383; expansion of 
resolvent in powers of x, 372-874, 
in series of inverse factorials, 875- 
376, in negative powers of £C, 877- 
378, for general case, 379-383; 
Hilb’s solution of, 374, 388-389; 
method of bilinear forms, 383-389; 
method of Appell polynomials, 389- 
393; validity of solution of, 393- 
400. 

Non-permutable operators, 13-14, 194- 
200; normal form of, 194. . 

Normal matrix, 109-110. 

Null function, 55, 535, 548. 

Oltramare’s G-operators, 94-98, 


Operation, power of an, 6. 

Operational methods, classification of, 
7-8. 

Operators, algebra and, 153; of analy¬ 
sis, 105-107; application of, 200- 
210; complete, 104; continuous, 
100; definition of, 3-6; differential, 
of infinite order, 100-107, as Cauchy 
integral, 103-104, with constant co¬ 
efficients, chapter 6; of Euler type, 
chapter 9; formal theory of, 8-16; 
of Fourier, 81-82, 260-268; frac¬ 
tional, 16-22, 64, 401- 403, table of, 
75-76, of Liouville, 16, 19, 66, of 
Abel-Riemann, 17, 20, 64, of La¬ 
place, 17-18, of Fourier, 18, De 
Morgan on, 19-20, of Laurent, 20- 
21, 66-67, of Heaviside, 21, 327- 
332; of Fuchsian type, chapter 10; 
general analytic, 99-100; genera¬ 
trix, 154; grades of, chapter 5; of 
Hadamard, 92-93; hypergeometric, 
408-410; inversion of, by Bourlet’s 
method, 177-181, by method of suc¬ 
cessive substitutions, 181-185; by 
infinite differentiation, 1 8 8- 1 9 0; 
of Laplace type, chapter 8; linear 
(distributive), definition of, 7; log¬ 
arithmic, 22, 78-85, 100, 291-294, 
401, 403-08; multiform, 100'; na¬ 
ture of, 1; of Newcomb, 200-210; 
non-permutable, 13-14, 194-200; Ol¬ 
tramare’s G-operators, 94-98; per- 
mutable (commutative), 14-15, 157, 
190-194; product of, 155-158; regu¬ 
lar, 100; summability of, 230-237; 
uniform, 100; with regular singu¬ 
larities, 400-414. 

Orthogonal functions, 49, 535-539; 
closed (complete) set of, 535. 

Orthogonal determinants, 123. 

Orthogonal kernels, 512. 

Orthogonal transformations, 526-529. 


Parabolic rule, 433. 

Parseval’s theorem, 539. 

Partial differential equations of phys¬ 
ics, 319-327. 

Partie method of, 273-274. 

Peres, transformation of, 171-17)2; ap¬ 
plication of, 173-175. 

Permanence of equivalent forms, 
principle of, 17, 71-72. 

Permutable functions, 21, 45, 76-77, 
160-177; algebra of, 163-164; calcu¬ 
lation of, 165-171, (see transforma¬ 
tion of Peres); of second kind, 176- 
177. 

Permutable operators, 14-15, 157, 190- 
194. 

Perron’s theorem, 366-369. 

Phase angle, definition of, 305. 

Pi, 2; computation of, 111. 
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Picard’s integral equation, 48, 523. 

Planck’s constant, 199, 519. 

Planetary motion, disturbing func¬ 
tion of, 200^206. 

Poclihammer circuit, 353, 366-369. 

Poincare’s criterion for asymptotic 
series,' 222, 394. 

Point spectrum, 48. 

Poisson bracket symbols, 13-14, 198. 

Poisson series, 567. 

Polynomial operators, 53. 

Polynomials, Appell, 25-26, 255, 389- 
390; Bernoulli, 389; Hermite, 49, 
389, 522, 537, 539, 567; Laguerre, 
32, 49, 425-426, 538; Legendre, 32, 
49, 203, 440, 537, 539, 563. 

Power of an operator, 6. 

Prime numbers, factoring of, 4-5. 

Principal functions, 48, 516, 518; nor¬ 
malized, 518; of symmetric kernels, 
546-556; of skew-symmetric kernels, 
556. 

Principal values, 47, 145, 515-518; of 
integral equations, 540-556; of sym¬ 
metric kernels, 546-556; of skew- 
symmetric kernels, 556; of infinite 
multiplicity, 524. 

Principle of continuity, 2. 

Propagation by fission, 207-210. 

Proper values. (See principal val¬ 
ues) . 

Psi function, 229, 230, 404-406, 412- 
413. 


g-diiference equations, 107, 446, 452- 
455, 459-460. 

Quadratic forms, 137-152; criteria for 
definiteness of, 140; extremals of, 
145-148, 524-530; proper values of, 
525; characteristic values of, 525; 
equivalence with integral equations, 
556-558; historical note on, 568- 
569; generalizations of, 569-570. 

Quantum mechanics, 198-199. 

Eaabe’s test, 454. 

Rationalizing factor, 271, 276. 

Reactance, definition of, 308. 

Reduced equation, 347. 

Reciprocal matrix, 108-109; 143-148. 

Real order of entire function, 213. 

Regular operator, 100. 

Regular singular points, 367, 445.^ 

Regular singularities, operators with, 
400-414. 

Resistance, definition of, 306.^ 

Resolvent generatrix, definition of, 
178; properties of, 185-188; expan¬ 
sion of, 239-250; of Laplace equa¬ 
tion, 339-346; of Euler equation, 
426-428 ; of Fuchsian equation, 456- 
460. 


Resolvent kernel, 164; expansion of, 
543, 645, 550. 

Resonance, 317. 

Rheobase, 287, 290. 

Riemann’s theory of fractional opera¬ 
tors, 72-76. 

Ritt’s theorem, 298-299. 

Rule of Leibnitz, 8, 481; generaliza¬ 
tion of, 16, 154-155. 

Saddle point method, 28, 31, 225-223. 

Sbrana’s definition of the logarithmic 
operator, 81-82. 

Schwarz inequality, 139-140, 536, 547, 
551. 

Secular matrix, 109-110. 

Segments of a bilinear form, defini¬ 
tion of, 138. 

Segments, method of, 126, 130-137, 
189. 

Self-adjoint systems, 497-498. 

Self-reciprocal functions, 30-31, 567- 
568. 

Semi-convergent series, 222-229. 

Semi-orthogonal kernels, 513. 

Series, method of Liouville-Neumann, 
126-130; semi-convergent (as^mip- 
totic), 222-229, 294-296; Fourier, 
260-261; Newton’s, 303-304, 423- 
426; Dirichlet’s, 298, 300-304; fac¬ 
torial, 303-304, 375-376, 380-381, 
399-400, 423-426. 

Simpson’s rule, 483. 

Singular point, regular, 367, 445. 

Singularities. (See regular singular¬ 
ities ). 

Special operators, 85-98. 

Spectra, theory of, chapter 12, 47; 
definition of, 515; of integral equa¬ 
tions, 540-556; associated with sym¬ 
metric kernels, 646-556; of skew- 
symmetric kernels, 556; of Sturmi- 
an systems, 554-555; of quadratic 
forms, 556-568; continuous, 48, 
523-524; discrete, 48, 563. 

Spectral forms, 564. 

Skew-symmetric Green’s functions, 
499. 

Skew-symmetric kernel, 516; spectral 
theory of, 556. 

Steepest descent, method of. (See 
saddle point method). 

Stieltjes-Lebesgue integral, 29, 30, 32, 
42, 44-45; definition of, 58-59. 

Stieltjes’s theorem, 33. 

Stumiian system, spectral theory of, 
554-555. 

Sturm-Liouville series, 555. 

Sturm’s problem, 492. 

Successive substitutions, method of, 
181-185. 

Summability, of Borel, 24, i26, 136- 
137, 184; region of, 224; of differ¬ 
ential operators with constant co- 



628 


THE THEOPvY OF LINEAR OPERATORS 


efficients, 230-235; of operators of 
Laplace type, 235-237. 

Summation, formulas for, 87-88. 

Superposition theorem, 310, 312-313. 

Symmetric functions, 248. 

Symmetric Green’s functions, 499. 

Symmetric kernels, 516; spectral the¬ 
ory of, 546-556; expansion of, 550, 
554. 

Systems of algebraic equations, chap¬ 
ter 3; of differential equations, 
cha,pter 7; 27-28, 460^467; existence 
theorem for, 335-337. 

Table, of fractional operators, 75-76; 
of differences, 89-90; of inverse dif¬ 
ferences, 90; of G-transformations, 
96-97; of Laplace transforms, 258- 
260; of Fourier transforms, 269- 
270. 

Tautochrone problem, 283-284. 

Taylor transform, 60, 62. 

Telegraphy, equation of, 35. 

Theta functions, 460. 

Traces, of a kernel, 509. 


Transformations, matrix, 524-530; or¬ 
thogonal, 526-5i29; of Peres, 171- 
172, application of, 173-175; canon¬ 
ical (contact), 198-199. 

Uniform operators, 100. 

Vandermonde’s theorem, 417. 

Variance, 535. 

Vectors, of electromagnetic forces, 
206-207; inner product of, 526-527; 
norms of, 528. 

Volterra integral equations, 445-446, 
481-489. 


Wave equation, 519; proper values of, 
522. 

Weber’s equation, 519-520. 

Weddle’s formula, 433. 

Weir notch, problem of, 285-286. 
Weyl’s integral equation, 524. 
Wronskian, 341, 469. 

Zeta function of Riemann, 88. 




